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1. STATEMENT OF THE PROBLEM

In a recent article [1], the author obtained representations for the solu-
tions of certain »r,s recurrence relations. In this paper we shall give repre-
sentations for the solutions of general recurrence relations. In Section 4 we
shall show that the results in[1] are a special case of the results of Sections
2 and 3 of this paper.

We first of all characterize all decompositions of an integer n, restricted
to the first m positive integers. We define a multinomial from this that sat-
isfies an mth-order recurrence relation with special initial conditions. Next
the set of m positive integers is restricted to a subset A containing m, and
a second multinomial that satisfies a recurrence relation with special initial
conditions is defined.

In Section 3, we obtain solutions for comparable recurrence relations with
general initial conditions. The final result gives us a solution for the gen-
eral recurrence relation:
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2. BASIC mth-ORDER RECURRENCE RELATIONS

One of the classic concepts in the theory of numbers is that of partitions
of the positive integers. One of the subcases considered is for the component
integers to be the set of integers from 1 to m. In this case we denote the set
of all partitions of n as P(n;m). The number of elements in this set is B, (n).
A given partition can be characterized by a set of integers k;. That is,

no= 1k, + -« + mk,,

The integers k; are referred to as the frequency of 7 in the given partitions.
We refer to this given partition as p(k,n; m).
For a given p(k,ru m), we can represent n as a sum of integers from 1 to m

(R, + =+v + Kk)!
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ways. Each such representation is called a "decomposition of n'" (some authors
call them '"compositions'). We denote this expression as dp(k,n). It is the
number of decompositions of the partition p(k,n; m).

This expression has a property that we shall find useful:
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Symbolically we have

du(ksn) =3, du(k(s), n - ),
s=1
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where d,(k(s), n - ¢) = 0 if k, = 0. Otherwise, it is the number of decomposi-
tions for the partition of n - s where all the k; are the same as for the k
partition of n except that k,; is reduced by'1.

We use this number of decompositions to define a multinomial. We then show
that it is the solution for a special recurrence relation. Let

U, = 2: d, (k, n)rfl - rﬁ”,
P(n;m)

that is, we sum over all partitions of n, a multinomial in Pis sees I whose
coefficients are the number of decompositions of the given partition. We can
now prove our first theorem.

Theornem 2.71: The multinomial U, satisfies the recurrence relation
m
Uy =9, 12Uy g3 Ug =1, Uy = o0 =0, =0.
8=1

By applying property (1) to the definition of U,, we have

U, 2: dn(k, n)rf‘ cer pfn

P(n;m)

§:<im(k(s), n - s)rfl vee nf"

P(n;m) 8=1
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We have used the fact that decreasing the frequency of s by 1 gives the re-
stricted partitions of # - s. If s has a frequency of O for a given partition,
then the corresponding term in the summation on s is O.

For n < m, the frequencies for the integers n + 1 to m would all be zero.
Hence the summation can be terminated at n. However, if we choose U_; = ..., =
Uy.n = 0, then we do not need any restriction. This gives m - 1 initial condi-
tions. For the mth one, we shall choose U, = 1. This is logical, since all
factorials are 0! and all exponents of the r; are 0. This would give a value
of 1. Hence the U, does satisfy the prescribed recurrence relation.

What we have just proved for the case of the restricted partitions of 7 can
be specialized for a proper subset 4 = {al, e aj} of the integers from 1 to
m. For convenience, we assume m is in A. The set of all partitions of #n re-
stricted to the set 4 we label P(n; A). The number of elements in this set is
P, (n). A given partition can be characterized by a set of frequencies k;, so
that

no=ake +oeee +aik, .

We refer to this given partition as p(k,n; a).
For each such partition, we can represent n as a sum of integers in 4 in

J 7
(Zkai)! nkai!
i=1 i=1

ways. We denote this number as d,(k,n), that is, there are this many decompo-
sitions of the given partition, restricted to A. We can define the following
multinomial
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Ve = 3. da(k, m) [l rje.

