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It is clear from Figure 5 that

Ly+L,+ .- +L,=1L,.,-3,m>1. (23)
For the generalized sequence, one would find
Ty + Ty + con + Ty =Ty, = q, m> 1. (24)

Beginning with a ¢ x 1 (black) rectangle, one can use identity (24) successively
form =1, 2, ... to generate T,-gnomons. A variety of identities for gener-
alized Fibonacci numbers can be observed and discovered by mimicking the proce-
dures followed earlier.

It seems appropriate to conclude with a remark of Brother Alfred Brousseau:
"It appears that there is a considerable wealth of enrichment and discovery
material in the general area of Fibonacci numbers as related to geometry" [1].
Additional geometry of Fibonacci numbers can be found in Bro. Alfred's article.
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1. INTRODUCTION
The Fibonacci numbers are defined by the well-known recursion formulas

F0 =0, Fl =1, F, = F + EZ-z

n-1

and the Lucas numbers by
Ly=2,L,=1,L, =1L, +1L, ,.

J. H. E. Cohn [2] determined the Fibonacci and Lucas numbers that are perfect
squares. R. Finkelstein and H. London [3] gave a rather complicated determina-
tion of the cubes in the Fibonacci and Lucas sequences. Diophantine equations
whose solutions must be Fibonacci and Lucas cubes occur in C.L. Siegel's proof
[7] of H. M. Stark's result that there are exactly nine complex quadratic fields
of class number one. This paper presents a simple determination of all Fibo-
nacci numbers F, of the form 2?3°X® and all Lucas numbers I, of the form 29X°.

2. PRELIMINARY REDUCTIONS

From the recursion formulas defining the Fibonacci and Lucas numbers, it is
easily verified by induction that the sequence of residues of F, and L, (mod p)
are periodic, and in particular that

2|F, iff 3|n ) (1
2|1, iff 3|n (2)
3|F, iff 4|n (3)
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3|5, iff n = 2 (mod 4) (4)
5/L,, (5)
7|L, iff n = 4 (mod 8) (6)
If g4 = l—%rﬁz and’E0 =1 ; /2, it is also easily verified by induction that:
L, + F,¥5 1 _ _
€ =5 Fy = —/—g(sg - €N, Ly = €] + €]
From these formulas, the following identities are easily derived:
5Ff = L7 = 4(-1)"*! (7N
F,, =F,L, (8)
4F, = F, (5F,2 + 3L3) (9)
4L, = L,(15F} + L3}) (10)

Further, from (1), (2), and (7), we find that
{ 2 if 3|n

1 otherwise

(Fps L,) = (11)

Finally, since Fj, = (-l)nELn and L, = (-1)"L_,, it suffices to consider the case
n > 0 in what follows.

The identity (7) is the basis of a reduction of the determination of Fibo-
nacci or Lucas cubes (or, more generally, Fibonacci and Lucas Pth powers) to
solving particular Diophantine equations. It turns out that this identity ac-
tually characterizes Fibonacci and Lucas numbers, in the sense that (I, , FZn)
for >0 is the complete set of positive solutions to the Diophantine equation
X2 -5Y% = 4, and (L2n+1’ F2n+1) for n>0 is the complete set of positive solu-
tions to the Diophantine equation X2 - 5Y2 = -4, From these facts, it follows
that the positive Fibonacci cubes are exactly those positive Y% for which X% -
5Y% = #4 is solvable in integers, and the positive Lucas cubes are those posi-
tive X° for which X® - 5Y? = +4 is solvable in integers. For our purposes, it
suffices to know only that (7) holds, so that the Fibonacci and Lucas cubes are
a subset of the solutions of these Diophantine equations.

We now show that the addition formulas (8)-(10) can be used to relate Fibo-
nacci numbers of the form 2%3%X® to those of the form X%, and Lucas numbers of
the form 2°X% to those of the form X°.

Lemma 1: (i) 1If F,, is of the form 293b%3 5o is Fp,.
(ii) 1If F,, is of the form 293%%X%, so is F,.
iii is of the form , 8o is L.

(iii) If I,, is of the form 29¥3 is L

Proof: (i) follows from (8) and (11). (ii) follows from (9) and (11), where
we note that (F,, 3L2)|12. Finally, (iii) follows from (10), (11), and (5),
noting that (Z,, lSF%)’lZ.
Lemma 2: (i) 1If F, = 2%3%%% and n = 2°3% with (6, k) = 1, then F, = Z°.
(ii) If L, = 2°X? and »n = 3% with (3, k) = 1, then L, = Z°.

