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1. INTRODUCTION

Kirkpatrick [4] has discussed aspects of linear recurrence relations
which skip terms in a Fibonacci context. Such recurrence relations are
called "lacunary" because there are gaps in them where they skip terms. In
the same issue of this journal, Berzsenyi [1] posed a problem, a solution of
which is also a lacunary recurrence relation. These are two instances of a
not infrequent occurrence.

We consider here some lacunary recurrence relations associated with
sequences {wér)}, the elements of which satisfy the linear homogeneous re-—
currence relation of order r:

v = Z( DIYE 0O, n s,

with suitable initial conditions, where the F,; are arbitrary integers. The
sequence, {U(T)} with initial conditions glven by
0 n < 0,
2.(®) _

n r n
2: Qi 0<n<r
Jj=1

is called the "primordial" sequence, because when r = 2, it becomes the pri-
mordial sequence of Lucas [6]. The O are the roots, assumed distinct, of

the auxiliary equation
r

a? = ) (-1 1B xr i,

J=1

We need an arithmetical function §(m,s) defined by

1 4if m]s,
S(m,s) =
0 if mfs.

. . . m .
We also need s(r,m,j), the symmetric functions of the dn;, 7 =1, 2,..., 7,
taken J at a time, as in Macmahon [5]:

N m m m
s(r,m,j) = &%%lur% . ar%,

in which the sum is over a distinct cycle of a:i taken j at a time and where
we set s(r,m,0) = 1.
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For example,
s (3,m,1)
§(3,m,2) = (0g;03,)" + (O,055)" + (@3503,)7,s
5(3,m53) = (0g705,0454)™;3
s(ym,1) =0,
s(r,l,7) = ij

s(r,m,r) = B,
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2. PRIMORDIAL SEQUENCE
Lemma 1: For m > 0,
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s,m,1) - 2s(@,m,2)x + 3s@w,m,3)x> - +--
r

-8 @,m,j)a?
J=0
because each a,;, 7 =1, 2, ..., j < r moves through j positions in a com-
plete cycle.
Examples of the lemma when » = 2 are obtained by comparing the coeffi-
cients of x” in

r+l

> D ety wt = 3 e G amad) (<)
=0 =0 i1
2% on the left, s(2,m, 0)7)(2) = (2) = right-hand side;
x': on the left, -s(2,m,1)v? + s(2,m, Ov 2 = a2+ a2 - @+ al)?
= -2(ay,0,,)"
= -25(2,m,2)

]

right-hand side.
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We note that
[(+2)/G +2)] =0 for i>r>0

and
r>[(r+2)/G + 2)] for 0<gj<r if r > 2,

where [¢] represents the greatest integer function.

Theorem 1: The lacunary recurrence relation for vér) for » > 2 is given by

min(2, §)
Z -1)"s @ym,m)vE
=0 (F-n+1)

= 1DIG + Dseamj +1) 1 -8 »,[(@+2)/(G +2)] for positive 4.

Proo4: We have from the lemma that

o r+1 .
Z (—1)ns (P sm9n)xnzv(§£r_zl)mxl = Z js (I’ 9m,j) (—x)J -t
n=0 =0 Jg=1

which can be rearranged to give

© ] r
1\ () J- . . Y
E_ z_ (-1) S(P’m’n)u(j—n+1)mx E G + Ds,myg + 1) (-x)” .
Jj=0n=0 Jg=0

On equating coefficients of xj, we get
J 0 if 7 > r,
7?_;0(—1)”3 (r,m,n)vgzm_l)m = '
-G + Ds,m,g +1) if 0 <4 < r.
But
0 for jg >r

(-8l +2/G+ D))= {

1 for0<j<r,r>2,

and 0 < n < r in s(»,m,n) from which we get the required result when » > 2,
as we exclude negative subscripts for vgf).

We next discuss the case for r = 2.

When J is unity, we get

s @m0 = s(rm, Do = 25(r,m,2)
which can be reorganized as
() y2 -
v - @)+ 28(,m,2) = 0.
When » = 2, this becomes
vz(,f,) - @)+ ZP?f"2 =0,
which is in agreement with Equation (3.16) of Horadam [2].
Similarly, when j = 2, we find that for arbitrary »r,

S(Y’,m,O)vgfn) - s(r,m,1)v{) +s@m2)0" = 3s@,m,4)
or
03(:) - Urfrr) 1’2(;) + S(I’,m,Z)v,(:) = 3s(r,m,4),
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which, when » = 2, becomes

(2) _ ,,(2),,(2) m_(2) _
Vs Vo v2m + P, v 0,

22%m
and this also agrees with Equation (3.16) of Horadam if we put n = 2m and
w,(nz) = u,§2> there. Thus, the theorem also applies when » = 2 if j§ > 1. If
J were zero, and » = 2, since §(2,[4/2]) = 1, the theorem would reduce to
s(@,m,0v P = o0,

which is false.

r
Conollarny 1: v o Z ~1)"*s @m0
n=1

(
km (k=n)m”

Proog: Put j = k- 1 > r in the theorem and we get

r
n (r) _
nZ::O(—l) s(r,m,n)v(k_n)m =0
which gives
r
n+1 (2) - ., ®
Z(—l) 8 @MV -y = Vi

n=1

A particular case of the corollary occurs when m = 1, namely

r

n+1 (r)
2 O e, Lmv
n=1

r
(_1yn+l (r)
;1(-1) Py Vs

()
Vg

as we would expect.

