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1. INTRODUCTION

A sequence S = {si}i=1,2,..-°f natural numbers is said to be complete
(see [4]) if every positive integer can be represented as the sum of distinct
terms of S. If, furthermore, the sequence is nondecreasing and begins with
s, = 1, then a necessary and sufficient condition in order that S be complete
is:

n
3n+1§1+23£’ for n > 1 (see [2]).
i=1

Note that this condition includes the possibility that some members of S may
be equal, thus corresponding to a representation in which certain terms may
be repeated, as has been comsidered [1].

It is shown in [3] that completeness is preserved under certain trans-
formations of S, an example of which is x - {ln x), where 1ln x is the natural
logarithm of £ and {ln x> is the smallest integer greater than ln x. Two
complete sequences to which this transformation is applied are the Fibonacci
sequence and the sequence of prime numbers (with 1 included).

We will develop here conditions, on S and the transformation considered,
which guarantee that the transformed sequence is degenerate in the sense that
it includes all natural numbers (and hence is complete). The above two se-
quences, discussed in [3], satisfy our conditions.

2. DEGENERACY

To ensure that a transformed sequence be a sequence of natural numbers,
as well as complete, we use the following operation:

Definition: For x a real number {x) is the smallest integer strictly greater
than x.

Lgmmg} If x, y, and 2 are real numbers such that 0 < x - y < 2, then
0<<x>-<y><z+1.
Proog: By the definition of <-),
ey = 1<z <<z) and <y> - 1<y <<yd
x-y><z>-1-LY
Clearly, x >y implies <x> > <{y).

hence, 2

v

We now use this property in the proof of our fundamental result. Note
that the sequence S need not be complete.
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Theornem: Let S = {si}i=1’2’___be a sequence of natural numbers and let f be
a real-valued nondecreasing function defined on S such that

lim f(s;) = @

]

If there exists an I such that for all 7 > I, f(s;+1) - f(s;) <1, then the
set A = {{f(ss)>|Z =1, 2, ...} contains {M, M + 1, ...}, the set of all in-
tegers greater than M - 1, where M = {f(s;)>.

Proog: For any i > I, since f is nondecreasing,
0 < f(s;p1) - f(sg) < 1.
Thus, by the lemma
0 <<fls1+1)> - <f(8:)) < 23
that is,
<f(8i)>
<Ff(sg)> + 1.
But since lim f(s;) = ® the transformed sequence
. {<f(si)>}i=1,2,...

cannot remain eventually constant and so 4 D {M, ¥ + 1, ...}.

<f(3i+1)> =

Of particular interest is the case when 0 < f(s;) < 1: the set 4 becomes
the set IV of all natural numbers. For example, if

S =11, 2, 3, 4, 11, 12, 13, ..., 7, ...}
and f = 1n, the transformed sequence is V. Note that in this example

85 = 2.758, > e ¢ 8,.

Conollary 1: Let S = {si}i=1’2,___be a nondecreasing sequence of integers

with ¢; = 1 and lim s; = ©. If a is a real number > 1 such that S;41 2 as ,

7+

for all © > 1, then:

{Kings;>|i =1, 2, 3, ...} =m, for all b >

1

\%
Q

Proof: The conditions of the theorem are met with
M=<lnyl)> =1

and O 5_1nb$£

+1 ~ Ings; < Imjpa <1, for all 7 > 1.

Example 1: 1If g is an integer > 2 and
s; = at =1 for 7 = 1, 2, ...,

then clearly {(lnaai'1>}= m.

Example 2: If a = e (so lng becomes the natural logarithm 1n) and
s =1{1,2,3,5,7, 11, ...},

the prime numbers with 1 included, the transformed sequence passes through
all natural numbers. The inequality condition of the corollary is satisfied
by virtue of Bertrand's postulate p ., < 2p , where p,  is the nth prime [5]1.
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Example 3: Again, if a = e but with the sequence S now the sequence of Fico-
nacci numbers, the image is still N, for

n
Fpyp = _(_1_4-2_/_3_)_ - F, + (1 —2‘/?> < (1 +2/§ + 1)}7” < eF,.

~Exampfe 4: {{ln L,>|n =1, 2, ...} = IV where L, are the Lucas numbers.
The last three examples in fact satisfy the stronger conditions of:
Cornollany 2: Let S = {31}

starting s, <2, 8, <7, with lim g; = «, and satisfying the inequality
17+

=1, 2 be a nondecreasing sequence of integers
y 2y e

Sp42 S Sp+1t 8y, n > 1.
Then Kin s>l =1, 2, ...}

.

Proof: 1If s, .y < 8,41 % 8,, then g, ,5 <2 « 8,5;< € * 8,41.
The theorem guarantees

Kin sp)|n =2, ...}

where M =<In s,> < <In 7>

]

Wm, M+ 1, ...}
2.

1]

And the condition on s, ensures {1n sl> = 1.

Note that Example 2 satisfies the conditions of  Corollary 2 since, for
the primes ;42 5'pi+l +p,;- (See, for example [5, p. 139].)

Corollany 3: Let S = {s;}, 2 =1, 2, 3, ... be a nondecreasing sequence of

integers with s; = 1 and lim s; = ». Let aq and b be two positive integers
AN

such that s; 45 < as; 47 + bs; for all £ > 1. Then

Kings;>le =1, 2, 3, ...} =/N for all ¢ > a + b.

Proog: Since s;,., < (a + b)s; 4y for all £ > 1, we have
0 < Ings; 42 - Ings; 41 < Ingla + b) < 1.

Furthermore, ¥ = {Iln,1)> = 1. Hence, all the conditions of the theorem are
met.

3. CONCLUDING REMARKS

As can be found in [3], there exist transformations which do not degen-~
erate complete sequences, e.g., the Lucas transformation and the function

f(x) = ox, where 0 < o < 1.

We note that even the quantized logarithmic transformation, & - {ln x>, does
not itself produce degeneracy as is shown by a complete sequence that begins
1, 2, 3, 4, 5, 6, 22,

Another example of an explicit function which sometimes degenerates se-
quences is II(x), the number of primes not exceeding the real number z. It is
clear that this function degenerates the sequence of primes itself; as would
the counting function of S, an arbitrary (countable) sequence, degenerate S.
However, the image of the Fibonacci numbers under II is not W, since II(8) = 4
but M(13) = 6.
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All the sequences above are complete (although repetitions must be per-
mitted in Example 1 if a > 2), but the theorem does not assume completeness.
We conclude with an example of a sequence which is not complete but by an im-
mediate application of Corollary 1 is seen to be transformed into W under
f(x) = 1n x. The sequence in question is s, =1, s, = 2, and for n > 3,
8, =5 - 2"~°. To see that this sequence is not complete, observe that

52" 3.1, for n > 3,

can never be expressed as the sum of distinct terms of the sequence.
Finally, we would like to sincerely thank Professor Gerald E. Bergum for
suggesting many improvements in the content and presentation of this article.
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ABSTRACT

A new procedure for finding the general solution of a linear diophantine
equation is given. As a byproduct, the algorithm finds the greatest common
divisor (gcd) of a set of integers. Related results and discussion concern-
ing existing procedures are also given.

1. INTRODUCTION

This note presents an alternative procedure for computing the greatest
common divisor of a set of n integers a,, a,, ..., a,, denoted by

ged (@), @,y »evs Qp)s
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