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PROBLEMS PROPOSED IN THIS [SSUE
H-317 Proposed by Lawrence Somer, Washington, D.C.
Let {G,};., be any generalized Fibonacci sequence such that
Gupo = Guyn +Gps (Gos Gy) =1,

and {G,} is not a translation of the Fibonacci sequence. Show that there ex-
ists at least one prime p such that both

G, + Gy = Gyyp (mod p)
and
G,yq = G, (mod p)
for a fixed » # 0 (mod p) and for all n > O.
H-318 Proposed by James Propp, Harvard College, Cambridge, Mass.
Define the sequence operator M so that for any infinite sequence {u;},
n
M(un) =M(un) —Z’:M(ul)u<T>,
1|in
where  is the Mobius function. Let the '"Mobinacci Sequence" S be defined

so that Sl = 1 and
S, = M(5,) + M(M(S,)), for n > 1.

Find a formula for S, in terms of the prime factorization of =n.

H-319 Proposed by Verner E. Hoggatt, Jr., San Jose State University,
' San Jose, CA. :

1f Fn <z < Fn+l <y < Fn+2’

then x + y is never a Fibonacci number.
#2 Corrected Problem Proposalss
H-294 Pproposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA.

Evaluate

F2r+1 F6r+3 F10r+5 Flhr+7 F18r+9
F4r+2 ‘F12r+6 F20r+10 ‘F28r+1u F36r+18
A= 1Fepys Figp4e Faors1s Fyopioa Foynsay
Fer+4 ‘F24r+12 Fuop+2o ‘Fssr+28 F72r+86
F10r+5 F30r+15 F50r+25‘ F70r+35 F90p+45
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H-295 Proposed by G. Wulczyn, Bucknell University, Lewisburg, PA.

Establish the identities:

2 - k+113 .
(a) E%Ef+6r+3 - E%+8r+u5%+2r+1 - (_1) F2r+1L2r+1Lk+ur+2’
2 2 — (_1Yk+113
() Z'_'ka+61- - F%+8rFk+2r = (-1 Fzrzzrbk+kr'

SOLUTIONS
One or Five

H-285 Proposed by V. E. Hoggatt, Jr., San Jose State University,
San Jose, CA. (Vol. 16, No. 5, October 1978)

Consider two sequences {#,},.; and {G,},.; such that

@) (H,, H,,p) =1,
by (G, G =1,

(C) Hn+2 = Hn+1 + H"l (?Z Z 1)’ and
(d) Hyyy +H,_, =8G, (n>1),

n-1
where s is independent of #.

Show s = 1 or s = 5.
Solution by Lawrence Somer, Washington, D.C.

The following examples from the Fibonacci and Lucas sequences show that
s may actually attain both values of 1 and 5:

Fyoy ¥ Fpyn =1 2 Lys Lyoy + Dyyy = 5Py
We are also evidently assuming that s is nonnegative. Otherwise, let
{#,} = {-F,} and {¢,} = {L,}.
Then H,_, + H,,, = (-1)G,. Similarly, if
{g,} = {-£,} and {G,} = {F,},

then H,_, + H,,, = (-5)G,.

Now suppose that s # 1 or 5. Since (H,, Hy41) = 1 and (G,, Guy1) = 1,
clearly s # 0. I claim that the period (mod &) of {H,} divides 4. This
follows, since H; + H; = 0 (mod 8) and H, + H; = 0 (mod s) together imply
that #; = H; (mod s). Similarly, H, = Hy (mod 8).

Now, H, + H, = 0 (mod s) and A, + H, = H, (mod 8) imply that H, = -2H,
(mod s). Thus, using the recursion relation for {#,}, the first five terms

of {H,} (mod &) are
Hy, = -H,, H, = -3H,, and Hy = -4H, .

