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One of t h e more b i z a r r e and unexpected r e s u l t s conce rn ing the F i b o n a c c i 
sequence i s the f a c t t h a t 
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where Fi denotes the i t h Fibonacci number. The r e s u l t fo l lows immediately from 
B i n e t ' s formula, as do the equations 

8 y iTi 10* 

and - -Tfrzr = Y^ r . (4) 
109 £rf (,10)* 

where L^ deno tes t h e i t h Lucas numbers. I t i s i n t e r e s t i n g t h a t a l l t h e s e r e -
s u l t s can be ob t a ined from the fo l lowing unusua l i d e n t i t y , which i s e a s i l y 
proved by mathemat ica l i n d u c t i o n , 

ThdQtim 1: Let as bs os ds and B be i n t e g e r s . Let {yn} be t h e sequence def ined 
by t h e r e c u r r e n c e ]iQ = os \i± = d9 ]in + 2 = &Un + i + ^Un f o r a H n _> 2 . Let ?TZ and 
21/ be i n t e g e r s def ined by the e q u a t i o n s 

B2 = m + Ba + 2? and tf = cm + dB + i c . 

for all n > 0. Also, N = 0 (mod 5). 

?two fa The result is clearly true for n = 09 since it then reduces to the 
equation 

N' = cm + dB + be 

of the hypotheses. Assume that 
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fc + i 
= mXX+2"^i~i + ( m + Ba + b^k+i + Bh^k 

/< + 2 

= ̂ B ^ 2 ' ^ . ! + B(avk + 1 + bvk) + bvk+1 
i » 1 
k + 2 

This completes the induction. Finally, to see that 217 = 0 (mod 5 ) , we have only 
to note that 

N - cm + dB + be - c(B2 - Ba - b) + dB + 2?c = c?52 - ca5 + dB E 0 (mod 5) . 

Now, it is well known that the terms of the sequence defined in Theorem 1 
are given by 

Thus it follows from (5) that 
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provided that the remainder term tends to 0 as n tends to infinity, and a suf-
ficient condition for this is that 

a + /aF + kb 
IB 

< 1 and 
a - /a2 + kb 

IB < 1. 

Thus we. have proved the following theorem, 

Tk&Qfi&n li If a9b9 a9ds m9N9 and B a r e i n t e g e r s , w i th m and N a s def ined above 
and i f 

a + / a 2 + 4fc 
25 < 1 and / o 2 + 4Z? 

25 < 1 , 
then 

Bm = E B1 (8) 

Of c o u r s e , e q u a t i o n s ( l ) - ( 4 ) a l l fo l low from (8) by p a r t i c u l a r c h o i c e s of 
a , bs es and d. To o b t a i n ( 2 ) , fo r example, we s e t e ~ 2 s a ~ b = d - l 9 and 
B = 10. I t then fo l lows t h a t 

m = B2 - 5a - b = 100 - 10 - 1 = 89 
tf - cm + dB + bo = 178 + 10 + 2 = 190 

and 19 190 N L i - i 
89 10 • 89 Bm as c l a imed . 

£ = 1 1(P 

To o b t a i n ( 3 ) , we s e t c = 0 5 a = Z? = d = l , and B = - 1 0 . Then 

m = # 2 _ 5 a _ h = ioo + 10 - 1 = 1093 

. N=cm+dB+bc= - 1 0 , 
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Finally, we note that interesting results can be obtained by setting B equal 
to a power of 10. For examples if B = 10ft for some integer h9 c = 0S and a. = 
b = d = 1, 

and (8) reduces to 

m = I0lh - 10* - 1, tf = 10\ 

1 ^ n l - \ 

10 2 / I - 10* - 1 i - i 10 
= E-3i- (9) 

For successive values of h this gives 

w"S%f 
as we already know9 

F • 

9899 At IO21-

000101020305081321. 
(11) 

1 A ^ i - i -E 998999 ^ i l 0 3 i ( 1 2 ) 

= .000001001002003005008013..., 

and so on. In case B = (-10) for successive values of h9 o = 0S and a - b ~ d ~ 
1, we obtain 

lfe = E ^ (13) 

E 5 ^ > (i« 10099 / ^ (-100) 

1 = ŷ  ^-1 QCN 

1000999 ^ i (-1000)** 

and so on. Other fractions corresponding to (2) and (3) above are. 
II 199 1999 
89s 9899s 998999' '-' 

and 
21 201 2001 1099 10099s 1000999s '* * " 


