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THE STUDY OF POSITIVE INTEGERS (a,6) 
SUCH THAT ab + 1 I S A SQUARE 

PETER HEICHELHEIM 
P e a t Marwick and P a r t n e r s f Torontof Ontariof Canada 

1. INTRODUCTION 

A P-set will be defined as a set of positive integers such that if a and 
b are two distinct elements of this set, ab + 1 is a square. 

There are many examples of P-sets such as [2, 12] or [1, 3, 8, 120] and 
even formulas such as 

[n - 1, n + 1, 4n, 4n(4n2 - 1)] 
or 

[77?, n1 - 1 + (m - 1) (n - l ) 2 , n(nm + 2 ) , kmirrm1 - ran + In - l ) 2 

+ 4(rnn2 - run + In - 1)] . 

(See Cross [1].) However, none of these formulas are general. 
More recently, there has been considerable work on P-sets with polyno-

mials (by Jones [2, 3]) and in connection with Fibonacci numbers (by Hoggatt 
and Bergum [4]). 

It is of interest to find out how much these sets can be extended by 
adding new positive integers to the set; for example [2, 12] can be extended 
to [2, 12, 420], A P-set which cannot be extended will be called nonextend-
ible. One purpose of this article is to show that a nonextendlble set must 
have at least four members. Then it will be demonstrated that the number of 
members of a P-set is finite. Finally, it will be shown that certain types 
of five-member P-sets will be impossible. 

2. EXTENDING P-SETS TO FOUR ELEMENTS 

The proof that sets of one or two elements are extendible is very sim-
ple, for [N] can always be extended to [N9 N + 2] and [a, b] can be extended 
to [a, b, a + b + 2x] where x2 = ab + 1. (See Euler [5].) 

Let [a, b9 N] be members of a P-set. Then, 

(1) ab + 1 = x2
5 

(2) aN + 1 = z/2, 

(3) bN + 1 = s2. 
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(4) 

(5) 

(6) 
or 
(7) 

Therefore, 

by2 - az2 = b - a. 

Let ~y = by. Then, 

~y - abz2 = bib - a). 

Let the auxiliary Pell equation of (5) be 

m2 - abn2 = 1 

(x l)nz 

The minimal positive solution of (7) is (x,l)* Hence all the solutions 
of (7) are given by 

fx InJ = (x + vxz mi + Vx* - lni = (x + Vx* - 1) , i = 1, 2, 3, ..., 
and all solutions of (5) are given by 

(8) ~yt + /x2 - \zi = (yQ + /x2 - lz0) (x + /x2 - l)1 , 
i = 0 , 1, 2 , . . . , 

where (yo,Zo) can take only a finite number of values, one of which must be 
(2>,1). (See Nagell [6].) 

There is a one-to-one correspondence between the solutions (y-c^z^) of 
(4) and (^{,2£) of (5) where ~yi = byi because ~y\ = b(b - a + az\) , and hence 

y ^ is always an integer. 

Tk&oKtm 7: Let 

(9) Nv 
y* 

Then 

(10) 

Plooj: 

N,Ni + j + 1 = (m-jN, + n.y^J2 + 1 - n̂ , 

From (8), 

Then 

Hence 

Therefore 

Hence 

Therefore 

Vi + t + Sx2 lZi + ,j = (&i + J* is7-) (m. /^2 - ln^)-

hyi + j = bm-yi + ofcn^. 

y i + j = ^ + a ? v ^ -

Ni + j = -irn2.y\ + 2am-n;jyizi + azn±z\ - 1), using (9). 2 2 

a 
V>irn]y\ + lam^n^z^ + a 2 w ? ^ 1) + 1 

1 
0{m2y^ + lom^n-z-y] + [a2n2-z2- - 1 - m2.]?/? 

2am^n^jziyi - anj[by^ - 2? + a ] + 1 + a 2 ) , 

u s i n g ( 4 ) , 

—Onjyl + lam n-z^l + [a2njz2 - 1 - m2. - abnpy 2]y2 

(continued) 
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- 2am-n.z.y. + abn2- - a2n2- + 1 + a2) 

- 2con^nJ-ziyi + m2-) + 1 - n^ , u s i n g ( 6 ) , 

= ( 7 7 ^ + rijy^z^2 + 1 - n 2 , u s i n g ( 9 ) . 

Tfeeo/Lem 2: The P - s e t [ a , 2?, /1/J can be extended to [ a , 2?, il^ , tfi+1]. 
Ptoo£: Now yi + 1 = TH - ^ + a n ^ > z/^. 

Therefore /l/i + 1 > Ni9 using (9). 

Therefore Ni+1 is positive if /7̂  is positive. 

Also, if N^ is an integer, 2/? E 1 mod a. Now, 

V? = m2y2 + 2am,nv.z. + a2n2z2 

E (aZ? + l)y2 mod a as m1 = x = /ab + 1 

= y2 mod a. 

Therefore N^ + 1 is an integer. 
In fact, it can be shown by induction that if N^ is a positive integer, 

then so must be N^+j. 
Now as (7771,n1) = (a:,l), then 

and therefore [a, b, N^] can be extended to [a, £>, /l̂  , /^ + i]» 
A formula can be developed for N^+± from a, 2?, and N^ ; that is, 

Ni + 1 = a + b + Ni + 2abBi + 2/(ab + I) {aN^ + 1) (M { + 1). 

3. FINITENESS OF P-'SETS 

There are no known P-sets of more than four members. However, it can be 
proved that there are no infinite sets. In fact, given three members of the 
set a, 2?, and o, it can be shown that all other members are bounded, for if 

aN + 1 = x2, M + 1 = y2, oN + 1 = s2, and t = as/a, 

then ate/1/3 + (ab + be + oa)N2 + (a + b + o)N + 1 = t 2 . 
Let # = max{ate, ab + bo + oa, a + b + o]. 

