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INTRODUCTION

Jaiswal [3] and the author [1] examined rising diagonal functions of
Chebyshev polynomials of the second and first kinds, respectively. Also, in
[2], the author investigated rising and descending functions of a wide class
of sequences satisfying certain criteria. Excluded from consideration in [2]
were the Chebyshev and Fermat polynomials that did not satisfy the restrict-
ing criteria.

The object of this paper is to complete the above articles by studying
descending diagonal functions for the Chebyshev polynomials in Part I, and
both rising and descending diagonal functions for the Fermat polynomials in
Part II.

Chebyshev polynomials T, (x) of the second kind are defined by

(1) Tyyy(x) = 22T, ., () - T, (x) To(x) =2, Tl(x) = 2x (n>0),
while Chebyshev polynomials U, (x) of the first kind are defined by
(2) Upyo (@) = 22U, ., (x) -~ Uy(x) Up(z) =1, U;(x) = 2x (n2>0).

Often we write x = cos 6 to obtain trigonometrical sequences.
PART |

DESCENDING DIAGONAL FUNCTIONS FOR T, (x)

From (1), we obtain

Ty (x)
T, (x)
T, (x)
VINED)
T, (x)
T (x)
Te ()
T,(x) =
Tg(x) =
Ty (x)

.......................

(3)
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Descending diagonal functions of x,a;(x) (¢

1, 2, 3, ...), for 7, (x)
are, from (3) [taking a,(z) = 0],

a, (@) =2
a, (@) = 2x - 2
a,(x) = bx? - 6x + 2
(4) a,(x) = 8x® - 16x® + 10x - 2

as(x) = 16x* - 40z + 36x° - léx + 2
ag(x) = 32x° - 96z* + 112x® - 64x” + 18z - 2
a,(x) = 64x® - 224x° + 3202 - 240x° + 100x> - 22x + 2

......................................................

These yield
(5) Ay 41 ()

2x - Da, (@) = 2z - 2)Q2x - "' @ > 1).

DESCENDING DIAGONAL FUNCTIONS FOR U, (x)

From (2), we obtain

Uy (@) ="
Uy (x)
U, (%)
Uy ()
U, (x)
Us ()
Ug ()
U,(z) =
Ug ()

(6)

Descending diagonal functioms of x,b;(x) (¢ =1, 2, 3, ...), for U,(x)
are, from (6) [taking b,(x) = 0],
: bi(x) =1
b,(x) = 2x - 1
by(x) = ba? - 4o + 1 = (2x - 1)?
(7 b,(x) = 8x° - 122> + 6z - 1 = (2¢ - 1)°
bo(x) = 16x" - 322° + 242® - 8x + 1 = (2 - 1*
be(x) = 32x° - 80x" + 80z® - 40z + 10z - 1 = (2x - 1)°
b,(x) = 64x° -192x° +240z" - 160x> +60x® ~12x+1 = (2x - 1)°

...........................................................
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These yield
(8) b, (@) = (22 - Db, () = (2x - .

PROPERTIES OF a; (x), b; (x)
Notice that

(9 ap(x) = by(x) - b,_, (@) n > 2)
and
a, (x) by ()
(10) = 2z - 1) n > 2)

Gp 1@ Dy_y @)
Write

(11) b

it

b(e,t) = [1 - 2z - el =D, b, @)e" Y
n=1

0

(¢ - 2)[1 - (2 - D]} =Y a,@t""2,

n=2

(12) a alx,t)

i

Calculations yield

ob ob
(13) 2t _ZE - (2.%‘ - l)'B—E = 0;
oa oa _
(14) 2t Py (2x - 1)55-+ 2(2x - )b = 0.
Also
(15) (2e - 1)b)(x) - 2(n - V)b, (x) = 0,
(16) 2z -~ Da,,,@) - 2(n + La,,,@x) - 2(2x - b, (x) = 0,

where the prime (dash) represents the first derivative w.r.t. x.
Results (9), (10), and (13)-(16) should be compared with corresponding
results in [2] for the class of sequences studied there.
PART I
RISING AND DESCENDING DIAGONAL FUNCTIONS FOR FERMAT POLYNOMIALS

The First Fermat Polynomials ¢,(x); The Second Fermat Polynomials 8, (x)
The sequence {¢,} = {0, 1, 3, 7, 15, ...} for which

17" bpaz = ner = 20n  dp =0, ¢, =1  (n 20

is generalized to the first Fermat polynomial sequence {¢,(x)} for which

17 by, ea(®) = 2h, 41 (x) = 26, (x) $y(x) =0, ¢, (x) =1 (n > 0).
Similarly, the sequence {8,} = {2, 3, 5, 9, ...} for which

(18") Bus2 = 30441 - 26, 06, =2,6, =3  (n20)

is generalized to the second Fermat polynomial sequence {8,(x)} for which

(18) 6,420 = 26, ,, (@) - 26, (x) Bo(x) =2, 6,(x) =z (n > 0).