The recurrence relation in Theorem 1 has gaps; for instance, there are
missing numbers between U((lf' d UJ(; . When j =m = 2, the lacunary re-
currence relation becomes J+Dm

vé") - s(r,z,l)vff') +s(r,2,2)v(;) - s(r,2,3)v

= 35(r,2,3)(1 - 8(r,[(z + 2)/41)),

and the numbers U?') , U(gr) , and Uér) are missing. For further discussion of

lacunary recurrence relations, see Lehmer [5]. The lacunary recurrence re-
lations can be used to develop formulas for v,(f)

(r)
0

3. GENERALIZED SEQUENCE
(¢9] ]_

In this section we consider the, more generalized sequence {w,

r
Theorem 2: wéﬁ) = Z;l(-l)Jﬂs(r,t,j)wéfy)z_j), n > r.
Proo4: Put 7= .
v =Y Azar;
i=1

in which the 4; will be determined by the initial values of {w(r) 1.

rJ
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r
ZA OL = t(:l,) El
as required.

When ¢t =r = 2, we have ¢(2,2,1) = 3 and s(2,2,2) =1, so that if w(nZ)

= F,, the nth Fibonacci

Fon = 3Fpp_y = Fop_yo

which result has been used by Rebman [8] and Hilton [2] in their combina-
torial studies. There, too, the result

k-1
= Y DR, Py e Fop

Y ()
was useful.
[Y(n) indicates summation over all compositions (a;, ..., ag) of n, the
number of components being variable.] The lacunary generalization of this
result can be expressed as

Theonem 3: W = pIRG Sl (") wg‘i, in which
Y (n)

r
A = 3 DI e Gtug) + D, > s

J-n
1
where 7=

Z( D"s (6,5 - mwD .

m=1

That the theorem generalizes the result can be seen if we let » = 2,

£ =1, and wff) = F, again. Then, as before,
FZn = 3FZn—Z - an—u
and

Wi = Z( DI e (2,2,5) + h WS,
Jj=1

(62,2,2) + W W, - {s(2,2,2) + 1,30 %)
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{6(2,2,1) - 8(2,2 OF, W) - {8(2,2,2) - 58(2,2,1) +5(2,2,00F, W2,
S® o - @) - gy _ @,
G- - AQ-=-3+3)W2, =2 -¥W

n-=2°

i.e., W(z) = n as in the result.
To prove Theorem 3, we need the following lemmas.

Lemma 3.1: W(x) =w(x)/(1 +w(x)), where

W@ =3 0T and w@ =Y w®an,
n=1 n=1

Proo f: W) =y, W& e

n=1

IS 1k 1, @) @)
;1(%( DF I wtak>xn
2 hd k

-3 ()
k=1 n=1

=Y - (w@)*
k=1

w(x) /(1 + w(x)) .

Lemma 3.2: 1f f(x)

Z D" s (et 7,
0

i=

and ”

n) = ), (1 Ind,
where gt

h(x) = f@w(x),
then

h

J
J Z D)"s@,t,g - m)wé;) .
m=1

Proof: If h(x) = f(x)w(x),

then
W(x) = f@w@)/(fx) + F@w@)) =h@)/(fl@) +hE)),
so that
h(x) = (Flx) + h(x))W(x).
Now B = 30 er Y (D st e
m=1 i=0

r J . )
= Z <Z Y I s (0,55 - m)wgl)>x=7

(-1
Jj=1 \m lr
+ Z -D"s (e, t,r - M )x”"‘J'
m=Q

2 (o
Jj=1
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r Ay ' .
= <—1>”‘J(§_j<—1> s(r,t,g - m)w“”’)xﬁ
Jj=1 m=1

from Theorem 2. The result follows when the coefficients of & are equated,

Thus,

r
D" (e, b, 0) + hgtad 4 L.
j=1

flo) + alx) =

d

And since

W(x) = (flx) + A(@))w(x),

Theorem 3 follows.

Shannon and Horadam [10] have looked at the development of second-order

lacunary recurrence relations by using the process of multisection of series.
The same approach could be used here. Riordan [9] treats the process in

more

10.

detail.
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