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these cannect vanish. Therefore,

C,., # 0.
So, Co = 0 implies
TRy oy = Culy + Cp_ 1 Byy + Cplpfln 5.
Hence, by Favard's Theorem, these R, must be an orthogonal set with respect
to some weighting function w,(x) and some range [c¢, d] if the integral be
considered a Stieltjes integral.
If ¢y # 0, the R, do not satisfy a three-term recursion formula (unless

n = 2) and by applying the contrapositive of the converse, we see that the R,
cannot be an orthogonal set with respect to any weighting function and range.
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The natural number of the form
n+ 1 1
t, = ( 5 ) = Eﬂ(ﬂ + 1),

where 7 is a natural number, is referred to as the nth triangular number.
The aim of this work is to give solutions of some equations and systems of
equations in triangular numbers.

1. THE EQUATION t4 + t,, = t:

It is well known that the equation
(D ty + ty =tz

has infinitely many solutions in triangular numbers ¢, t,, and ¢,. For ex-
ample, it follows immediately from the formula:

(2) Consnr T Cusien™ Futiken”
We can ask whether there exists a solution of the equation:
(3) ttz + tty = ttz o

The answer to this question is positive, because there exist two solutions:

ty s T Ti,, = Ties and Cergu T Teayy = Begy -

5
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The problem of finding all the solutions to equation (1) above will be
solved in a subsequent paper.

2. TRIPLES OF TRIANGULAR NUMBERS, THE SUMS OR DIFFERENCES
OF ANY TWO OF WHICH ARE ALSO TRIANGULAR NUMBERS

The system of three equations:

te + ty = ty,
(4) to + tsz = tos
ty + 2ty = tg,

has infinitely many solutions in triangular numbers ¢z, Ty, ¢z, ty, t,, and
tq. This theorem can be proved by insertion of the following formulas into
equations (4):

x=n, y= %(tn -3), 3=1%y,-1,
(5)

L]

U %(tn + 1), v ==ty q-= %(tn - 1),

where n is a natural number of the form 4k + 1 or 4k + 2 for natural k.
In particular, putting n = 14, we have:
x =14, y =51, 3z =104,
u =53, v =105, qg=156.

Since tq — 5z = T154 — 19y = %114 = tws we obtain a solution of the system of
equations:

ty + ¢y = t,, 1in the numbers: ¢,,6 + ¢, = ¢

533
(6) te + Lo = ty, Ty * Tigy = tigsos
ty + tz = ty, To1 ¥ Tigy = t116-

We see that there exists a triple of triangular numbers whose sums in pairs
are also triangular numbers. The problem of whether there exist three dif-
ferent triangular numbers, the sum of any two of which is a triangular number
was formulated by W. Sierpinski [1].

Theorem: Suppose that & > y > z; then each of the systems of equations:
te + ty = Ty,
(7.1) te + T, = Ly,
ty + ;3 = ty;
te + Ty = ty,
(7.2) te g = 1y,
ty - ty =t,, where x # w, y # v;

(7.3) te =tz =ty

ty + t; = t,, where x #w, y # V;
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(7-4) tx + tz = tu:

ty + t, = t,, where x # w, 2 # u;

(7.5) ty = Ta =y,
ty +t, = t,, where x #w, y # v, 3 # u;

tx—ty =Ty,
(7.6) te + Tz = Ly,

ty — tz = t,, where x # w, y # v;

te + ty = tu,
(7.7) tz =tz = ty,
ty - ta = tu;

Tty = Ly = Ty,
(7.8) teg — Tz = Ty
ty — tz = ty, where x #w, y # v, 2 # u;
has infinitely many solutions in triangular numbers t;, Ty, Tzs tys tv, and ty.

Proof: We prove even more. Each of the following systems of equations has
infinitely many solutions in natural numbers x and y.

treg+2 T Tiozs2 = togmass
(8.1) tiezso T Togenr = tys
tiogeo T Togeo = Tiszass

+
I

t161+2 t13x+2 ty’
(8‘2) t16x+2 + 7"‘12.7:4-2 t20m+3’

Cigge2 — Piozer = Tsas

Tisz+a T Progez = Loomass
(8.3) tiezs2 = Tozsz = tys
Ciogeo v Togso = Lispiss
Tisess — Piogso = Logsas Cisgea ~ Pioge2 = Tsas
(8.4) tiszes T Tsg = Ty, Or tigpyo t tozin = tys
trozez v Tsz = Tiggias Ciozs2 T Pozso = Liszass
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Tiss+s = Piozar = Togaao
(8.5) tisz+s = Tse = Ty
+ oty =t

