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1. INTRODUCTION

Let a, b be positive integers, (a,b) = 1. Consider the sum

a-1 p-1
(1.1) S = ), gbreas = Y D ghreas,
br+as<ab r=0 s8=0

br+as<ab
We will show that
_ ab
(1.2) S = -z o=
(1 - x2) (1 - xb) 1 -z

As an application of (1.2), let B, (x) denote the Bernoulli polynomial
of degree n defined by ’

xz - n
Ee . ZBn(x)F, B, = B,(0).
e? -1 n=0 ’

(uB(x) + vB(y))"

Then we have

(1.3) Z Bn(x+£+

a
br+as<ab

(B(ab) + abB(x))" - (aB + bB(ax))",

(S

where
n

Z(Z) ukv™ " By (@) By () -

k=0

1t

We also evaluate the sum

(1.4) Z (x + br + as)”

br+as<ab

in terms of Bernoulli polynomials; see (3.8) below.

Let a, b, ¢ be positive integers such that (b,c) = (c,a) = (a,b) = 1.
The sum (1.1) suggests the consideration of the sums
Sl - Z xbcr+cas+abt

ber+cas+abt<abe
and

S = xber+cas+abt

2 ber+cas+abt< 2abe

where 0 < r <a, 0 <s <b, 0 <t <c. We are unable to evaluate S, and S,
separately. However, we show that
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1 - xaba)Z _ x2abe

(1.5) xabcsl +5 =
P -xb)d -2 -2 1 -z
For applications to triple sums analogous to (1.3) and (1.4) see (5.5),
(5.6), and (5.7) below.
We remark that the case x=0 of (1.3) is implicit in the proof of The-
orem 1 of [1].

2. PROOF OF (1.2)

We have
a-1 a-1 [b(a-r)/a]
S = Z xbr+as = ber E xras = ber Z xras,
br+as<ab r=0 as<b(a-r) r=0 8=0
Since

[b@ - r)/al =b - [br/a] - 1,
it follows that
a-1 ab -albr/a] _ 1 - xab xab a-1

(2.1) S = E .’L'brl " = - xbr-albr/a] .
r=0 1 - x@ 1 - 2% (1 - xb) 1 - x%r=0

Clearly the exponent
(2.2) br - albr/al r=0,1, ..., a-1)

is the remainder obtained in dividing br by a. Since (a,b) = 1, it follows
that the numbers (2.2) are a permutation of 0, 1, ..., a - 1. Hence, (2.1)
becomes

g = I __mab 1 - x@
(1 - 2% (1 - xb) 1 -2x2 1 -z
so that
(2 3) 5= 1 - xab _ xab

1 -z - xb) 1 -z
This proves (1.2). Note that the complementary sum

a-1 b-1
(2.4) T =) Y wbreae
r=0 s8=0

br +as >ab

satisfies
— _ mab _ mab
s+l 1-2
1 -x% 1 - xb
Hence, by (2.3),
— ab ab - ab
(2.5) 5 - & __x%hd x%P)

1-2 (1 -29( -xb
3. SOME APPLICATIONS
In (1.1) and (1.2), replace x by e#lab

(3.1) Z o (br+as)sjab  _ e? _ e? -1
e®/ab _ 1 (e*/a - 1)(e®/? - 1)

br+as<ab
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Multiplying by z°e®#/(e® - 1), we get

2
(3.2) 2 Z e(bP+aS)Z/ab+acz
e?

-1 br+as <ab

520 (z+1)z

(e? - 1) (ez/ab - 1) (ez/a - 1) (ez/b _ 15

Zzexz

Since

ge%® had an
) = Zan (x);!—,
- n=

ez

(3.2) becomes

. . 2 (x+1)z 2g%8
Zzz_' 3> Bn(x+§+%)= z’e _ z%e
n=0  br+as<ab (ez -1 (ez/ab - l) (QZ/G - 1)(82/b - 1)
o J k
F,k=0

o J k
- ab Z B, (ax)Bkh(z/a;!ZE?/b) .

J,k=0
Equating coefficients of 2", we get
n
(3.4) Y Ba(r i) - @Y (}) @B, @B )
br+as<ab k=0

- (@bt " Zn:(Z) akb™ kB, _,(ax)By.

k=0
This can be written more compactly in the form

(3.5) n@h)*t Y Bn_l(x +§+%) = (B(ab) + abB(x))" - (aB + bB(ax))",

br+as<ab

where it is understood that

(uB(x) + vB@))" = Z(Z)“kvn'kBk @) By (y) .

k=0

Alternatively, (3.3) can be replaced by

. ) . ) )
B; (1) By (abx)i(ﬁ_/g@_ - ab Z B, (ax) By (z/a)’ (z/b) :

b ; 4
a Tk St Jrk!

