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ABSTRACT

We describe a family of numbers that arises in the study of balanced
search treesand that enjoys several properties similar to those of the bino-
mial coefficients.

1.  INTRODUCTION

In the course of a recent investigation [4] concerning balanced search
trees [2, Section 6.2.3], the following combinatorial problem arose. We en-
countered in the investigation a family {I}} of (2L + 1)-level binary trees,

L =1, 2, ...; the problem was to determine, as a function of [ and 7 € {0,
1, ..., 2L}, the number of nonleaf nodes at level 7 of the (2L + 1)-level
tree T;. (By convention, the root of T, is at level 0, the root's two sons

are at level 1, and so on.) The numbers solving this problem, which we call
profile numbers since, fixing L, the numbers yield the profile of the tree
T, [3], that is, the number of nodes at each level of T;, enjoy a number of
features that are strikingly similar to properties of binomial coefficients.
Foremost among these similarities are the generating recurrences and summa-
tion formulas of the two families of numbers. Let us denote by P(n,k), n > 1
and k > 0, the number of nonleaf nodes at level k of the tree 7T, , convention-
ally letting P(n,k) = 0 for all k > 2n; and let us denote by C(n,k), n > 1
and k > 0, the binomial coefficient, conventionally letting C(n,k) = 0 for
k > n. The well-known generating recurrence

Cn+ 1,k + 1) =Cn,k +1) + C(n,k), k>0
for the binomial coefficients is quite similar to the generating recurrence
(1) P(n+ 1,k + 1) = P(n,k) + 2P(n,k - 1), k>0

for profile numbers. Further, the simple closed-form solution of the well-
known summation

Y cnk) =27 -1

0<k<n

for binomial coefficients corresponds to the equally simple solution of the
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summation

(2) P(n,k) = 3" -1

0<k<2n

for our new family of numbers. Further examples of relations between these
two families of numbers will manifest themselves in the course of the devel-
opment. As an aid to the reader, we close this introductory section with a
portion of the triangle of numbers defined by the recurrence (1) with the
boundary conditions

P(n,0) =1 for alln > 1
(3) P(1,1) =1
P(n,l) =2 for alln > 1
P(1,k) =0 for all k > 1
o\ 1 2 3 4 5 6 7 8 9 10
0 1 1 1 1 1 1 1 1 1 1
1 1 2 2 2 2 2 2 2 2 2
2 3 4 i 4 4 4 4 4 4
3 2 7 8 8 8 8 8 8 8
%) 4 8 15 16 16 16 16 16 16
5 4 22 31 32 32 32 32 32
6 20 52 63 64 64 64 64
7 8 64 114 127 128 128 128
8 48 168 240 255 256 256
9 16 176 396 494 511 512
10 112 512 876 1004 1023

2. THE NUMBERS P(n,k)

Our goal in this section is to derive the basic properties of the pro-
file numbers. By describing the tree-oriented origins of the numbers, we
verify in Subsection A that they do indeed obey recurrence (1) with boundary
conditions (3). We then proceed in Subsection B to solve recurrence (1), ob-
taining an explicit expression for P(n,k) in terms of exponentials and bino-
mial coefficients. In Subsection C, we derive the generating recurrences for
individual rows and columns of the triangular array (4). These recurrences
permit us in Subsection D to derive the summation formula (2) for profile
~numbers. Finally, in Subsection E, we use the summation formula to determine
the so-called internal path length of the trees {7T;}, which determination was
one of the motivations for studying the profile numbers. Our investigation
will then have gone full circle.

In what follows, we shall refer often to binomial coefficients. These
references will be very much facilitated by the convention C(n,Z) = 0 when-
ever 7 < 0 or ¢ > n, which should always be understood.
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A. The Family {7} of Trees: The trees T, are specified recursivelyas fol-

lows. T, is the 3-leaf binary tree

and, for each I > 1, the tree 7;,; is obtained by appending a copy of the
tree T; to each of the three leaves of T, as in

L+1t

Ty

The fact that P(#,k) denotes, when k € {0, ..., 2n}, the number of nonleaf
nodes at 1level k of the tree 7T, renders obvious the validity of recurrence
(1) and boundary conditions (3) in addition to verifying the reasonableness
of the convention

P(n,k) = 0 whenever »n > 1 and k > 2u.

B. The Solution of Recurrence (1):
Theorem 1: For all n > 1 and all k > 0,

P(n,k) = 28" ) C(n,i).

0<7i<2n-k

The theorem asserts, in particular, that P(n,k) = 2¥ for all k < n, and
P(n,k) = 0 for all k > 2n.

Proof: We proceed by induction on' #n. The case n = 1 being validated by the
boundary conditions (3), we assume for induction that the theorem holds for
all n < m, and we consider an arbitrary number P(m,k).

If ¥k € {0, 1}, then the boundary conditions (3) assure us that

P(m,k) = 2K = 2k=n « 27 = 2K=" 3" ((n,d),
0<i<2n-k
which agrees with the theorem's assertion.
If kK > 1, then recurrence (1) and the inductive hypothesis yield

P(m,k) =P@m - 1,k = 1) + 2P(m - 1,k - 2)

=257 3 cm- 1,0 + 25 DL clm - 1,0)

0<i<2m-k-1 0Lj<2m~k
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25770 (m,0) + 25T D CGn - 1,4) + C@m - 1,4 - 1)

0<i<2m-k

2k=m Y c(m,i),

0<i<2m-k

which agrees with the theorem's assertion.

