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S5(2, 1) = A, (1) = 34,,,(1) +34,,,(1) - 4(1)
=(k+4) -3k+2)+3kk+1)-k=1,

5(3, 1) = A, ,(1) = 34, (1) + 345 (1) - 4, _,(1)
=(k+2) -3(k+1)+3Kk)-(k-1) =0,

Sy 1) = Ayyo ;= 3y (1) + 34,5 (1) = 4y, (D)
=(k+5-DN-(kk+4-ND+E+3-HD-(k+2-y
=0 for 4 < j<k+1.

Finally, S(1, n) = Ay, (n) = 34 .a(n) + 344 ,,(n) = A ,, (),

S(2, n) = Ages() = g, (n) + 344, () - 4, (n) - 1,

5> n) = Agys-;(0) - 3Ak+l+-j(”) + 3Ak+3-j(n) = Apyo_jgs
for 3 <4 <k+ 1.
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1. SUMMARY

Schwenk [1] considers take-away games where the players alternately re-
move a positive number of counters from a single pile, the player removing the
last counter being the winner. . On his initial move, the player moving first
can remove at most a given number m of counters. On each subsequent move, a
player can remove at most f(n) counters, where n is the number of counters re-
moved by his opponent on the preceding move. 1In [1], Schwenk solves the case
when f(n) is nondecreasing and f(n) >7n. This solution is extended to the case
when f(n) is nondecreasing and f(1)>1.

2. THE WINNING REPRESENTATION

Let f(n) 21 be a nondecreasing function defining a take-away game. If a
player whose turn it is to move is confronted with a pile of n > 1 counters,
let L(n) be the minimal number of counters he must remove in order to assure
a win. Let L(0) = . Note that L(n) < n for n > 1 and that equality might
hold. Note also that removing X counters from a pile of # is a winning strat-

egy if and only if f(k) < L(n - k).
Theorem 2.1: Suppose f(k) < L(n - k); then kK = L(n) if and only if L(k) = k.

Proof: Suppose that L(k) < k. By removing L(k) counters from a pile of

counters, a player can then guarantee he will eventually remove the last of
the first k counters, and that he will do this by removing £ < k counters.
His opponent will than face a pile of n - k counters and be able to remove at
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most f(2) < f(k) < L(n-k) counters, implying the opponent cannot win. Thus,
removing L (k) < k counters is a winning strategy and k can be minimal winning,
i.e., L(n) =k, only if L (k) = k.

Conversely, if L (k) = k and a player removes fewer than X counters, his
opponent can eventually remove the last of the first kX counters. Since the
opponent will do this by removing % < X counters, and since

F) 2 f(&) <L - k),

we see that the opponent can win. Thus, if L(k) =k, then k is minimal winning
and . (n) = k.

The integers H such that L(H) =H form an increasing, possibly finite se-
quence f; satisfying the following theorems.

n
Theorem 2.2: 1If N = 21 ij and if f(HJ-i) < HJ.i+1 for 2 <n - 1, then
— iz

L(N) = HJ'{.

Prnoof: The theorem is true by definition when n = 1. Suppose the theorem is
true for »n and

n+1l

M=) H; , flH;)<H,  ,i<n.
i=1 °F : o

Then f(Hjl) < sz =LV - Hjl)' But since L(Hjl) = HJ;’ Theorem 2.1 gives

L) = Hj;’
completing the proof.

Theonem 2.3: Any positive integer NV can be written uniquely as

1

n
N=) H; , flH;)<H; ,i<n-Ll
ri=1 i T T+

Proof: TLet Hjl = L(N) and define

1-1 n

PR NN

Hji =L( _;HJk> Llntll ‘>_1H.71_ = N,
=1 1=

-1 7
FH; ) < L(N - Hj; - HJ-,> - L<IV -3 ij) =H;  fori<mn- L.
: k=1 ¢ k=1 ‘

Uniqueness follows easily from Theorem 2.2 and a simple induction.
The winning strategy for the game is now clear. Represent the number of
counters N as

Then

n
N =;ij with f(H; ) < H;  for i <m -1,
and remove Hji counters.
3. CALCULATION OF THE H;'s

To complete the picture, we have the following theorem on the calcula-
tion of the H;'s.

