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1. INTRODUCTION

If p is a prime, let Zp denote the integers modulo p and Z§ the set of
nonzero elements of Zp. It is well known that every function from Z, X Zp x Z,
into Z, can be represented as a polynomial of degree < p in each variable.
We say that a polynomial f(xz,, x,, ;) with coefficients in Zp, is a Local
permutation polynomial in three variables over Z, if f(x,,a, b), f(c,x,,d),
and f(e, f, x3) are permutations in x,, x,, and Z,, respectively, for all a,
b, ¢, d, e, f € Zp. A general theory of local permutation polynomials in »
variables will be discussed in a subsequent paper.

In an earlier paper [2], we considered polynomials in two variables over
Zp and found necessary and sufficient conditions on the coefficients of a
polynomial in order that it represents a local permutation polynomial in two
variables over Zp. The number of Latin squares of order p wds thus equal to
the number of sets of coefficients satisfying the conditions given in [2].
In this paper, we consider polynomials in three variables over Zp and again
determine necessary and sufficient conditions on the coefficients of a poly-
nomial in order that it represents a local permutation polynomial in three
variables over Zp.

As in [1], a Latin cube of order n is defined as an n x n X n cube con-
sisting of n rows, n columns, and #»n levels in which the numbers 0, 1, ...,
n — 1 are entered so that each number occurs exactly once in each row, col-
umn, and level. Clearly the number of Latin cubes of order p equals the num-
ber of local permutation polynomials in three variables over Zp. We say that
a Latin cube is reduced if row one, column one, and level one are in the form
0, 1, ..., » = 1. The number of reduced Latin cubes of order p will equal
the number of sets of coefficients satisfying the set of conditions given in
Section 2.

In Section 3, we use our theory to show that there is only one reduced
local permutation polynomial in three variables over Z, and, thus, there is
precisely one reduced Latin cube of order three.

2. A NECESSARY AND SUFFICIENT CONDITION

Clearly, the only local permutation polynomials in three variables over
Zp are x, + £, + x5, and x; + x, + 3 + 1, so that we may assume p to be an
odd prime. We will make use of the following well-known formula:
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{o if k20 (mod p - 1)

p-1
(2.1 ij -
i=1

Suppose

if k=0 (mod p - 1).

-1 p-1 -

Flays @, x5) = Z Z Z R LM

m=0 n=0 rs=

is a local permutation polynomial over Zp. We assume that f(xl, Ty xg) is
in reduced form so that for ¢+ = 0, 1, ..., p = 1 we have

f(¢, 0, 0) = £(0, £, 0) = f(0, 0, £) =

Thus, the corresponding Latin cube is reduced so that row one, column one,
and level one are in the form 0, 1, ..., p - 1. If we write out the above
equations and use the fact that the coefficient matrix is the Vandermonde
matrix whose determinant is nonzero, we have the condition

0 if t =0, 2, 3, ..o, p - 1
(c1) a = Aggo T %gos T

t00
1 if ¢ = 1.

It is well known that no permutation over Zp can have degree p-1. By
considering the polynomials f(0,n, xa) for n=0,1, ..., p-1, one can show
that Ay, n,p-1 = 0 forn=0,1, ..., p - 1. Proceeding in a similar manner,
we find that

Ao, t,p-1 = %y, p-1 = O
(c2) Ay, p-1,t = Ttp-1,0 = 0 pfort=0,1, ..., p - 1.
Ap_1, t,0 = -1, 0,6 = 0

Let
f(i;j,x3)=2 Z Zamnrzgxa, for 1<z, j<p -1
= n=0 r=

and consider the coefficient of xg'l. Using the fact that no permutation
over Zp can have degree p - 1, we see that

p-1 p-1
©3) 2 Xy an it =0, for 12, j<p -1
m n
Similarly, one can show that
p-1p-1
(c4) Zzamplf "k" =0, for 1 <<, k<p - 1.
and m=0 r=0
p-1 p-1 Y
(C5) Z Zap_l’n,r,j”k =0, for 1 <g, k<p-1.
n=0 r=0