Since k was arbitrary, the induction is extended, and the theorem is
proved. O

C. The Triangle of Profile Numbers: Yet more of the relation between pro-
file numbers and binomial coefficients is discernible in the recurrences that
generate individual rows and columns of the triangle (4).

Theorem 2: For all n > 1 and all k > 0,

2P(n,k) - 25"t lom,k - n + 1)
Pn,k) + 28" Yo,k - n) + Cn + 1,k = n)}.

(a) P,k + 1)
(b) P + 1,k)

]

Proof: Recurrence (1) translates to the three recurrences
(5) P(n,k) = P(n - 1,k = 1) + 2P(n - 1,k - 2).
(6) Pn,k + 1) P(n - 1,k) + 2P(n - 1,k - 1).
7) P(n + 1,k) P(n,k - 1) + 2P(n,k - 2).

1]

I

Combining (5) and (6) leads, via Theorem 1, to the chain of equalities
P(n,k + 1) - 2P(n,k)
P(n - 1,k) - 4P(n - 1,k - 2)

= 2""‘“{ Dot -14) - Y, ¢k - 1,@')}
0

<i<22n-k -2 0<Z<2n -k

il

_zk—n+1{c(n -1,2n -k =-2) +Cn - 1,2n - k - 1)}

= 2" lomk -+ 1),

whence part (a) of the theorem.
Part (b) follows by direct calculation from recurrence (7) and Theorem 1:

P(n + 1,k) - P(n,k)
= P(n,k - 1) + 2P(n,k - 2) - P(n,k)

=2k—n—l{ Z Cn,i) + Z Cn,z2) - 2 Z C(n,i)}

0<Z<2n-k+1 0<i<2n-k+2 0<Z<2n-k

_ 2k—n—1{20(n’2n - k) +Cn,2n - k + 1)}
=2k " Yomk =n) +Cn + 1,k - n)}. O

D. The Summation Formula (2): Theorem 2(a) permits easy verification of the
summation formula for profile numbers.

_'Lheonem 3: For all n > 0, Z P(n,k) = 3" - 1.
0<k<2n
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Proof: Theorems 1 and 2(a) justify the individual equalities in the follow-

ing chain.
D PMm,k) =1+ P P,k +1)

O<k<2n 0<k<2n

]

1+2 ) (PG,k) - 25" "Cn,k = n + 1)),

0<k<2n
Thus, we have -

2" 7I0(m,g) - 1

[~
"o
D
kS
~
]

0<k<2n 0<j<2n-1

2%« (3/2)" -1

1]

3" - 1. 0

E. The Internal Path Lengths of the Trees {TL}: Theorems 2(a) and 3 greatly
facilitate the determination of the Znternal path length [1, Section 2.3.4.5]
I(L) of the tree T, of Section 2A, which is given by

1@ = ), kP@.K).

0<k<2L
Theorem 4: For all L > 0, I(L) = %—LBL -23F -1D.
Proog: I(I) = Y. KkP(L,k) = (k + P,k + 1)
1<k<2L+1 0<k<2L

A+B+C+D

1l

where

A=2 9, kP(L,k) = 2I(D);
0<k<2L

B=2 ) P,k =2(3"-1);
0<k<2L

c=- >, 2""e@k - L+ 1) =-3%
0<k<2L

D=- Y, k2*IHC(L,k - L+ 1)

0<k<2[L

- z (G +L - 1)29c@,5) = -503%~1 + 3L,
0<J<L

Combining terms yields the theorem.

We close by remarking that the quantity I(J) can be determined just as
easily from the recurrence

I(L) = 3I(L - 1) +—g— 3L - 4,

which is derived easily from the form of the trees {7T.}.
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A STUDY OF THE MAXIMAL VALUES IN
PASCAL'S QUADRINOMIAL TRIANGLE

CLAUDIA SMITH and VERNER E. HOGGATT, JR.
San Jose State University, San Jose, CA 95112

1. INTRODUCTION

‘In this paper we search for the generating function of the maximal val-
ues in Pascal's quadrinomial triangle. We challenge the reader to find this
function as well as a general formula for obtaining all generating functions
of the (H - L)/k sequences obtained from partition sums in Pascal's quadri-
nomial triangle.

Generalized Pascal triangles arise from the multinomial coefficients
obtained by the expansion of

QA+ +x2+ - +xi- Y j>2,n20,

where n denotes the row in each triangle. For j
ficients produce the following triangle:

4, the quadrinomial coef-

1

1 1 1 1

1 2 3 4 3 2 1

1 3 6 10 12 12 10 6 3 1

The partition sums are defined by

M
. — n
=9 : 0 < -
R DY N FEEFEE Y
=0
where
(G~ 1n-r
o [
the brackets [ ] denote the greatest integer function. To clarify, we give a
numerical example. Consider $(3,4,5,1). This denotes the partition sums in

the third row of the quadrinomial triangle, in which every fifth element is
added, beginning with the first column. Thus,

5(3,4,5,1) = 3 + 10 = 13.



