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1. INTRODUCTION
In [1], the writer considered the number of compositions
(1.1) n=a; +a, +  + a,
where the a; are either nonnegative or strictly positive and in addition
(1.2) a; # ag4q (=1, 2, ..., k-1).
In the present paper, we consider the number of compositions (1.1) in non-

negative a; that satisfy

(1.3) a; £ a;41 (mod m) (=1, 2, ..., k-1,
where m is a fixed positive integer.

For n > 0, k > 1, let f,(n,k) denote the number of solutions of (1.1)
and (1.3) and let

(1.4) £, =3 £, (1,0
~ k=1

denote the corresponding enumerant when the number of parts in (1.1) is un-
restricted. Also, for 0 < j < m, let f;,j(n,k) denote the number of solutions
of (1.1) and (1.3) with a; = J (mod m).

For m = 2 explicit results are obtained, in particular,

1.5) frao = (T @0,
where
(1.6) s = %(n - L+ i))

and [x] is the greatest integer < x.
For arbitrary m > 1, we show in particular that

© P, ()
nok - _I - Y
1.7) zgzof%(n,k)x y 2.2 (z T x”>’
where ks _—
P () = JI 0 + 272)
and =0

Qm(z) = P,(z) - zP](2).
For additional results, see Section 4 below.

SECTION 2

In order to evaluate f, (n,k), we define the following functions. Let
f%’j(n,k), where n > 0, k > 1, 0 < j < m, denote the number of solutions in
nonnegative integers of

(2.1) n=a;, ta, + - +a,
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where

(2.2) a; ¥ a;,, (mod m) (Z=1,2, ..., k=-1)
and

(2.3) a, =g (mod m).

Also let f%,j(n,k,a) denote the number of solutions of (2.1), (2,2), (2.3),
with a; = a. Thus fm,j(n,k,a) =0 if a # § (mod m).

It is convenient to extend the above definitions to include the case
k = 0. We put

(2.4) fu (,0) = 8,4,

where Gij is the Kronecker delta:

{1 (=3
6ij=

0 @+ 4.
We also define
(2.5) Fu, 5 1,0) = 8508,
and
(2.6) I, 5 (n50,a) = 8;46,08405

that is, fm,; (#,0) = 0 unless n=4 =0 and fh,j(n,O,a) = 0 unless n=4=a=0.
It follows from the definitions that

m-1
(2.7) £ k) =0 fr 5 (1,0
Ji=0

= E zn:f,,,,j (n,k,a) (n >0, k>0).

j=0 a=0

Moreover, we have the recurrence

m-1 n-a
fm,j(n,k,a) = Z ;;)f’"’i (n - a,k - 1,b)
=0 =
] [k >0, a =g (mod m],

which reduces to

m-1
(2.8) Fo s k@) =2 i (n = ak = 1) [k >0, a=g (modm].
=0

T#J

Corresponding to the various enumerants we define a number of generating
functions:

Fp s @) = D F s (nk)xmyk

n,k=0

Fo(@,y) = D f,(,)xmy

n,k=0

Fp i @y,a) = ji: f;’j(n,k,a)x”yk,

n,k=0
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SECTION 3
We first discuss the case m = 2. The recurrence (2.8) reduces to
Fo,0 yk,2a) = 5 1 (n - 2a,k - 1) (k> 1),
3.1) Fon,1,2a) = 8, 5,

fomk,2a+1) = f, ((n-2a-1,k-1) (k>1).
Hence, ’

{Fz,o (x,y,2a) = 8,0 + %%y + x®*yF,  (x,y)

F, ,(x,y,2a + 1) = xz“lyF?_’o (z,y).