We note that the above condltlons correspond to conditions (Cl) and (C1') of
[2].
Let f(Z, J, k) = (<, g, k) for O <1, g» k<p - 1. Suppose 7 =0 so

that
p-1 p-1
£00, 7, k) = Z Z aonrjnkr.
n=0 r=0

Let 2'(0, 4, k) = f(0, 4, k) - 2(0, 0, 0). Fix j and write out the p - 1
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equations for k=1, ...,p - 1. For fixed j, {2'(0, j, k)} runs through the
elements of Zg. If we raise each of the equations to the 2th power, sum by
columns using (2.1), we obtain for each j =1, ..., p - 1,

(c6) >

3 N
r=ln=0 7’Om»'

p-1p-1Ltalomwiin {o if £=2, .., p -2
1 if 2 =p -1,

where the sum is over all iOnr such that

(2.2) 0 < igpp <2
p-1 p-1

(2.3) 2 D fons = 1
r=1 n=0
p-1p-1

(2.4) > Y ri,,, =0 (modp - 1).

r=1 n=0

In the condition (C6), In is understood to mean the sum, counting mul-
tiplicities, of all second subscripts of the aOnr's which appear in a given
term.

Similarly, if we fix k and write out the p-1 equations for j =1, ...,
p - 1, raise each equation to the {th power, sum by columns using (2.1), we
obtain for each k =1, ..., p - 1,

1]
N
M

s P -2

() I — -

3 1
n=1r=0 7/Omr'

p-1p-1 Llalvek®T {o if ¢
1 if L=p -1,

where the sum is over all iOHr such that

(2.5) 0< iy, <%
p-1 p-1
@6 DI
n=1 r=0
p-1p-1
2.7) \ > Smi,,, =0 (modp - 1).
n=1r=0

We observe that we can obtain the condition (C7) from the condition (C6)
as follows. In (C6), (2.2), (2.3), and (2.4), let n =r, r =n, and § = k.
After making these substitutions, replace the subscripts Orn by Onr to ob-
tain (C7).

Along the same line, let j=0 and 2'(<, 0, k)= (<, 0, k) - 2(0, 0, 0).
If ¢ is fixed, then for each ¢ =1, ..., p - 1, we obtain

(c8) ZH H—Lm—or,‘-=

r=1 m=0 mor

p-1 p-1la’morgim {o if =2, ..., p -2

1 if g =p - 1,

where the sum is over all imor such that

(2.8) 0<< < &

mor
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p-1 p-1
(2'9) Z Zim()r
r=1

=2
m=0
p-1 p-1
(2.10) D D rine, =0 (mod p - 1).
r=1 m=0

If §=0 and k is fixed, then for each k=1, ..., p - 1 we obtain a set
of conditions (C9) which can be obtained from the condition (C8) as follows.
In (C8), (2.8), (2.9), and (2.10), let m =»r, » =m, and 7 = k. After mak-
ing these substitutions, replace the subscripts »Om by mOr to obtain (C9).

Finally, if k = 0, then for Z =1, ..., p - 1, we obtain .

(c10) O N——-

n=1lm=0 mno*

p-1p-11almostm {o if8=2, ...,p-2
1 if 2 =p-1,

where the sum is over all Z,,, such that

(2.11) 0 < imno <92
p-1p-1
(2.12) Z Zimno =12
n=1 m=0
p-1p-1
(2.13) D D ipn, =0 (mod p - 1).
n=1 m=0

If k=0, then for j=1, ..., p — 1 we obtain a set of conditions (Cll)
which can be obtained from (C10) as follows. In (Cl0), (2.11), (2.12), and
(2.13), let m=n, n =m, and © = j. After making these substitutions, re-
place the subscripts nm0 by mn0O to obtain (Cll).