Terms of these sequences are as follows:
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¢y ()
¢, (x)
¢, ()
NG
¢, ()
$5(x)
¢ ()
¢, (x)
¢g ()
¢4 ()

(19

.....................................

8 (x)
6, (x)
9, (x)
8, (x)
6, (x)
5 (x)
0 (@)
6, ()
B4 ()
By ()

(20)

.........................................

RISING AND DESCENDING DIAGONAL FUNCTIONS FOR ¢n(x), 8, (x)
Label the rising and descending diagonal functions

R;(x), D;(x) for {¢,(x)}
and
Ri’(ac), D_L.’(ac) for {0, (x)}.

Of course, in this context the primes do not represent derivatives.
Reading from the listed dinformation in (19) and (20),

if Dy(@) =1, D{(x) = 2,

we have,
(21) D, (x) = (x - )",
(22) D) = (x - &z = 2)"2  (n>2)

whence

331
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Dy (@) Dyyy(®)
b,@ - i S rtr (2D
D) (x)
" _x -4 n>2; x4 2)
(23) D, (x) x-2
Dn,+1 (x)
D, ~F7
Also
(24) D,(x) - 2D, _,{x) = D,(x).

Rising diagonal functions may be tabulated thus:

7z = 1{2} 3 4 5 6 7 8
(25) R;(x) |1 | |x® |x® -2 |x" -ba |x°-62® |2® -8x% +4 |27 -10z" +12x]...
(26) R!(x) |2 |=x x® |23 -4 | 2% -6z | 2® -8x2 | 2°- 10x%+8 | 7 -~ 122" +20x] ...
with the properties (n > 3),
R!(x) = R,(x) - 2R, _,(x)
(27) R,(x) = xR, _,(x) -~ 2R, _;(x)
Ri(x) = xR, _;(x) - 2R} _;(x).

Calculations of results similar to those in (13)-(16) follow as a mat-
ter of course for both rising and descending diagonal functions, but these
are left for the curious reader.

[2] is desirable.)

(A comparison with corresponding results in

However, it is worthwhile to record the generating functions for the
diagonal functions associated with the two Fermat sequences These are, for
D; (x), Dj/(x), R, (x), R} (x), respectively:

(28) i D, (x)t" "t =
n=1

(29) iz D! (z)t"? =

(30 i:l}?n(x)t"-l =

(31) iizq(x)t”“l=
n=2

1

(1

(x - 2)t]17%;

4)[1 - (x - 2)¢]7%;

(xt - 23171,

2¢3)[1 - (xt - 2317

It is expected that the results of [1], [2], and [3] will be generalized

in a subsequent paper.
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1. The four numbers 1, 3,8, 120 have the property that the product of any
two of them is one less than a square. This fact was apparently discovered
by Fermat. As one of the first applications of Baker's method in Diophantine
approximations, Baker and Davenport [2] showed that there is no fifth posi-
tive integer »n, so that

n+1l, 3n+1, 8 + 1, and 120n + 1

are all squares. It is not known how large a set of positive integers {zy,
Xy, ..., T,} can be found so that all xz;x; + 1 are squares for all 1 < < g
< n.

A solution attributed to Euler [1] shows that for every triple of inte-
gers x,, ,, y for which zx, +1 = yz it is possible to find two further in-
tegers x,, &, expressed as polynomials in x,, x,, y and a rational number X,
expressed as a rational function in x,, x,, y; so that x,x; +1 is the square
of a rational expression x,, Z,, y for all 1 < 7 < g < 5.

In this note we analyze Euler's solution from a more abstract algebraic
point of view. That is, we start from a field k of characteristic #2 and ad-
join independent transcendentals &,, £,, ..., X,. We then set L, +1 = yfj
and pose two problems:

I. Find nonzero elements X;, Lo, +e+s Lps Lyi1s +-+» Ln in the ring

R=k[Zy, «vvy Tys Yyp» =++s Yn_1,n) SO that zyx, + 1 = yfj; and

Yi; € R for 1 <4 <j < m.

II. Find nonzero elements X;, Lo, «oes Lpyy Lpils »=05Ln in thg field
K=Kk(@y, eovy Tps Yizs =vs Ym-1,m) SO that L L+ 1=y;:s and
Yz5 € K for all 1 <1 < g < mn.

In Section 2 we give a complete solution to Problem I for m = 2, n = 3.
In Section 3 we give solutions for m = 2, n = 4 which include both Euler's

*Research was supported in part by Grant MCS79-03162 from the National
Science Foundation.