Thea&em\3.7: Hy =1 and if f(#;) > H;, then H,,, = H; + H,, where

If f(H;) < H;, the sequence H; is finite and H; is the final term.
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Prnoog: H, =1 is obvious. If f(#;) > H;, define H; + H, as in the statement
of the theorem. We must show that L(H; +H,) =H; +H,, and to do this, we
show that

Ff&)>L@E; +H, —k) for 1 <k < H; +H,.

First, if A, < k < H; +Hy, then k - H, < H;, and so
F&) > fk -8, >0(H; - (k -H,)) =L@HE; +H, - k).
If k = H,, then
F&) = f@Hy) >H; =L@H;) =LE; +H, - k).
If 1 < k < Hy, then f(k) > L(H, - k). But

n
HJL -k =ZH'74— with f(H'jl) < H']L
1

for 2 <m -1, and L(H, - k) =H; -
As a result,q'=

+1
7

H +H, -k =_21Hji + By,
=

and since H, is the smallest H; with f(#;) > H;, it follows that f(H; ) < H;.
Therefore, Theorem 2.2 gives L(H; + Hy - k) = H; =LH, - k) < f&).

We have just shown that L(H; + Hy) =H; + Hy. To show that H; + H, is
indeed the next term in the H; sequence, we need only show that

L(HJ- +k) <H; +k for 1 <k <H,.

But such a k can be represented as
n
k =Zlﬁji with f(H; ) < H;,  fori<mn -1,
i=
and since Hjn < H,, we have f(Hj,,) < H;. Hence,

n
L@H; + k) =L<Zﬁj, +HJ-> =H; <H +k
=1 !

by Theorem 2.2, and we have shown that H;,, = H; + H,.

Suppose now that f(H;) < H;, any positive integer N can be written as
N =k + mH; where k, m > 0 are integers and 0 < k < #;. But we can represent
k as

n
= . r] . < . L < -
k Z:l H; where f(H; ) HJi+1 for ¢ <mn -1,

and since f'(Hjn) < flH;) < H; the representation

p=3
_““‘“sz‘ +HJ-+HJ'+"' +HJ

=1
and Theorem 2.2 tells us that L(N) = Hj < Hj.
the theorem is proved.

It may be noted that take-away games with the last player losing may be

played with the same strategy but regarding the pile as having one less coun-
ter than is actually the case.

Thus, HJ. is the largest H; and
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1. INTRODUCTION
For » > 0, define the integers s,(n, k) and S,(n, k) by means of

(1.1) <1og(l -x)"t - zr:xi/’i)k ( i xj/j>k

=1 \j=r+1

©

k! Z s, (m, K)xz"/nt,

n=(r+1)k
o, k ad , k ]
(1.2) (e-'” —Zx‘b/i!> =< 3. ocJ/j!> =kl ) S.(, Kzn/nl.
=0 Jj=r+1l n=(r+1)k

We will call s,(n, k) the r-associated Stirling number of the first kind, and
Sy, k) the r-associated Stirling number of the second kind. The terminol-
ogy and notation are suggested by Comtet [6, pp. 221, 257]. When r = 0, we
have s, (n, k) = (-D)***s(n, k), where s(n, k) is the Stirling number of the
first kind, and S,(, k) = S, k) is the Stirling number of the second kind.
(In Comtet's notation this is true when r = 1.) If we define the polynomials
8y, () and S, ,(y) by means of

(1.3) exp(y i xj/j> = Z 8y ()T /Mt

j=r+1 n=0
(1.4 exp<y S wdlit) = 5@
J=r+1 n=0
it follows immediately that
[n/r+1]
(1.5) S n®) = D, 8.0, Py,
i=0
and [n/r+1] .
(1.6) S n@) = Y, S.(n, $Hyl.
j=0

Since the r-associated Stirling numbers of the second kind have appeared
in two recent papers [7] and [9], it may be of interest to examine their com-
binatorial significance, their history, and their basic properties. We do this
in §2, §3, and §4 for both the numbers of the first and second kind. Another
purpose of this paper is to show how all the results of two recently published
articles concerned with Stirling and Bell numbers, [7] and [16] can be gen-
eralized by the use of (1.2), (1.4), and (1.6). This is done in §5 and §6. To
the writer's knowledge, the r-associated Stirling numbers of the first kind