Hl’ Hz = '2H1’ 3
Thus, -4H, = H; or 5H, = 0 (mod s). If (5, s) =1, then 5H, = 0 (mod s)
implies that H; = 0 (mod s). But then H, = -2H; = 0 (mod s) and (#,, H,) #
1. Hence, s > 5 and (5, 8) = 5. However, then 5H; = 0 (mod 8) implies that
(s/5)|(H,, 8). But then since H, = -2H, (mod s) and a fortiori H, = -2H, = 0
(mod s/5), (s/5)|H, also. Therefore, (s/5)|(H,, H,) and (#,, H,) # 1 as we

assumed. Thus, s = 1 or 5.
Also solved by P. Bruckman and G. Lord.
Power Mod

H-286 Proposed by P. Bruckman, Concord, CA.
(Vol. 16, No. 5, October 1978)

Prove the following congruences:
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(1) F,. = 5" (mod 5"%%);
(2) an = L5n+1 (mod 52n+1), n=20,1, 2,

Solution by the proposer.
Prood of (1): We will use the following identity,
(3) Fg, = 25F, + 25(-1)"F) + 5F,, m =0, 1, 2, ...

Let S be the set of nonnegative integers n for which (1) holds. Since F5=35,
clearly 1€ S. Even more obviously, F; =1 = 5%, so 0¢ S. Suppose ke S, and
let m = 5%, Then, for some integer a, F, =m(l + 125a). Hence, by (3),
F, = 5m°(1 + 5%)° - 5%m®(1 + 5%°a)® + 5m(1 + 5%)
= 52m° - 5%2m% + 5m (mod 5%m).

But 5?|m®, assuming k is positive. Hence, 5%m|5%m®|52m°. Thus, Fg, = 5
(mod 5%m), i.e.,
Fgion = 51 (mod 5***).

Therefore, ke S = (k + 1) S. The result of (1) now follows by induction.
Prood of (2): We will use the following identities,

(%) Ls, = L5 = 5(-1)"L% + 5L, o1 }

(5) L2 = 5F2 4+ 4(-1)", o

Let m = 5". Then Iy, - Ly = (L3 + L) (L2 + 4) = 5F2(L% + L,). But, by (1),
m|F, , which implies 5m?|5F2. Therefore, L, = L, (mod 5m*), i.e.,

L5n+1 = LS" (mOd 52n+1),
which proves (2).

More ldentities

H-288 Proposed by G. Wulcgzyn, Bucknell University, Lewisburg, PA.
(Vol. 16, No. 5, October 1978)

Establish the identities:

2 _ 2 = (_1Yk+1+3 ) .
(a) FkLk+6r+3 Fk+8r+4Lk+2r+1 -1 L2r+1F2r+1Lk+kr+2’

= k 3
(b) FkL7%+Gr - Fk+8rL£+2r - (_1) +1L2rF2rI’k+ur'
Solution by the Proposer ‘
(a) F L?

_ 2
k“k+6r+3 Fk+8p+4Lk+2r+1

__1_‘/_{(&;( _ Bk) [a2k+12r+6‘+ 82k+121‘+6 + 2(_1)k+1]
5 - (OLk+8r+l+ - Bk+8r+'+)[OL2k+l+r+2 + sz+l+r+2 + 2(_1)k+1]}

(“l)k+l{uk—4r-2(a16r+8

/5

- 2gl2r¥E yiggkTH2 _ 1y
- Bk-ur—2(616r+8 _ 2612r+6 + 264r+2 - 1)}
DR s br42 _ br42 _ pk-tr-2 our+2 _ 4r+2
= —“‘zgr“_{u (o 1) (o +1) B (B IDNES + 1D}

(DR vurso, ore1 2r+18y3 . 2r+1 2r+1
{2 (" + B ) (@t -8 )

V5

+ Bk+hr+2(u2r+1 + 82r+1)3(@2r+1 _ 62r+1)}

(-Dk+1gs F L

2r+ 17 2r+ 17 k+lr+2°
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2 2
(b) E%L%+6r - E%+8rLk+2r

= B lloinzn + 26DF = By g [Dgppny + 2(-DF)

_1)k+1
= ( ]"/)5_ O{,k-‘”ﬂ ('OLIGI' + 20('121‘ _ 20"-}1" _ 1) _ Bk-ll-lf’ (Blﬁr + 26121‘ _ ZB'-K-I' _ 1)}

k+1
= (_]‘-/)§+ [OLk—lfr (Ot'-l-r _ 1) (O(.I”I + 1)3 _ 67(—’-01" (B'-!nr -1) (Blir ¥ 1)3}

(—1)k+1 k+
A /3_ {ak+hr(u2r — B?r)(QZr + BZr)S + B hr(u2r _ Bzr)(azr + BZr)3}

k+1 3
-1 FerZrLk+ur'

Also solved by P. Bruckman.
Series Consideration

H-289 Proposed by L. Carlitz, Duke University, Durham, N.C.
(Vol. 16, No. 5, October 1978)

Put the multinomial coefficient
(m1 + m, + oeee +my)!