P(n;4) qged
We then have the following theorem.

Theorem 2.2: The multinomial V, satisfies the recurrence relation

Ve = 9.1V, g3 Vo =1, Vg = «-e =V, __=0.

s€A

This theorem is a special case of Theorem 2.1. TFirst of all, the restric-
tion to the set 4 means that the frequencies k; = 0 if ©Z € 4. This means that
for each partition of #n there is no s corresponding to each such 7 in the solu-
tion. Hence s is summed only on A. Furthermore, since the corresponding r; is
always to the zero power, we drop these »r; in the multinomial. The number of
initial conditions is dependent only on the largest integer in 4, which is as-
sumed to be m.

3. GENERAL RECURRENCE RELATIONS

Using the results of the last section, we can obtain solutions for recur-
rence relations with arbitrary initial conditions. We shall consider two cases
that are comparable to those in the last section. Our solutions will involve
the U, and V,, respectively.

Theonem 3.1: The solution for the recurrence relation

m
G; = 2: Py Gy_53 Gys o..s Gy_, arbitrary, (3.1)
is given by 8;1 .
G, = 3. DU ;G . (3.2)
=1 q=4

For n = 1 in (3.2) the U,_; = U;_; is zero except for § = 1. In this case

U, = 1. The double summation reduces to

0
m

Gy = E: Ta Gy - g
g=1

which is (3.1) for ¢ = 1 and q = 2.
For n = 2 in (3.2) the Uz_j =0 for j > 2. We then have

m m
Gy = Uy Y raGyoq + Uy 3 1,6, -
g=1 q=2

From the previous section, we have that U, = 1 and U, = r;. Also, by (3.1)
the first sum is G,. Hence we have

m m
G, = rlGl + erqu_q = erqu_q,
q= q=

which is (3.1) for ¢ = 2 and s = q.
We assume that (3.2) is a valid solution forn =1, ..., 7 - 1. For ¢t = ¢
in (3.1),

m
Gi = ZPSG’L'-—S"
s=1

We have assumed solutions for all the (¢;_, in this summation. Hence on substi-
tution into this expression, we obtain
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At the last step we use the fact that U, satisfies a recurrence relation. This
final result is (3.2) for n = 7,

We are now ready to present the solution to a general recurrence relation,
We assume that set 4 has the properties of the last section.

Theonem 3.7: The solution for the recurrence relation

H, = E:‘rsHt_s; Hys wees H,_, arbitrary, (3.2
A
is given by o€

i, E: E:r Vg Hy o q° (3.4)

ged G=1

This theorem follows from Theorem 3.1, just as Theorem 2.2 followed from
Theorem 2.1. For convenience, we have interchanged the order of summations in
the solution so that it is easier to adapt to the restriction on g,

4. SOME SPECIAL CASES

In this section we shall consider some special cases of the results of Sec~-
tions 2 and 3. They are for both the U, and G, relations for m = 2.

The restricted partitions of n for m= 2 would be of the form »n = kl + 2k,.
The summation over all such partitions can be represented by a summation on
J when j = k,. Then k; = n - 27, and the summation is from O to [n/2]. The num-

2
ber of decompositions for a given partition would be given by

d, (k, n)-i”—‘—ﬁi-.-."f—é’:-li=(”",j).

n - 250! J
The solution for U, in this case is
[2] .,
= n-4d =24 ., d
u, —JZ%( p )1’; ipnd.

For the more general (, relation we have
2
G = 2: E;Ibbk-jaj—q = (U, .Gy ryUnaG) (£,Un2G)

= (U, + U, )G + U G =UG +rU G .