Proog: For (i), note that F; is of the form 293by3 by repeated application
of Lemma 1, while (F3, 6) = 1 by (1) and (3), so F, = 7Z%. (4ii) has a similar
proof using (2).

Remark: The preceding two lemmas are both valid in the more general case where
"cube" is replaced by "Pth power" throughout, using the same proofs.
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3. MAIN RESULTS

Theorem 1: The only F, with (n, 6) = 1 that are cubes are Fi=1and F_, = -1.
Proog: Let F, = 73 and note that (n, 6) = 1 and (1) and (7) yield
52% - 4 =12 and (2, 2) = 1. (12)
Setting X = 522 and Y = 5L, yields
X* - 100 = y? (13)

and (2) and (4) require (¥, 6) = 1. We examine (13) over the ring of integers
of @(¥/10). 1It has been shown (see [6]and [8]) that this ring has unique fac-
torization, that its members are exactly those (1/3)(4 + BVY10 + C¥/100) where
A, B, and C are integers with A=ZB=C (mod 3), and that the units in this ring
are of the form zeX where € = (1/3)(23 + 1110 + 5+/100). Equation (13) fac-
tors as

(X - ¥100) (X* + ¥100X + 10v/10) = Y2. (14)
Write
X - Y100 = na?, (15)

where n in square free and divides both X - V100 and X% + /100 + 10¥/10. Then
n| (x* + ¥'100x + 10¥/10) - (X + 2¥/100) (¥ - ¥100) = 30¥/10.

Since (Y, 3) =1, (n, 3) = 1, and n|10/10. Now (/10)® = 2+5 and (2, 5) = 1,
so by unique factorization we can find A and ¢ such that V10 = A, 5 = AseK,
and 2 = %X, Then nthfVT5>= A*9". Now Y = 5L, and (2, L,) =1 by (2), so
(14) shows that (¢, X - ¥/100) = 1. Hence nlA“. But SIX, S0 AalX, and hence
AZH X - V¥'100. Since n is square free, n must be a unit. By absorbing squares
of units into o, we need only consider n = %1 and n = *c in (15).

Case 1: X - ¥/100 = +a®. Let a = (1/3)(4 + BY10 + CV/100). Since repre-
sentation of integers in this form is unique.

X = :%(AZ + 20BC) (16)
0= ré(ZAB +1002) an
-1 = r%(BZ + 240) (18)

Equation (17) shows BlSCz. Squaring (18) and multiplying both sides by 3% .5,
we see that B divides each term on the right side so B|3”- 5. For each of the
twenty values of B satisfying B]Bq' 5, we can solve (17) and (18) for 4 and C,
and verify the only integer solutions (4, B, () are (-5, 1, 1) and (5, -1, -1)
when n = 1, and (0, %3, 0) when n = -1. Evaluating X by (16) we find that the
first two solutions yield Z = *1 in (12), and thus F; =1 and F_, = -1, while
the third solution is extraneous to (13).

Case 2: X - V100 = #ea®. Proceeding as in Case 1, we obtain

X = r%7(23A2 + 110B? + 500C% + 1004B + 2204C + 460BC) (19)
0 = 357(11A2 + 50B? + 230C?% + 464B + 1004C + 230BC) (20)
-1 = t%7(5A2 + 23B% 4 110C? + 224B + 46AC + 100BC) (21)

From (20) ZIA so that Z[X in (19), and such solutions are extraneous to (12).
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Remark: 1t can be shown (see [1] and [3]) that the complete set of solutions
(X, Y) to (13) is (5, %5), (10, £30), and (34, *198),.

Theorem 7: The set of Fibonacci numbers F, with n > 0 of the form 2%3%X3 is
F,=1,F,=1,F, =2, F =3,F =8, and F,, = 144.

1
Prood: Let F, = 293%x% with n = 2°3% and (k, 6) = 1. By Lemma 2, P o=2Z°
and by Theorem 1, ¥ = 1. 1If ¢ > 3, repeated application of Lemma 1(ii) would
show Fy = 21 is of the form 293bx3  which is false. If d > 2, repeated appli-
cation of Lemma 1(i) would show Fy = 34 is of the form 2“3bX3, which is false.
The values 0 < ¢ £ 2 and 0 < d < 1 give the stated solutioms.