(m s Mys eoes M ) =
1 2 k ! 1 1
ml.mz..n.mk.

Show that

(*) Z (r,s, t)Y(m-2r, n-2s, p-2t)

r+s+t=2A

= Y MR,k W= G-k, n-k=i, p-i-§) (mtn+p 2 20).

i1+J+k+tu=\x

Solution by Paul Bruckman, Concord, CA.

Let
(1 AGr, my p) = D, (2,8, )(m - 2r, n - 25, p - 20),
‘ r+s+t=)

(2) Bm, o p) = 3 2 TG, G kauwyn-g -k n -k -1, p-i- ).
T+J+k+u=>x .

Also, let v

(3) F(x, y, 8) = 2, A(m, n, p)z"y"z?,
m+n+p>2X

%) Gv(x, Y, .8) = Z B(m, n, p)x"y"z?,

m+n +p>2)

assuming A is fixed. It will suffice to show that F and G are identical func-
tions, for then the desired result would follow by comparing coefficients.
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Now

F(x,

Now

Hence,

or

(5)

Also,
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Ys B) = Z (rs 8, ) Z (m - 2r, n - 28, p - 2t)x"y"a"
L rES+t=2A m+n 4+p>2x
= Z (r, 8, t) }: (m - 2r, n - 28, p - 2t)x™y"z?
reSF L= m22r,n22s, p>2t
= Z (r, s, t)xzr 28 52t Z (m, n, p)x"y"zP.
r+s+t=>\ myn,p>0

Z (m, n, p)a™y"s? Z Z (m, n, p)x™y

m,n,p>0 =0 m+n+p=k

Flz, y, 8) = (1l —x -y -2)"" Z (r, s, t)x?y? 2%,

r+s+t=2X

F(z, y, 28) = (2 +y> +2°) ' (1 -z -y - 2)7 .

Glas ys 2) = 9. (DPHPR(E, G, &, w)

i+J+k+u=»2

Z(ac+y+z)k=(1—x—y—z)'l.

. Z m-4-k,nm-k-1<,p-171-g)x"y"z".

m4+n+p22)

The condition m + n + p > 2\ is equivalent to

m-G - +m-k-9D+@-1-9>220-7-4-Fk =

Hence,

Glx, y 2)

Y CRFIYR(L, G, K, w)ad thykrigied

i+f+tk+u=»x

° 2: (ms ", p)xmy"zp

m+n+p22uy

D CPIRGE, , K, wyad TRyReigied

T+J+k+u=2

E Z (m, n, p)aTy"zaF

=2u m+4n+p=h

il

itdHk+u=2 h=2u

=(l-az-y-2a)"1 Y, (-2)FtI

i+i+k+u=2

o (Ly Jr Ky wad PRyk+igi+d (2 + y + z) 2

Z (=29 *k (g, 7, k, u)x*f*kyk*izi*j}: (x+y+2)
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=(l-2-y-2)"7"1 :E: (-2y2)* (-2x2)7 (-2z)* (& + y + 2)2% (2, 5, Kk, w)
itjkrus) ,
=(l-x-y-2)""-2yz - 20z - 2zy + (x +y + 2)° P
=(l-2-y-2)"Y*+y>+2)* =F(, y, 2). Q.E.D.
Also solved by the proposer.
Identical

H-290 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA.
(Vol. 16, No. 6, December 1978)

