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EXTENDED BINET FORMS FOR GENERALIZED QUATERNIONS OF HIGHER ORDER
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In a prior article [4], the concept of a higher-order quaternion was estab-
lished and some identities for these quaternions were then obtained. 1In this
paper we introduce a "Binet form" for generalized quaternions and then proceed to
develop expressions for extended Binet forms for generalized quaternions of high-
er order. The extended Binet formulas make possible an approach for generating
results which differs from that used in [4].

We recall from Horadam [1] the Binet form for the sequence W,(a, b; p, q),
viz.,

W, = Aa" - BR"
where
W0=a, W1=b
_ b - aB _ b - aa
4=5= g B=5" B

and where o and B are the roots of the quadratic equation
x? - px + q = 0.
We define the vectors g and B such that

a=1+za+ja® + ka® and B =1+ 2B + JB® + kB®,
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where 7, j, k are the quaternion vectors as given in Horadam [2].
Now, as in [4], we introduce the operator (:

Wy = Wy + W, + IWnso + KWyyg
Ao - BBn + i(Aa”+1 - B8n+l) + j(Adn+2 - BBn+2) + k(Aa”+3 - Bsn+3)
Ao (1 + Zo + jo? + ka®) - BR™(L + ZB + jBZ + kB?)

Therefore,
(1 W, = Ao"o - BR"B.
This is the Binet formula for the generalized quaternion of order one. Con-
sider
D, = Wo + LqW | + Jq°W,_, + kq®W,_,
dam - BR™ + iq(4a”"t - BR" L) + jg2(40” "% - BR""2) + kg®(4o" "% - BR"?)
Aot (1 + 2qo™t + jqP0? + kqPa"?) - BRM(1 + igB™' + jq®B7% + kqg*R7?)

]

but
aB = g
i.e., o = gB™! and B = gu™'; hence,
My = Ao™(L + B + gB* + kB®) - BR"(L + <o + jo® + ka®).
Therefore,
(2) AW, = Aa"B - BB"a.

Thus we see that the quaternion formed by the A operator, that proved so use-
ful in [3] and [4], has a Binet form which is a simple permutation of result (1)
above.

We now examine quaternions of order A (for A an integer) and prove by induc-
tion that

(3) o'W, = Aara? - BR"B1.
Proog: When A = 1, the result is true because
QYW, = QW, = Ao"a - BB"B.
Assume that the result is true for A =m, i.e.,
Q"W, = Aarom - BR"B".

m+ 1,

QW, + Q"W + JUW, e, + KW,

Aaﬁg” - Beﬁgm + i(Aa”+%gm - BBn+{§m) + j(Au”+%gm _ BB”+2§m)
+ k(Au"+3gf _ BBn+§§m)

Ao(1 + io + ja? + kad)am - BB™(L + 2B + jB% + kB®)B"

Aa”o.am - BB"BB"

= Adn@m+l _ BBan+l.

Now, for A

+1
iy,

Since the result is true for A = 1 and also true for A = m + 1 whenever the
result holds for X = m, it follows from the principle of induction that the result
is true for all integral A. Similarly, it can be shown that

4) AW, = Aa"g* - BB,
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Since

QbW = AWy + TAW, | + AW, ., + kAW, 4

n

and MWy = QW + QW + Jq*W,_, + kq®W,_,,
we secure, using equations (2) and (1), respectively,

(5) QMW, = Aa"o.B - BR"Bo

(6) MW, = Aa"Ba - BR"aB

If we let A = 2 in equations (3) and (4) and also use equations (5) and (6),
we can derive the six permutations for quaternions of order 3 involving both Q and
A operators, namely

N Q20W, = Ao"o®B - BR"B%0
(8) A*QW, = Aa"B%a - BR 0’ B
9 QA*W, = Aa"aB? - Ba"Ba?
(10) MW, = AotBo® - BR"opR?
(11) QAQW, = Aoro.Bo - BB"Ba B
(12) MW, = Aa"Bo B - BR"aB o

We now pause to investigate the effects of operators 0* and A* on the Binet
forms. Note from [4] that

QAW = Dy + AWy * T+ DWpyy = J + q30W,05 = Kk = AW
and

D*QW, = QW + W, L+ qXW,_, + F + qW,_, + k = QOW,

and thus the operators Q* and A* provide no new results for quaternions of order
2. Since equations (7) to (12) and equations (3) and (4) for A = 3 provide every
possible triad of combination of o and B, it is unlikely that quaternions of order
3 involving the starred operators will produce any Binet form distinct from those
given. A close inspection of the modus operandi of Q* and A* verifies that this
is indeed the case. For example, it is easily calculated that

Q*aQw, = Aoa"Ba’ - BB"a B’

which is the same expression as that for A2, .
We can generalize these statements to say that the operators * and A* yield
no results that cannot be obtained solely by manipulating the operators { and A.
From equations (3) and (4), it can be readily shown that, for y an integer,

(13) AQYW, = AomBra¥ - BRTalBY
(14) QMMwW, = Aa"a’BY - BR"B oM

The pattern between the higher-order quaternions and their related Binet forms
being clearly established, we deduce, for integral A;, ¢ =1, ..., m, the ensuing
extended Binet formulas of finite order:

(15) QMpare L, QA”'WH = Aa”ﬂ"lﬁ)‘z e gxm - BB”_@"IEM eoe E)‘"'
(16) QMare L. AP, = Aotarigre ... ghm - BR"BMor: ... ghe
(17) AMQre Lo @M, = Ao"BMiats ... are - BRTGMBA: ... ghn

aarghiore ... ghn - BgraMpgte L. gh

(18) AR L Aty
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From equations (2.6) and (2.7) of Horadam [1], we derive the following Binet
formulas:

(19) QXUTL = [un+1 A Bnl—lg ]/d
(20) AAUn = [u”+{§x - Bn+¥gx]/d
(21) Q\, = amar + BB
(22) AV, = ang* + Bral

We now use the extended Binet formulas to establish some identities. As an
example, consider a simple generalization of equation (28) in [4]:

Q,Q%, = (arar + BTB) (4ota¥ - BR"BW)
= Aortror+u + AOL”BPB)‘OL“ - BOLPB"Ot)‘B“ - BBn+rB>\+u

= Aor*rod+u - BRMFIRAYH 4 qTRT (4o TRAaM ~ BR™-TarBH)
Therefore, - - - -

(23) QLMW = MM, L+ T,

This, in turn, can easily be further extended to provide a most generalized for-
mula, viz.,

(24) Qbare Ll mtiabe L Y,
= hare | Qhtmpde L Qlny 4 gtAMre L AMQMAMe L QL

It is obvious to the reader that other similar generalizatlons of the results
in [4] can be procured by this method.
We now look at an equation not contained in [3] or [4]. Consider

A A
<§2 v, +dQ Un_1>'”
2

OL”g)‘ + Bnﬁ)‘ + ang)\ -8 E}‘ m
= (ang)\)m = amng)\m
2

20L"'"0(,)‘”’ amroAm 4 ans)\m _ anB)\m + Mo Am

Thus 2 2
o', +datv,_\" M, +doru
(25) =
2 2

This is a De Moivre type identity for higher-order quaternioms.

Thus we see that the extended Binet formulas not only permit direct verifica-
tion of the identities contained in [3] and [4], and extensions of these as we
have shown, but also facilitate the attainment of new results.
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