S5x

12z+42 13z+23

t16x+2 - t13x+2 ty,

(8.6) tiees2 T Taogio = Toozess
i3z42 = Trogez = Tsas
tsogso T Tagusz = Toszass

(8.7) t52x+2 - t36:+2 =ty

t39z42 ~ Taez+o tisas

Tiszes ~ t13x+2 ty,

(8.8) Cise+s = Promez = Tozioo

T1sgs2 = Trozsn = Lsg-

The systems of equations (8.1)-(8.8) are, respectively, equivalent to

the following equations, for which there exist initial solutions given below:

N

(9.1) 337x% + 125x - y* -y =-12, =z, =0, y, = 3;
(9.2) 425z% + 145z - y? -y = -12, =z, =0, y, = 3;
(9.3) 17522 + 35x¢ - y? -y =0, @, =0, y, =0;
(9.4) 25022 + 110z - y2 -y = =12, =, =0, y, = 3;
(9.5) 200z% + 100z - y2 -y = -12, =z, =0, y, = 3;
(9'6) 87x2 + 15x - yz -y = 0, xo = 0’ yO = 0;
(9.7) 1408z> + 80x - y> -y =0, x; =0, y, = 0;
(9.8) 56x% + 40x - y? -y = -6, x, =0, y, = 2.

From the theory of Pell's equation (also referred to as Fermat's equa-
tion), it follows that if, simultaneously, kX and m are natural numbers, 1, n,
and g are integers, then the product k *+ m is not a square, and if there ex-
ists an initial solution of the equation,

(10) kx? + lx - my? - ny = q,
2 2
in integers x, and y,, where <x0 + %Z) + (yo + %%) # 0, then equation (10)

has infinitely many solutions in natural numbers x and y. Applying this to
equations (9.1)-(9.8) we prove that all the systems of equations (8.1)-(8.8)
have infinitely many solutions in natural numbers x and y. This theorem is
thus proved.
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Some years ago, A. Schinzel found the following proof for the statement
that there exist infinitely many triples of different triangular numbers for
which the sum of any two is a triangular number [private communication from
A. Schinzel].

Schinzel's Proof (unpublished): 1t is well known that the equation
2% - 424y* =1

has infinitely many solutions, where x = 1 (mod 106) [in every solution, we
have zx = 1 (mod 106)]. Putting

25

k=5y - qoe( - 1) - 1,
1 = %{x - 1) - 50y + 2,
we find
Cogan T Logss = Tis
tsrruw T Lrorrs = Trsksros
Torss T Trok+o = Paske1i-

3. SYSTEMS OF EQUATIONS INCLUDING THE ALGEBRAIC SUM
AND THE PRODUCT OF TRIANGULAR NUMBERS

W. Sierpinski [1] has asked whether there exists a pair of triangular
numbers such that the sum and the product of these numbers are triangular
numbers. We have found some such systems of equations for which there exist
one or two solutions in triangular numbers, e.g.:

1. te - ty = tys Lo+ ty = by, tety = tys

tig = byy = Typs trg ttyy Tl Tigty, =T

(11)

189°

(This solution was found by K. Szymiczek [2].)

2. ty + ty = Ty, tmty = Ty> (tz + 1)ty = tus

(12) _
Lo + t1y = t1gs Tobys = tags (Lg + 1)ty = 4.
3. te = ty = by,  taty = by, talty = 1 = ty,
(13)
Tor = Te = Togs Lot = Tago tyi/tg = 1 =1,
4. Ty = bty = Tq, te + Lz = Tu,s
(14) taty =>tv, : Lotz = Tus
try — Tg = tags try t Tgs = Ly,
to1te tqgs Lo1lss = Tsygs
and
Tes = Lyg = Tsgs Ltes T To1g = Tongo
Lestas = L1728  Tgala1g = Togsse
5. te + ts = tq, ty = ta = ty,
(15) tats = tys tyts = Ty,

(continued)
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5. continued
tre * Tgg = Tyss ties — tes = Tis3s
toales = T1iuugs tisstes = Lgago-

6. For the system of equatioms,

(16) te + ty = tu, taty = ty,
there exists also the solution:
tsos * tssn = Ty33s tsostssy = T1goggo-

The author wishes to thank Professor Dr. Andrzej Schinzel for his valu-
able hints and remarks.
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1. INTRODUCTION
In an earlier paper [1] we considered solutions to a system of equations:

) _ 2, . .
xia,j+l—yij, 157/<ejin'

In this note we look at the generalized problems:

_ 2
(1.1) @y +a =Y, a # 0.

In Section 2 we apply the results of [1] to the solutions of (1.1). 1In
Section 3 we consider the following problem: Find n X 2 matrices

a, a, B
b, b, ... by
so that a;b: * a;b; = %1 for all 1 <% <j <n. 1In Section 4 we apply the

results of Section 3 to get two-parameter families of solutions of (1.1),
linear in a, for n = 4.
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