©
gy k=0

Hence, we now get

(3.6) n@H*™ ' B,H(x +§ +%) = (B(abx) + abB(1))" - (aB + bB(az))".

br+as<ab
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Note that comparison of (3.6) with (3.5) gives
(3.7) (B(ab) + abB(x))" = (B(abx) + abB(1))",
which indeed holds for arbitrary a, b. We also recall that
1

B,(1) =B,, (n # 1); B, (1) =B, +1 =5

; -1
For n = 1, since Bl =-3 and

-5 T -l [)

br+as<ab r=0 g, b@g-nr) r=0
a

=ab - 2@ - DG -1, (@b =1),

(3.5) reduces to
ab - 3@~ D® - 1)

]

(B(ab) + abB(x))' - (aB + bB(ax))"'
(ab - —;—) + ab(x - —%) + %a - b(ax - %),
which is correct.

In place of (3.2) we now take

22 e(br+as)z+xz - 226(x+ab)z 3 ZZ(eabz - 1)e%®
br+as<ab e? -1 (e% - 1) (eb? - 1)
= 2" RS x\ (az)? (bz)*
= ZZOBn (x + ab);lT— (ab) Z (BJ- b)) - Bj)Bk (E-)T'
n= 7, k=0
It follows that
(3.8) n(n - 1)ab Z (x + br + as)*™ 2

br+as<ab
= nabB, | (@ + ab) - é(’;)a”‘kbk(m_k(b) - Bn-)Bi (%) -

2

For example, for »n = 2, since B, () = - x + %, we have

Zab(ab le-ve- 1)) = Zab(x +ab - %) - - D) - 2ab2<% - %)
which is correct.
Note that, for b = 1, (3.8) becomes
a-1 n ”
nn - 1)a2(x + )" % =naB, (@ +a) - Z(k)a”'k(Bn_k(l) = By_3)B (@) .
r=0 k=0
Since 1 1
B,(1) =By, (n# 1; B, (1) =5, 5, =-%>
we get

a-1
nn - l)aZ(oc +a)*? = na(Bn_l(x +a) - Bn_l(a)),
r=0
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that is, the familiar formula (replacing n - 1 by n)

a-1

Z(m + )"t = %{Bn(x +a) - By (x)}.

r=0

Similarly, for b =1, (3.5) reduces to

a-1
(3.9 m"‘IZBn_l(x +§) = (B(a) + aB@))" - (ab + B(ax))".

r=0

We recall [2, p. 21] that
a-1
(3.10) B, _,(ax) = a"‘ZZBn_1<x + g)
r=0

Comparison of (3.10) with (3.9) yields
(3.11) (B(@) + aB@))" - (aB + B(ax))" = naB,_, (ax).

To give a direct proof of (3.11), let R, denote the left-hand side of
(3.11). Then,

©

n o n < = no
DI DI (GENCIENCED 3t DY (AL XN

n

_ azef™®  zedz az zedrs
e®-1 e?* -1 e -1 e? -1
2 jaxz 2 n
az‘e 2
= = — = gz E B, (ax)=
e® -1 n=0 "

and (3.11) follows at once.

L. PROOF OF (1.5)

Put
= ber+ cas+abt
(4.1) g, = > i s
ber+ cag+abt<abe
and
(4.2) S, = Z gber+ecas+abt |

ber + cas +abt < 2abe
It is understood that in all such sums
(4.3) 0<r<ag,0<s8<b,0<t<e.

As for Sl, we have

Sl _ Z xc(br+as) Z xabt
br+as<ab t<a—§5(br+tw)