Thus, we have six sets of conditions involving coefficients where at
least one subscript on the coefficient is zero. These conditions correspond
to the conditions (C2) and (C2') of [2].

We will now consider the general case where Zjk > 0. Let f(<, J, k) =
2(Z, §, k) and suppose '(Z, j, k) = f(Z, j, k) - &(Z, §, 0) for fixed 7 and
J. The set {8'(Z, §, kK)} for k=1, ...,p - 1 constitutes all of Zg. Rais-
ing each of the equations to the %th power, summing by columns using (2.1),
we obtain for each 1 < ¢, j <p - 1,

]
N
M

o cees P — 2
(c12) YO nn———-

r=1m=0 n=0 Lmnr'

p-1p-1p-1 Llg mriImjin {0 if ¢
1 if o =p - 1,
where the sum is over all %,,, such that

(2.14) 0L Zmpnr < 4

p-1 p-1 p-1
(2.15) Y D e =2
r=1 m=0 n=0
p-1 p-1 p-1
(2.16) S Y D rinnr =0 (mod p - 1).
0

r=1 m=0 n=
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Fixing 7 and k and proceeding as above for each 1 <7, k<p - 1, we
obtain a set of conditions (C13) which can be obtained from (C12) as follows.
In (C12), (2.14), (2.15), and (2.16), let nm =»r, r =n, and j = k. After
making these substitutions, replace the subscripts mrn by mnr to obtain (C13).

Finally, fixing j and k and proceeding as above, for each 1 < j, k <
p - 1, we obtain a set of conditions (Cl4) which can be obtained from (C12)
as follows. 1In (C12), (2.14), (2.15), and (2.16), let m =pr, » = m, and
7 = k. After making these substitutions, replace subscripts rmwm by mmr to
obtain (Cl4).

We observe that the conditions (Cl2), (Cl3), and (Cl4) correspond to
the conditions (C3) and (C3’) of [2]. We note that the set of conditions
(Cl), ..., (Cl4) actually involves a total of

P +30p-1D2+6(p-1D@-2)+3@-1D2@-2) =3p°-3p2+9

conditions. Further, it should be noted that some of the above conditions
may be simplified by making substitutions from (Cl) and (C2). However, we
will not make these substitutions at the present time.

We now proceed to show that, if the coefficients of a polynomial f(x,,
x,, £3) satisfy the above conditions, then f(x,, x,, ;) is a local permu-
tation polynomial over Z,. Suppose the coefficients of f(x,, x,, x;) sat-
isfy the conditions (Cl), ..., (Cl4). TFor each fixed 0 < Z, § <p - 1, let
tijx =fE, 3, k) - f(Z, 4§, 0) for k =1, ..., p - 1. The above conditions
imply that for fixed 7 and j the t;;; satisfy

p-1 0 if R =1, .., p -2
(2.17) > thik =
k=1

Let V be the matrix

-1 if L =p - 1.

1

i3 o0t Vg

S =

tp_z p-2
41 """ Ui, 4, p-1

Using (2.17), we see that
-1 0.
0 0 ...
det (V%) = det (V) det (V¥) =det | O 0O
0 -1 ... O 0
Since det (V) is the Vandermonde determinant, we have for fixed 7 and J,
det (M) = [II (Byju, - tiju,) # 0,
ki>k,

so that the ?;;x are distinct for Xk = 1,...,p - 1. Hence, for fixed 7 and
Js fli, g, 0) and f(Z, 4, k) = t;5¢ + f(£, §, 0) for k =1, ..., p - 1 con-
stitute all of Zp.

If 0<%, k <p - 1 are fixed, let s;jx = f(Z, 4, k) - f(Z, 0, k) for
j=1, ..., p - 1. Proceeding as above, f(Z, 0, k) and f(£, §, k) = s;z;%x +
f(i, 0, k) are distinct for j = 1,...,p - 1 and thus constitute all of Zp.
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Similarly, if 0< j, k<p=-1 are fixed, let U=, d, k) -0, 5, k)
for ¢ = 1,...,p~1. Hence, f(0, j, k) and f(Z, J, k) = uzjx + fQ0, 4, k)
are distinct for ¢ = 1,...,p - 1 and thus constitute all of Z,.

