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I. INTRODUCTION 

With the aid of group theory, Weisner [10] derived the Bilinear generating 
function for the ultraspherical polynomial: 

n\tn 

/2a)
 Cn (C0S X)Cn(c08 y) 

(1 .1 ) 
{1 - It cos (a; + y) + t2Va

 2F± 
kt sin x sin y a,a; 

.2a; 1 - It cosfe + y) + t 

See [5] for definition and properties. (1.1) had also been proved by Meixner [6], 
Ossicini [7], and Watson [8], and was recently investigated by Carlitz [2], [3]. 
(1-1) is seen to be a special case of Theorem 1 in this paper, as are the formulas 
(1.2), (1.4), and (1.5), which appear to be new. Note that the expressions given 
below are generating functions for the ultraspherical polynomial of type Cx (x). 
See Cohen [4] for the single Jacobi polynomial. 

n4^0 (2M + 2£ + l)n° n W^n + iW) 

= 2£ + 1 r (u + i + i) v. cu [f 
V(u)T(2u + l)[t2{x2 - l)]U + H l [l 

(1.2) 

ff [Wt2 

\\2x2t2 

2(2/ - * t ) 2 

- 2#2/t - t 2 + 1 + pj 

- 2xz/£ - t2 + 1 + p 

2t2(x2 - 1) 

i] 

il 

i where p = [(1 - 2#z/£ + tz)z - 4t'(l - x2)(l - y2)V, \t\ < 1, \xt/y\ < 1, £ is a 

nonnegative integer, and Z)w is the Gegenbauer function defined by Watson [9, 
p. 129] as 

(1 .3 ) K(z) T(u)T(2u + £)<T u + 2"£9 u + y £ + -y; 1 

u + £ + 1; s 2 2 * + x r ( u + £ + 1) 

A s p e c i a l case of (1 .2 ) i s deduced for x = 0, z/ = cos cf>, and £ s u i t a b l y modi f ied : 

tn(2n + £ ) ! E »-o 22nn\(v + £ + l ) n 

( 1 , 4 ) _ £!T(z; + £ + 1 ) 2 * + 1 

C2
v
n + i (cos *) 

^ 0 

T(t;)r(2z; + £ ) t y + i £ 

where a = (1 - 2 t cos(2(j)) + t 2 ) * , and | t | < 1. 

f 2 cos2(j) 1*1 n J f 1 + t + gl*' 
l l + t + aj J^[l It J_ 
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*X + i(cos 9)CB"+1(cos cf>) 

L 
(1.5) 

= (cos <() - t cos e r 1 - 2 ^ ! - ^n)"1 (i - 5)w+i(i - n ) w + 1 

where \t cos 8/cos (j) | < I, \t\ < 1, 

5 = {1 - It cos 0 cos <j> + t2 

- [(1 - It cos(0 -<)>) + t2)(l - 2t cos(0 + <())+ t2)]*}/2 sin2*, and 

n = {1 - It cos 0 cos (J) + t2 

- [(1 - 2t cos(0 - cf>) + t2)(l - 2t cos(0 + (j)) + £2)]*}/2t2 sin20. 

Theorem 2 yields the new finite expansions 

(-l)ntr 

»-o (2t;)n(l - 2A - 2v)z.n 

(1-6) 0| ,„2 _ !N}£ 

< (ar)C*:r£(2/) 

&!Qr - 1)' 

2z(v)A2v), -c 
f 2(2 / -^t ) 2 1*1 c , jf 2 ( ^ - x t ) 2 1*1 
\2y2 - 2xyt + t2 - 1+ pj J [J22/2 " 2xyt+ t2 - 1 - pj J 

where p is defined in equation (1.2). 
Equation (1.6) may also be expressed as 

tt»0 

(1.7) "(y y2 4- 1 + 2xy ftf + tf2 - p '1*1 y ["[z/f2+ 1 + 2xy rt' + t t 2 + p '1*1 
(i>)£(2z0* * 

where p' = { (y ' 2 - 1 + 2xy rtf + £' 2 ) 2 + 4t'2(l - ̂ c2)}*. 
A special case of (1.6) is the relation 

tn [1/2] 

E -
n-o2

2n{2v)l_ln{l - £ - z;)nn! 

(1.8) 

~Cl-2n(COS *) 

£!t j£. 