chr+as) 1 - xab(a-[c(br+as)/ab])
= X

br+as< ab 1 - xab
ab
(4.4) = ;b Z gobreas) - — % g R(e(br+ab)/ab)
a b
l -« br+as<ab 1 - 2% ppiGacab
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where R(m/ab) denotes the remainder obtained in dividing m by ab. It
be convenient to put
U=A{ulu = clr +as), br + as < ab}
vV = {v|v = c(br + as), br + as > ab}.
Thus (4.4) becomes
b
(4.5) S = 1 qu _ =z o F(u/ab)
1
1 abusl/ 1 - 2% 4y
Next put
S! = xc(br+ae)+abt
2 ber +cas+abt<2abe
br+as>ab
S'ZI = xo(br+as)+abt ,
ber +cas+abt < 2abe
br+as>ab
so that S, = §] + SI/. Clearly
e-1
[ A e(br+as) abt
5'2 x Zx
br+as<ab t=0
_ mabe
(4.6) -1 - x®° o
1- xab uel
The evaluation of S is less simple. We have
S?t' - g c(br+as) Z pabt - Zx Z pabt
br +as > ab t<20-—£(br+as) veV t<2e-(v/ab)
2?1 - xab(Zc-[u/ab])
VEV 1 - x@b
2abe
.7) -1l S 2 7 (2/ab) |
1 - 2%y 1 - x®vey
It follows from (4.5) and (4.7) that
be
abe "no_ x® 1 v
xS, + 5] = > x* + > x
1 - x%ucvu 1 - x%vev
xZaba
- x Z pR(u/ab) 4 Zx,’?(v/ab) .
1 - 29 |ueu vev
Since
ab-1

Zxﬁ(u/ab) + Z xR(v/ab) =

uel

1 — xab
Sl L lmet,
t=0

VeV 1 -2

63

will
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we get

b _ xabc
(4.8) zPes + 97 =

1-x% icv 1 - 2 vev 1 -

Hence, by (4.6) and (4.8), we have

abe _ pabe 2abe
xabcsl +5) + S’2, = x + 1 X qu +____];_va _Z
1 -2 1 -2 1T 1 - 2955y 1-x
2abe
= Zx“ + Zx” -z
uek VeV 1 -x
1b-
= GZ Zxa(br+as) _ x2abc
1—ac“b r=08=0 1 -z
1 1 - gabe 1 - gabe  p2abe
1 - 2% 1 - gbe 1 - g9 1 -x
Therefore,
_ mabey2 2abe
(4.9) x°g + 5, = A - z7) -E
(1 -2aP)( - 2z°%0 - x®) 1 -
5. SOME RESTRICTED TRIPLE SUMS
It follows from (4.9) with x replaced by e?/2%¢ that
2
(G.1) erSle% + Yeor = a - e?) e
o<1 g<2 (1 - e®%)(1 - e?/b)(1 - e?/°) 1 - ga/abe

where for brevity we put

(5.2) 0 ==+F+

QIR
Q|+

ol

Multiplying both sides of (5.1) by 23%¢%%*/(e* - 1)?, we get

3 3
_s p(x+o+l) I e(z+0)
(e? - 1)2%6<1 (e® - 1)?0<2
Zae(x+2)z 73,72

(5.3) = - .
(e? - 1)2(e?/9be — 1)  (e®/a) (e*/P - 1) (e?/® - 1)

In order to obtain a compact result we make use of Norlund's definition
of Bernoulli numbers of higher order [2, Chapter 6]. Let Wy, Wys vov, Wy
denote parameters and define the polynomial B, (x|wy, «.., w;) by means of

k ,xz
Wiy +.. W B%e =) on
(5.4) — — — =Y B @lwy, vens W)
(e = 1DE"*" -1) ... (¥* - 1) n=0
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With this notation, (5.3) becomes

o< 2

.
z;n—!{éggﬂ @+o+ 1|1, 1) + Y B @ +o|1, 1)}

> 2 _ - - -
abcn};m{Bn@) (z + 2|1, 1, (abe)™*) - Bn(a) (x|la™*, b7, ¢ 1)}.

Hence, equating coefficients of z , we get

o<1

(5.5) n{ZBn(f)l(x+o+1|1, 1) +;Bn<f)l(x+o[1, 1)}

abc{Bé3)(x + 2|1, 1, (abe)™t) - B (z|la™t, BT, c'l)}.

Similarly, it follows from (5.1) that

(5.6) nn - 1)(n—2){2(x+0+1)”‘3+Z(x+0)"_3}
o<1

o< 2

nn - 1)(abc)'”+1Bn_2(abc(x +2)) - AiBn“)Cr!a‘l, b7, ™,
where A% is the familiar difference operator:
Ao f@) = fl@+2) - 2f@+ 1) + f@).

Finally, multiplying both sides of (5.1) by z%%*/(e? - 1), we get

0<2

(5.7) n(n - 1){ZBn‘2(x+a+1) +ZBn_2(x+O)}
o<1

= nachin(x + 2|1, (abe)7h) - nabchB;il(xla_l, b, e™hH.
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