Show that
2 _ 3 = (_1\k+1p2 _ .
(a) Fka+6r+3 Fk+l+r+2 ( 1) F2r+1(Fk+8r+h 2Fk+'+r+2)’
2 3" _ k+152
(b) Fliver ~ F%+ur = (=D Fzr(EL+sr + 25%+ur)'
Solution by the proposer.
2 3
(a) BFiverss ~ Frrunso

= ‘L‘[(Ol,k _ Bk)[@2k+2r+6 +82k+2r+6 + 2(_1)](] _ [OL3k+2r+6 _ B3k+2r+6'+ 3(_1)k+1]}
5/5 ‘

= (—;3;fl[ak(a12r+e - 3942 _ ) - gr(RIZr+6 _ 3phr+2 _ 9)}

‘= (-;3;f1 ak(@¥T2 4 1)2 (42 - 2) = BE(BYTHZ 4 1) (a*TF2 - 2)}

= (—ézgfl[ak+“”+2(u2”+l-82”+1)2(a“”+2-2)-Bk+“f+2(a2”+1-82r+1)2(8"r+2-2)}_
= (_1)k+1F§r+1(E%+sr+u - 25%+4r+2)'

(b) E%Ef+sr - Ef+ur

= %{(ak _ Bk) [a2k+12r‘ + 82k+12r + 2(_1)k+1]

- [u3k+12r _ 83k+12r + 3(_1)k+1(ak+ur _ Bk+hr)]}

k+1 .
= (‘1) M {onk(cx”" - 3OLLm + 2) - Bk(BIZr - 36'41' + 2)}

5/5
K+ .
= Lzéﬁg;i{uk(a"” - 12 +2) - BK(BY - (R +2)}
(_1)k+1 % 4
= —5/“§_{Otk+lm (OLZr _ BZI‘)Z(all-r +2) -8 +hr (OLZI' _ 821')2(8 ry 2)]_
= (_1)k+lF§1ﬂ (Fk+ 8r + 2Fk+l+r)

Also solved by P. Bruckman.
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Square Your Cubes

H-291 Proposed by George Berzsenyi, Lamar University, Beaumont, TX.
(Vol. 16, No. 6, December 1978)

Prove that there are infinitely many squares which are differences of
consecutive cubes.

Solution by Bob Prielipp, University of Wisconsin-Oshkosh, WI.

Clearly, it suffices to show that the equation (x + D3 - 2% = y2 has
infinitely many solutions (x, y) where x and y are positive integers. But
the preceding equation is equivalent to (Zy)2 -3(2¢ + 1)%2 = 1. Hence, we
need only determine the solutions of the Pell's equation u®> - 3v® =1 in
positive integers u, v such that u is even and v is odd. Its least solution
in positive integers is u, = 2, v, = 1. Thus, all of its positive integer
solutions are contained in the infinite sequence (u, vk), k=1, 2, ...,
where

7/'ik+:|. = Zuk + BUk and v =uk + 207(3 k = 0, 1, 29 e es o

k+1
[The preceding is an immediate. consequence of the following result which is
generally established as part of the theory involving Pell's equation: All
of the solutions of the equation u?> - Dv? =1 in positive integers are con-
tained in the infinite sequence

(uo’ UO), (ul’ Ul)’ (uz’ Uz)’ © e s 3

where (uy, V,) 1s the least positive integer solution and (u;, v;) is defined
inductively by U, ., = Ugl, + DvVy, Vpyq = Ugldg + Uplps kK =1, 2, ... ]

It is easily seen that, if u; is even and v, is odd, then Upyq 18 odd
and v, , is even. Also, if u; is odd and vy is even, then u;,, is even and
v, is odd. This implies that all of the solutions of the equation

K+ 1
u? - 3w? =1

in positive integers u, v with 4 even and v odd are (uyy, V,;) where k = 0,
1, 2, ... . Therefore, the equation (x + 1)3 - 2% = y2 has infinitely many
positive integer solutioms.

Also solved by H. Klauser, P. Bruckman, E. Starke, L. Somer, G. Wulczyn, W.
Brady, S. Singh, G. Chainbus, and the proposer.
Get the Point

H-292 Proposed by F. S. Cater and J. Daily, Portland State University,
Portland, OR. (Vol. 16, No. 6, December 1978).