We have now proven the following.

Theorem 1: 1If flxy, x,, 24) is a polynomial over Zp, p an odd prime, then
f is a reduced local permutation polynomial over Z, if and only if the coef-
ficients of f satisfy (Cl), ..., (Cl4).

Corollary 2: The number of reduced Latin cubes of order p an odd prime
equals the number of sets of coefficients {a,,,} satisfying the above condi-
tions.

3. TLLUSTRATIONS

As a simple illustration of the above theory, we determine all reduced
local permutation polynomials in three variables over Z,. Let

2 2 2
(3.1) f($1, Ly xs) = Z: E: amnrx?xgxg"
m =0 r=0

=0 n

The corresponding Latin cube will be in reduced form, so that row one, col-
umn one, and level one are in the form 0, 1, and 2. From (Cl), we see that

Gggo = 0
(3.2) 1gp = dgrg = Gpo1 = 1
= (.

9200 ~ %o20 T %oo2
From (C2), we see that
=0
= 0.

Qgre = 102 = Gg21 = %120 = 9219 = 9291
(3.3) _ _ _ _ -
Qpaa T Q02 T Q22 T dp20 T G002 T G229
We have thus uniquely determined 16 coefficients from the conditiomns (Cl)
and (C2).
From (C3), we obtain, after some simplification,

Ayip F Aypp + Qpyy F apyy, =0

(3.4) 2a1 4,

T Qrap t 2051, F Ay, =0
2ayy, ¥ 2ay,, ¥ Ay, *ay,, =0
+ 0

Q112 2a,,, + 2a,,, ta,,, =0,

s0 that a,,, = Ay,, = Apq, = Ayyy = 0.
From (C4), we obtain, after some simplification,
=0

+ «a

Q13 221

(3.5) 20,5, + 2a,,, =0

2ay,7 F ay,y =0

Ayp1 T 20,,, = 0s

so that a,,, = a,,, = 0. Using (C5), after some simplification, we see that
dr11 T
From (C6), with 7 = 1, we have, after some simplificationm,

2 2 _
(3.6) Agoy F Agqq * 2050111 = 1.
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If j = 2 in (C6), we obtain
2 2 _
3.7 oy + g1y T 3001301, = 1.

Using (3.6) and (3.7) along with the fact that a;,, = 1, we see that a,,, = O.

Since all the variables in (C7) have already been uniquely determined,
we proceed to (C8), where we obtain

i 2 2 -
(BéS) Agey F 191 F 20001034, = 1
an

2 2 -
(3.9 @go1 t A1y t Agg1%101 = 15
so that Aoy = 0.

From (C10), we obtain

2 2 -
(3.10) Agro t 110 t 20010911, = 1
and

2 2 -
(3.11) Agro T 119 T Tp19%119 = 1s
so that Ayqg = 0.

From (Cl2), we obtain, after simplification,
2 -
G.12) a2, + 2a,,, =0
an
2 -

(3.13) ayyy tag,, =0,
so that a1, = 0.

We have now uniquely determined all 27 coefficients in (3.1). Thus,
flxys 2,5 ) =2, + 2, + 24

is the only reduced local permutation polynomial in three variables over Z,
and, hence, there is precisely one reduced Latin cube of order three. If we
list the cube in terms of the three Latin squares of order three which form
its different levels, we can list the only reduced Latin cube of order three
as

012 120 201

120 201 012

201 012 120.
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In this paper, we wish to derive some combinatorial identities (partly
known, partly apparently new) by combining well-known recurrence relations
with known forms for characteristic polynomials of paths and cycles (i.e.,
of their adjacency matrices). We also obtain some extensions of known re-
sults.