Theornem 3: The equation L,, = X% has no solutions.
Proof: Suppose L,, = X3. Then (7) yields
57 + 4 = X°.
All solutions to this equation (mod 7) require 7|X. Then (6) shows 4|2n hence
3|F,, by (2), so X®* = 4 (mod 9), which is impossible.
Theorem 4: The equation L, = X% with (n, 6) = 1 has only the solutions L, =1
and L_, = -1.
Proof: Suppose L, = X% with (n, 6) = 1. Then (2) and (7) yield
5P - 4 = X° and (6, X) = 1. (22)
We examine (22) over the ring of integers of §(/5). It is known that this ring
has unique factorization, that these integers are of the general form

—%(A + B/S)

with 4 Z B (mod 2), and that the units are of the form iag, where

€q = %(1 + /3.

Now (22) gives
(/5F, + 2)(/5F, - 2) =23,

where 2 = X?>. Then

V3F, + 2 = na®,
where 7 divides both v5F, + 2 and V5F, - 2. Then we have n|4. But (2, Z) = 1,
so (2, V/5F, + 2) =1 and n is a unit. By absorbing cubes of units, we need to
consider only n = 1, €;, and egl.

Case 1: 2 + E;V§'= a®., Let o = (1/2)(4 + B/5). Substituting this yields

the equations 1
2 = g4 (A% + 15B%)

F, = £B (3% + 58°). (23)

Then (23) shows that 4|16 and |B| < 1, from which 4 = 1 and B=*l are the only
solutions, yielding F, = *1 and, finally, L, =1 and _; = -1.

Case 2: 2 + F,/5 = g a®. Let o = (1/2)(4 + B/5) with 4 = B (mod 2), which
yields

2 = —llg(/ﬁ + 154%B + 154B% + 25B%)
and
F, = T%(A-* + 34%B + 154B% + 5B%).
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Then :

4(2 - F,) = B(34% + 5B%) = 4 (mod 8),
because ZXE; since (n, 6) = 1. This congruence has no solutions with 4 = B
(mod 2).

Case 3: 2 + F,/5 = Ealaa. Noting Eal = (1/2)(1 - /5), we argue as in Case
2, using instead
4(2 + F,) = -B(34% + 5B%) = 4 (mod 8),

which has no solutions with 4 = B (mod 2).

Theorem 5: The set of Lucas numbers L, with n > 0 of the form 2°x® are I, = 1
and L, = 4.

Proog: Let L, = 2°X% with n = 3°k and (k, 3) = 1. By Lemma 2, L; = X° so
by Theorems 3 and 4, k = 1. If ¢ > 2, then Lemma 2(ii) would show L, = 76 was
of the form 2%%°%, which is false.

Remasrk: The set of Lucas numbers of the form 293%%3 leads to consideration of
the equation x¥3 = v2 + 18. The only solutions to this equation are (3, £3),
but the available proofs (see [1] and [3]) are complicated. General methods for
solving the equation XY = Y? + X for fixed X are given in [1], [4], and [5].

REFERENCES

1. F.B. Coghlan & N.M. Stephens. 'The Diophantine Equation x° - y? = k." 1In

Computers and Number Theory, ed. by A. O. L. Atkin & B. J. Birch. London:

Academic Press, 1971, pp. 199-206.

J. H. E. Cohn. "On Square Fibonacci Numbers." J. London Math. Soc. 39

(1964) :537-540.

3. R. Finkelstein & H. London. "On Mordell's Equation y2 - k = x>." MR 49,
#4928, Bowling Green State University, 1973.

4, 0. Hemer. "On the Diophantine Equation y? - k = x°." Almquist & Wiksalls,
Uppsala 1952, MR 14, 354; Ark. Mat. 3 (1954):67-77, MR 15, 776.

5. W.Ljunggren. '"On the Diophantine Equation y2 - k = x°." Acta Arithmetica
8 (1963):451-463,

6. E.K. Selmer. Tables for the Purely Cubic Field K(¥m). Oslo: Avhandlinger
utgitte av det Norski Videnskapss, 1955.

7. C. L. Siegel. "Zum Bewise des Starkschen Satzes.
(1968):180~191.

8. H. Wada. "A Table of Fundamental Units of Pure Cubic Fields." Proceedings
of the Japan Academy 46 (1970):1135-1140.

[N

i

Inventiones Math. 5

HedHHR
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ABSTRACT

It is shown that the number of states in a class of serial production or
service systems with N servers is the (2N - 1)st Fibonacci number. This has
proved useful in designing efficient systems.
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