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The numbers Wn have been studied by Moser and Wyman [6]... From the differ-
ential equation Wf(y) = -(1 + y)W(y) 9 we obtain the recurrence 

from which the wn are easily computed. The first few instances of (18) are 

tm + 2 "" 2tm + 1 = 21 ̂  Ĵ m -2 

-3 

*m + , - 4tm + 3 + 8tm + 1 - ltn = 24(J) *„,_„. 

A natural question is: To what series does this method apply? In other 
words, we want to characterize those Hurwitz series f{x) for which there exist 
Hurwitz series h(z) and g(z)'9 with k(Q) = 19 g(Q) = 05and^f(0) = 19 such that 
for all m% n >_ 05 the coefficient of (xm/ml)zn in h(z)f[x + g(z)] is integral. 
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In [1] one of t h e a u t h o r s proved t h e fo l lowing r e s u l t . 

Let u be a r e a l number such t h a t u > 1 9 and l e t {xn}n^o £>e a sequence 
of nonnega t ive r e a l numbers such t h a t 

XnJhl = UXn + AuZ - 1) Ĉ n " xl) + (̂i ~ U^o'y 
for every n J> 0, Then 

Xn+2 ™ ^UXn+l ~ Xn 

for every n 2. 0; and, in particular9 if u» x Q 9 x ± axe integers3 then 
xn is an integer for every n >_ 0. 



1981] A QUADRATIC PROPERTY OF CERTAIN LINEARLY RECURRENT SEQUENCES 145 

In this note we shall show that, under certain conditions, the preceding 
result admits a converse. 

We begin with the following general preliminary proposition. 

?h.opO£>4Jtlovi' Let R be a commutative ring with unit element; let t9 u e R9 and 
define a polynomial / e R[X9 Y] by 

f(X9 Y) = tX2 - 2uXY + J2. 

I f {i3
n}n>0 i s a sequence of elements, of R such t h a t 

^n + 2 " ^ n + l " trn 
for every n >_Q9 then 

f(rn5 rn+1) = *n;fOv *i> 
for every n J> 0e 

Vnpo^* We shall prove this result by induction. The conclusion holds iden-
tically for n - 0, Assume now that it holds for some n 'J> 0. Then 

• / V p
n - M s Vn + 2^ ~ uVn + l "" 2 w 2 > n +1 P n + 2 + P n + 2 

= t P n + l " 2 w P n + l ( 2 M 2 , n + l " tpn) + (2^n + l ~ ^ n ) * 

- £ ( t p 2 - 2urnrn + 1 + P 2
 + 1 ) 

= tf(rn9 p n + 1 ) 
- ttnf(rQ9 rj 

which shows that the conclusion also holds for n + 1. IS 

This proposition can be applied in some familiar particular cases: 
If we take 

R = Q9 t = -1, u = 1/2, 

we find that the Fibonacci and Lucas sequences satisfy 

F« + l - Fn + 1F« ~ Fn = ("I)" 

for every n 2: 0-
And if we take 

R = Z, t = -1, u = 1, 

we also find that the Pell sequence satisfies 

P2 -IP P - P2 = (-l)n 

for every n J> 0. 
We are now in a position to state and prove our result. 

Tk&QSiem: Let t9 u he real numbers such that 
t2 = 1 and w > max(£, 0), 

and let {xn}n^Q be a sequence of real numbers such that 

x1 >.max(wic0, (t/u)xQS 0) 
and satisfying 

rn + 2 " 2wCn+l tX* 

for every n _> 0. We then have: 

(1) w^n + i >: max(txn, 0) for every n _> 0; and 
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(ii) asn + 1 = uxn + /{u2 - t)(xl - tnx2) + tn{x1 - ux0)2 for every n J> 0. 

VKOO^i We shall prove (i) by induction. Our assumptions clearly imply that 
the stated inequality holds when n - 0. Now suppose that uxn + 1 >_ max(txn9 0) 
for some n >_ 0. As the given conditions on t9 u imply that u > 0 and u2 > t9 
we first deduce that xn + 1 _> 0, and then that 

^ n + 2 = u(2uxn+1 - txn) 

= u2xn + 1 + u(uxn+1 - fccn) >. w2^n + 1 _> max(£a;n+1, 0), 
as required, 

Since x± - uxQ >_ 0, it is clear that, in order to prove (ii), we need only 
consider the case where n > 0. In view of the proposition, we have 

tx^_1 - 2uxn„1xn + x„ = tn~1(tx2 - 2uxQx1 + x2). 

Since t2 = 1, we also have 

x n-1 2tuxn^1xn + te„ = tn(txl - 2tucQx1 + #*) , 
and hence 

~2tz^n_1xn + ar^_1 - -&c2 + t**1^2 - 2tnz^r0aj1 + tnx\% 
i t then follows that 

\UXy^ ~~ ~0Xy^ _-\j = : ui ^ ^ ~" AuUXj^ _,-^^X 7% T XYI„2_ 

= w 2 ^ - t ^ 2 + £n'+1a?J + £wa?2 - 2 t n z^ 0 i c 1 . 

- (U2 - t)(X2 - tM^2) + t:"^ - UXQ)2» 

By virtue of (i) , we now conclude that 

= Z£Cn + (WXC„ - ̂ n „ x ) 

= uxn + /(uxn - txn_1)2 

= uxn + / o ? - t)(x2 - tnx\) + tn(xx - ua;0)2, 

which is what was needed. Hi 

Applying this theorem to the three special sequences considered above, we 
obtain the following formulas for every n >_ 0: 

*"„ + , -• h(Fn + J&l + 4(-i)«) 

Ln + 1 = h(Ln + hh\ + 20(-l)" + 1) 

PM+1 « Pn + /2Pn2 + (-1)". 

These formulas, of course, can also be derived directly from the quadratic 
equalities established previously. 

REFERENCE 

1. J. R. Bastida. "Quadratic Properties of a Linearly Recurrent Sequence." 
Proceedings of the Tenth Southeastern Conference on Combinatorics3 Graph 
Theory3 and Computing. Winnipeg, Canada: Utilitas Mathematica, 1979. 

«**#* 