Now, as abcN3 + (ab + bo + oa)N2 + (a + b + £)/!/ + 1 has no squared lin-
ear factor in N, by Baker [7], 

N < exp{(106#)1()6}. 

Until recently there was no way of knowing if a P-set was nonextendible 
if it had four elements. However, in Baker and Davenport [8], it has been 
proved that [1, 3, 8, 120] cannot be extended. In fact, it has been shown 
that [1, 3, 8] can only be extended to [1, 3, 8, 120]. There were calcula-
tions done to prove this that needed the aid of a computer. The method in 
Baker and Davenport [8] would seem workable for checking if there are other 
sets of four which are nonextendible. 
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A recent adaptation of this method was given by Grinstead [9]. 

4. RESTRICTIONS ON EXTENDING FOUR-MEMBER P-SETS 

First it should be noted that Baker and Davenport [8] (from their rela-
tionship (20) and Section 5) seem to indicate that any fifth member of a P-
set that is very large compared to the first four would have to satisfy some 
very unusual conditions* 

The following lemma and theorem give some limitations in the reverse 
direction. 

Lemma: x<a+b If a>0 and b > 0. 

?K.OO^ If x > a + b9 then a2 + ab + b <_ 1, using (1). Therefore, a = 0 or 
b = 0, which is not true. 

ThzoJiQJfn 3: If 2i _> J - 1, then with the exception of J = 1, NiNi + 1+ 1 is not 
a square. (N^ is not equal, to zero, as members of P-sets are defined to be 
positive.) 

VHJOO^I Let L = m-N^ + n-y^z^. Suppose N^N^+- + 1 is a square. Now 

L2 - (L - l)2 = 2P - 1. 

nt - 1 >_ 2L - 1 from (10) if j + 1. 
Then 

Therefore 

( i i ) 1 < i . 

Now 

implies 

and 

by. + Vabz^ = (by0 + vabz0)(mi + vabn^) 

hi = miyo + a n ^ 0 

Let M = x + vx2 - 1. Then it can be shown that 

and 
m = i(MJ" + M'~'j) J 2 

1 (Mj - M~j) . 
2/x2 - 1 

2 

Therefore — = — (MJ - M~j)2. 
„2 

Now 

and 

(xz - 1) 

y. ' >. k^M1 + M'1) + (Ml - M'1) 
% 2 2/x2 - 1 

z- >—~^=r(Mi - M~l) + \(Mi + MH), 
6T~^ ^ ' ' 2 2/x 
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Then 

The re fo re 

yizi > b (M2i -M~2i) + S£- -J(Mi _ " M ^ ) 2 " 
kJx2 - 1 4(a?2 - 1) 

+ y(Mi + M~1)2 + , a (M2i - M~2i) 
4 4 v £ ^ l 

= a + b (M2i - M"2i) +UM2i +M~2i). 

a + b (M2i - M"2i) + - (M2i + M~2i) 
njyizi > S(x2 - 1) 4v42 - 1 

n 2 ~~ 
-y- (Mj - M~j) 

S(x2 - 1) 

(MJ - M~J) 

(as x < a + b from t h e Lemma) 

= M2i + 1 - M- 2 i + 1 + M 2 Vx 2 - 1 - M-^/x2^ 

MJ - M~J 

Now, if i > 0, it can be easily shown that 

M~h% + - J z = < 1 as x > 1. 
/ar 

Therefore 

Hence 

-M"^ + ' 

noyizi 

2 

1 + MzV.rz 

M2i + 1 -
> ii 

MJ -

- 1 - / 1 

A/4-^i 
M~J 

1 > 0 > -AT 

^ 1 if 2i + 1 ̂  j or j - 1 < 2i, 

Thus, Theorem 3 is proved, from (11), as j > 1; therefore, i must be greater 
than zero. 

5. A PARTICULAR RATIONAL FIVE-MEMBER P-SET 
BY EULER CANNOT BE INTEGER 

It will now be shown what will happen if rationals are allowed. Suppose 
the P-set [a, b, o9 d] is extended to 

r -u j 4P + 2p(s + 1)1 
a, b, c, d, ~—-—-

L (S - i)2 -I 
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where a, b, c, and d are positive integers, 

c = 2x + a + b, d = bx(x + a)(x + b), 

p=a + b + c + d, r - abc + abd + aod + &ecZ, 

and s = abed. 

Here, s can have a positive or negative value. This was first given by Euler 
[5]. 

Tk&OfL&m 4i -̂ is never a positive integer. In fact, it is al-
(s - l)2 

ways less than 1. 
The following proof has been considerably shortened due to some sugges-

tions from Professor Jones. 

VKoofa Re-order a, b9 c, and d such that a < b < o < d. If a = 1 and b = 2, 
then ab + 1 = 3, which is not a square. Therefore b _> 3, c >_ 4, and 6? _> 5. 
N ° W 1 1 1 1 13 1 

aba abd aod bod ~ 60 4 " 

Therefore 4p < s. Also, 

I + i + A + i < i + I + I + I<2. 
a b o d 3 4 5 

Therefore abo + a M + aod + bod < labod or r < 2s. 

QQ 4. g(g + 1) 
4r + 2p(s + 1) ̂  b 2 s2 + 175 Hence ^ — < — = 

(e - l)2 (e - l)2 2(s - l)2 

_ 1 + 19 , 9 
2 2(s - 1) (8. _ 1) 2 

< I + T^ + 3̂ 4 aS S > 59 

< 1. 
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