Substituting in the solution for U, and U, _,,

51 U e R
_ - -24..4 -1- w1m2F F+1
6 =2 ( p )r»’l“ iriG, + Y ( i )rf Ipi*ig
J=0 J=0

We change the second index of summation by replacing j + 1 by J, as follows:
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& I\ pn-24 d ey no= J\,n+1-25 7
G, = Z% ( p )rl riG, + Y (j _ 1>r1 TriG_.
i= i=1

The author gave representations for some special recurrence relations in a
previous paper [1]. We shall now show that these were particular cases of the
U, and G, relatioms for m = 2.

The first relation presented was a generalized Fibonacci sequence,

G, =16, _, +8G _,; G, =0,G =1,
which has the solution
[532] .
P N (R R EE e
i=o J

We observe that both our indexing and the constants of the relations are dif-
ferent. To reconcile them, we replace n by k - 1, r, by r, and r, by s in the
U, solution. This gives us the desired result.

As a special case, when r» = s = 1 we have the Fibonacci sequence. The gen-

eral term would be given by [E:1]

F, = fﬁ (k - ; h j>,

Jj=0

which is the number of decompositions of K - 1 restricted to 1 and 2.
Another sequence presented in [1] is the generalized Lucas sequence M, for
which
M, =My _y + sMy_o5 My = 2, My = r.

To obtain the solution we specialize the G, for m = 2. We replace n by k - 1,
r, by r, r, by s, G, by r, and G_; by 2. We have

(25 552
M = E: (k -1l- J)rk'l’zjsjr + 2: (k - 1- J)rk‘ZJSJZ.
#=0 J P AN

We observe that the powers of r and s in both sums are the same. Hence we
combine them into a single sum. It can be verified that this yields

4] .
= 3 (e,

Jj=0

which is the solution given in [1].
The third relation discussed in [1] is

Up = rUy_q + 8Ux_p3 Uy, U, arbitrary.

We can identify this with our G, relation if we let n = k-1, r, = r, r, =
s, Gy = Uy, and G_; = U,. This gives

g k-1-4 %] k-1-4
= Z: - k-1-24 od -l k-2 o
U = = ( P )r 787U, + jél ( -1 )r 8Uy.

Applying some algebra to combine the two sum yields the following solution:
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[£] (k = 2YU. + jrU

k- 4\ 1 Jrdy, Kele-24 3
/=E Jdad
Y £ ( Jj / k- 3 r 8.

Jj=0

This can also be verified directly.

In a future paper we shall show that there are generating functions for the
four recurrence relations given in this paper. These can also be used for the
special cases of this section. We can use them to generate with a computer as
many terms in a given recurrence relation as desired.
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7. INTRODUCTION

Recently, Weiss et al. [9] gave a direct proof of a result due to Narayana
[8] and Kreweras [6]:

. . (r+s—1><r+s—l>
Z E pr+s-1s u”vs=%[l—u—v— (1-2@m+v) + (u-v)2)¥?]. (1.1)

r 8
A special case of Theorem la of this paper is a five-parameter generalization

i i ukpP <oc+gk +k+hp><6 + gek + hep +p>
= e (o + 1+ gk + hp) k P
a+1 B+1 1, 1 +8 -c - ac,
= (1 + Z) +(ll)+ U) 2]_.7’1{ _ y , (1.2)
(@ @+ 1+m)/n,
where
u = z o = Y

(1 + 291 + y)¥° (1 + )" +y)le*?
See Luke [7, Sec. 6.10] for a discussion of Padé approximation for the hyper-
geometric function on the right-hand side of (1.2). Letting

g=-1,h=-l,c=1,a=-2, and B = -2

in (1.2) and some manipulation will give (1.1).

Equation (1.2) also appears to be an extension of the important equation
(6.1) of Gould [5]}, to which it reduces for z = 0.

An interesting simplification of (1.2) is the case B = ac + ¢ - 1, giving:

ii’: ukpP (oc+gk+k+hp>(occ+c—l+gck+hcp+p)
At &t (o + 1+ gk + hp) k p
_ (1 + Z)a+1(l + y)ac+c= (1.3)

(1 + )