Summing over aq, we get

Fpo(@y) = 1+ y L _ ¥ - Fo oy (x,y)

1 -=x 1-=x
X
F2,1(x’y) = 2l Fz,o(x’y)'
1-x
It follows that
1+ —2 L2 <1+ 4 2)
- 2 1 - x2 1 -
(3.2) Fy o @oy) = L2 h @y - < L,
1. %Y 1wyt
a-x*)? a-x*)?
so that
<1+ Y 2><1+~———xy 2>
1 -z 1-=x
(3.3) Folzyy) = F, ((,y) +F,  (x,y) =
’ 1o myt
(1 - x2)2
From the first of (3.2), we get
® 2p
y z"y
F (z,y) = {1 +
2,0 1 - 22 ;;0(1 - z2)2r
S > [2r + g - 1\ o
- xry2r ( ):E
2= (U
SN roar+1l NO (27 + 8\ s
+ Zx Yy Z < s )x
r=0 §=0
- ~ (2r +
(3.4) - Z <21ﬂ +Ss l)xnyzr Z (Ps s)xnyzrﬂ_
n=0 n=0
Since r+28=n r+2=n

FZ,O(xiy) = Z fz,g(”,k)xnyk,

n,k=0

it follows from: (3.4) that
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+ g -
(3.5) Faaonio = (F12 70,
where
%(n - %(k)) (k even)
S =
%(n - Sk - 1)) (k odd),
that is,
“ 1, - (L
(3.6) 8 = 2<n [z(k)]>.
Similarly,
© o 21: + s )
F2,1 (x,y) = E xr+1y2r+1 ( >x s
+ ixr+1yzr+2 i(ZT + s + l>x23
r=0 =0 8
3.7) -2 (e 2 (B 2 Hanyee,
n=1 =1
Since r+2s+l=n r+28+1=n

F,  (z,y) = Z £, (k)aryk,

nyk=1

it follows from (3.7) that

k+s -1
(3.8) oy (k) = ( j )
where
%—(n - 2k + 1)) (k o0dd)
s =
%(n - %—(k)) (k even),

that is

(3.9) 5 = %(n - B(k + 1)]).

Hence, we can combine (3.5), (3.6), (3.8), (3.9) in the formula

Fresl) @0, b,

(3.10) Fai i) =

where

(3.11) s = %(n - I:%(k + 7/)]>

For y = 1, (3.4) reduces to

7, o @,1) =nZ::OwnZ {<2r +SS - l) + (21’;—3)},

2s <
so that g

(3.12) fa,0(n) = Z {(2?1 ) 23 ) 1) + (2” ; 38)} )

28<n
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Similarly, (3.7) yields

— 2r + s 2y + + 1
Py @) =Y e 3 {( ; )+( 2 )}
n=1 r+2s+l=n

which implies

o naors B

We can combine (3.12) and (3.13) in the single formula

(3.14) Fa e (n) = Z {(271 -3 -1 - l) + <2n - 35 - 7,>} =0, 1).

X 8 8
28 <n-1

It follows from (3.14) that

(3.15) 00 =Y {(271 - 3s> + 2<2n - gs - 1) + (Zn - 23 - 2)} .

28 <n

SECTION 4

For arbitrary m > 1, we have, by (2.8),

m=-1
F; (k@) =30 f  (n—ak -1) [k>0,aZ] (modm)]
=0
together with g

i

fm’o(n’l,a) = Gn,a [a =0 (mOd m)]
Fro(r,0,@) =8 8, .

It follows that

0 (mod m)]

m=-1
F, o @y,a) = 8, o +ay + xayZFm’i (x,y) la
i=1

m-1
Fo i (xyy,a) = xayEZZFm’i(x,y) [1 <7 <m;a=g (mod ml].
=0

T#g
Summing over g we get

m-1
Y _ ¥

Fp oz,y) = 1+ Fr, s (22y)
1 -2 1-2" i1
(4.1)
xjy m=-1
Fm J(xay) =~———ZFm,i(x,y) (]._<_j<m).
’ 1= x"i=0
Since v#d
m-1
Do F @) = Fo@y) = By g (),
=0

T4#g
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(4.1) becomes

<1+———y———>Fm,o(x,y) 1+—4— v ¥ g @y
l m

- z" 1-2" 1-2x2
(4.2) ) .
x? x i
G+hL>Fm,j(x’y) = Y Fm(x’y) (1..<_<7 <m).
1 - " 1 - g™
This in turn gives y
1-2" ,
Fpo @) = 1+ —2"2 5 (@,y)
1+ —4—
1 - "
xdy
F L @y) = B () (1 <4 <m)
m, 5 \ oY 1+ xly  Om ) =J .
1-2x"