2£(z;)£(2z;), 

,2* if 2* li f 2 cos2(j) F ^ f 2 cos2(l) V 
\l + t + aj Mil + t - a J 

where a is defined in equation (1.4). 
Equation (1.8) is deduced from (1.6) by putting x = 09 and rearranging the 

parameters. Also, if y = 1 in (1.6)s one obtains a known expression [55 p. 2279 
last formula]. 

SECTION II 

TkdQtlQJM 7: For u and v a rb i t r a ry complex numbers and £ a nonnegative integer9 

tn(n + £)! „v 
£ W>^C« MCZ+l<y) 
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(2.1) - {2u)l(yxtY |(2u+£)a|(2u+£+l);t; + |5u + |;t2(^2 l], ** l 

(y - xt) 2 (y - xt) 2 

where \xt/y\ < 19 \t\ < 1, and Fh denotes the fourth type of Appell!s [1, p. 14] 
hypergeometric function of two variables defined by 

F^la.b; o,d;x1,y1] = ^ • ,. , ( , (d) x^ x *2 
2 * 

VhJOO^i The l e f t - h a n d s i d e of (2 .1 ) may be expressed as 

~ <2M)n + £ * n a ? V + *(n + X) 
2 * 1 

1 
2 n ' - 2 n + 2 ; x 2 - 1 

(2.2) 
v + -; 

- | ( n + £ ) , - | ( n + £ ) + ! ; ^ 2 _ x 

u + y ; 2/ 

= E 
n = 0 

(2.3) 

(2u)n + J i t V # n + * ( n + X) 
F 2 r i 

2X 1 

• T n , - 2 ^ + 2 ; * 2 - 1 
1 1 . 1 

y + 1; 
•2u -In- 2SL 

u + - k n + £ ) , w + ~ ( n + £) + ~; 

U + -rfl 
V £ 

EE 
fc=0 p - 0 

t2fa2 - 1) 

V 
J/2 - 1 

L V 
P(2 M ) £ (2u + « 2 p + 2 j .(« + X + 2k) 

(2.4) 

E 
n = 0 

(xt/y)n(2u + & + 2k + 2p)n 

n\ 

From (2 .2 ) t o (2 .3 ) we have used t h e Kummer t r a n s f o r m a t i o n . Going from (2 .3 ) t o 
(2 .4 ) e n t a i l s t h e use of t h e f o l l o w i n g : 

(2.5) 2"(-R(-7«4), = <̂ WT 
(2 .6 ) 
and 

= [n/2] 

£ E /<"• fc>" E E -f(M + 2 k > f e ) 
n = 0 fe = 0 n - 0 fe = 0 

( 2 .7 ) (2M)B+je + 2 t ( 2 M + n + A + 2 f c ) 2 p = ( 2 M ) £ (2w+ £ ) 2 p + 2* (2w + £+ 2p+ 2k)n 

Now 
» (xt/y)n (2u + I + 2k + 2p)n 

(2 .8 ) 2 1 — [1 - a r t / i / ] - 2 " - * - 2 * - 2 * . 
n! 

Hence, (2.4) reduces to 
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(y -xty2u-H2u)l £) £ t2(x2 1) 

(2.9) 
k = o p = oL (y - xt) J 

(.V2 - 1) 

Xy - xty 

fe,p,(v+i)fc(«.+ i ) p 

By definition, (2.9) is the right-hand side of Theorem 1. 

TkzOKQm 2: For u and t> arbitrary complex numbers and i a nonnegative integer, 

n 

(2 .10) 
SaSfc^i(^;-^) 

(.V - xt)" 
11 

1 
z9 

• - £ + - ; z; + - , w + - j ; " 1) .V2 - 1 
(2/ + xt)2 

PJlOOJ: The l e f t - h a n d s i d e of (2 .10) i s pu t i n t h e form 
(z/ - xty 

\n rnMn..i-n 

(2.11) 

1 -n, 1 _,_ 1 n + 
2' ;cz - 1 

y + 25 

F 

1 
(&- n)s 4 « - *> + | ; 2̂ 

w + -j; 2/ 

Following a procedure analogous to that in the proof of Theorem 1, with appropri-
ate changes, (2.11) is simplified to yield the right-hand side of (2.10). 
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