Find all real numbers » € (0, 1) for which there exists a one-to-one
function f, mapping (0, 1) onto (0, 1) such that

(1) f, and f;l are infinitely many times differentiable on (0, 1), and
(2) the sequence of functions
Fus FooFfus FoofuoFus foofoofoofus onn
'converges pointwise to r on (0, 1).
Solution by the proposers.

Let g denote the golden ratio %(-1 + v5), let fi(z) =1 - (1 - %2)? and
g(x) = f(x) -2. Then f(q) - g = g(g) =0 by inspection and g"(x) = -12x> + 4
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changes sign once in (0, 1), from positive to mnegative. Since g(0) = g(1) =
0, it follows that g(x) < 0 for 0 < £ < ¢q and g(x) > 0 for g < 2 < 1. Also
f and f7! are evidently increasing on (0, 1), so for any xe (0, q),

< fHe) < (Fref M@ < (FleflofN)(x) < -+ < g,
and for xze (¢, 1),
x> @)y > (Fref @ > FrerTte M@ > e > q.

In either case, this sequence converges to some point we (0, 1). Since f7!
is continuous at w, f *(w) =w. But g is the only fixed point of f and of
£t in (0, 1), so w = g. Thus,

o freft, Froftort, L
converges pointwise to g on (0, 1). Also,
Fh@) = (1 - (1 - o)),

so f and f7! are both infinitely many times differentiable on (0, 1). More
generally, put t = (log q)/(log »). Then, f,(x) = (J"_l(ac‘*’))]”t satisfies (1)
and (2). Thus, all numbers re (0, 1) satisfy the requirements of the prob-
lem.

Remask: Functions similar to f, given here were studies by R.I. Jewett, in
"A Variation on the Weierstrass Theorem," PAMS 14 (1963):690.
The 01d Hermite

H-293 Proposed by Leonard Carlitz, Duke University, Durham, N.C.
(Vol. 16, No. 6, December 1978)
It is known that the Hermite polynomials {H, (x)},-o defined by

2: 2"
- z2
H (x) ' ezxz z
t n
n=0

satisfy the relation

E H (x) — = & H (:E - Z), (k = 0, 1, 2, ---).
n+k n! k
n=0

Show that, conversely, if a set of polynomials {f, (x)},_, satisfy

o

w Y Fa@E =Y 5 @Ef @ - B, k=0, 1,2, ..,
i .

n=0
where f,(x) = 1, fi(x) = 2x, then
fo(®) = Hy(x), (n =0, 1, 2, ...).

Solution by Paul F. Byrd, San Jose State University, San Jose, CA.
Let

m on

(1) Gz, 2) = ) f, @,

n=0

[G(x, 0) = fol@ =1, &

z2=0

= fi(x) = Zm],
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denote the generating function for the set of polynomials {f,(x)}. Then the
given relation can be written as

(2) Zf‘“k(x)i—’: = G(x, 2)f, (x-2), (k=0,1, 2, ...).
n=0

Multiplying this by u*/k! and summing yields

o w )
3 kz:o Z A CO) n'k' = G(x, Z)E f'k (x - z)%!—.
= n=0

Now with the use of Cauchy's product rule, the lefthand side of (3) becomes

©

Ll n,, k it nkk
O o ST DA e e o

an (af:)—————('g Z'u)” = G(x, 2 + u).
n=0 .

But the righthand side of (3) is clearly equal to G(x, 2)G(x - 2, u). Thus,
from (3) and (4), we have the functional equation

(5) Gz, 2 +u) = G(x, 2)Glx - 2, u)
whose unique solution is
(6) G(x, 2) = e?>®#~ %" (for any value of u).

But, this is precisely the same well-known genérating function for the Her-
mite polynomials H,(x). Hence,

@ D P O
n=0

and it follows from Taylor's theorem that

n

(8) F @) = e“[a "’”"")2] - (-Des - 4
3=0 CZ.’,U”

Py (e**) = H, (x),

with f(x) =1 =H(x), fi(x) = 2x = H (x).
Also solved by P. Bruckman, T. Shannon, and the proposer.

K HE