Hence, by adding together these equations, we get

m=-1 - m
(4.3) 1-y —2=2 \p e,y = 1.
im0 4,y
1 -am

For brevity, put z = y/(1 - ™, so that (4.3) reduces to

m=-1

J
(4.4) 1- —2E P (z,y) = L.
;g% 1+ xz
Put L
(4.5) P,(2) = P, (3,x) = I] (1 + z7z).

J=0
It is well-known that

(4.6) P (2)

where

m m 1o, ,
z: [j]xzﬂJ-DZJ’

=0

[ng] _Q-aem@ -2 L (-7
J Q-2 -a?) oo @ -z
Moreover, it follows from (4.5) that

2P1(3) m-1

P, (2)

x?z

j=0 1+ x’z

Thus (4.4) becomes
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aP! (z)

LT (e T
and therefore
B, (2) y
(4.7) FAx,y) = 77~ =——1,
" Y Qm(z) <Z 1~ .’L‘m>
where
4.8) Q) = By () = i) = 3 (- DT ]V
J=0
For example, for m = 2, (4.7) gives
(4.9) Fz(x,y) = (L+ 21+ o3) (é = 4 H
1 - xz? 1 - 2?

while, for m = 3, we get

(4.10) Fs(x,y) _ (1 + 3)(1 + x3) (1 + y&) <z _ ___zi_a_>

1~ (@ + x® + x3)z% - 2333

SECTION 5

A few words may be added about the limiting case m = ». We take |z| < 1
so that ™ + 0. and

iet .y,
1 - x"
Thus (4.3) becomes
@ .’thy © .
(5.1) 1-) —=—1+ ) f(nka™*, = 1.
i=0 1 + x% n,k=1

On the other hand, the condition

a; £t a;,; (mod m) (t=1,2, ..., k=-1)
becomes
(5.2) a; # aien (=1, 2, ..., k=-1).
In the notation of [1], the number of solutions in nonnegative integers of
n=a + -+ + a and (5.2) is denoted by c(n,k) and it is proved that
«© bl . yvj -1

(5.3) 1+ Y emkayk= {1+ > D! ——

n k=1 i1 1- x?
Clearly,
(5.4) £, (nk) = e(n, k).

To verify that (5.1) and (5.3) are equivalent, we take

S (kg

vy =
k=1

1 —i —_ =1 —i xjyi(—l)sxsjys =1 +i
=0 Jj=0

i=0 1+ x%y izo

oo yk
1+ Z (-1)% ———
k=1 1 - xk
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INTRODUCTION

Jaiswal [3] and the author [1] examined rising diagonal functions of
Chebyshev polynomials of the second and first kinds, respectively. Also, in
[2], the author investigated rising and descending functions of a wide class
of sequences satisfying certain criteria. Excluded from consideration in [2]
were the Chebyshev and Fermat polynomials that did not satisfy the restrict-
ing criteria.

The object of this paper is to complete the above articles by studying
descending diagonal functions for the Chebyshev polynomials in Part I, and
both rising and descending diagonal functions for the Fermat polynomials in
Part II.

Chebyshev polynomials T, (x) of the second kind are defined by

(1) Tyyy(x) = 22T, ., () - T, (x) To(x) =2, Tl(x) = 2x (n>0),
while Chebyshev polynomials U, (x) of the first kind are defined by
(2) Upyo (@) = 22U, ., (x) -~ Uy(x) Up(z) =1, U;(x) = 2x (n2>0).

Often we write x = cos 6 to obtain trigonometrical sequences.
PART |

DESCENDING DIAGONAL FUNCTIONS FOR T, (x)

From (1), we obtain

Ty (x)
T, (x)
T, (x)
VINED)
T, (x)
T (x)
Te ()
T,(x) =
Tg(x) =
Ty (x)

.......................

(3)




