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What about the sequence 3,6, 9,12, 15, ... ? If this is simply the arithmetic
sequence {3n}, then its study would be essentially that of the positive integers.
However, suppose the nth term is [(3 + 1/V/29)n], or perhaps [(4 - 5//37)n], where
[x] means the greatest integer < x. In these sequences, 15 is followed by 19 ra-
ther than 18. Such almost arithmetic sequences have many interesting properties
which have been discovered only in recent years. Of special interest are comple-
mentary systems of such sequences.

The adjective '"complementary" means that every positive integer occurs exactly
once in exactly one of a given set of sequences. Consider, for example, the three
sequences

¢D) 1, 4, 6, 8, 10, 13, ...; 2, 5, 9, 12, 16, ...; 3, 7, 11, 14, ...;

which can be accounted for as follows: If the positive integers that are squares,
twice squares, or thrice squares are all arranged in increasing order, we find at
the beginning

(2) 1, 2, 3, 4, 8, 9, 12, 16, 18, 25, 27, 32, 36.

Each of these numbers occupies a position in the arrangement. In particular, the
squares 1, 4, 9, 16, 25, 36, ... occupy positions numbered 1, 4, 6, 8, 10,13, ...,
the first sequence in (l1). This line of reasoning can be extended to show that
the three sequences in (1) are given, respectively, by the formulas

n " I ny2 nv3
]_I + | —=| + —|, nv'2 +7’L+[—], 7’&1/3 +[_]+ .
The three sequences in (1) may be compared with the sequences

1, 4, 7, 10, 13, 16, ...; 2, 5, 8, 11, 14, ...; 3, 6, 9, 12, ...;

which form a complementary system of arithmetic sequences given by 3n + 1, 3n + 2,
and 3n + 3. Each has a common difference, or slope, equal to 3. Similarly, the
sequences in (1) have slopes s = 1 + 1/V/2 + 1//3, V2s, and v3s, as shown by for-
mulas (1’). Here the similarity ends, however. Writing a, = 3n + 1, we call to
mind the very simple recurrence relation a,,; - a, = 3. On the other hand, writ-
ing bn = n + [n/V2]1+ [n/V3], we find b,,, - b, # 8 for all n. Instead, b.4+1 - b,
takes values 1, 2, and 3, depending on n. Moreover, a,,, — a, = 6 for all n,
whereas b,,, - b, takes values 4, 5, and 6.

We are now in a position to state the purpose of this note: first, to intro-
duce a definition of "almost arithmetic" that covers sequences as in (1), and then
to present some theorems about almost arithmetic sequences and complementary sys-—
tems.

One more thought before defining the general almost arithmetic sequence {a.}
is that there should be a real number u such that a, must stay close to the arith-
metic sequence nu. Specifically, a, — nu should stay bounded as »n goes through
the positive integers, and this could be used as the defining property for "almost
arithmetic'" sequences. However, this property depends on the existence of a real
number u, and since the a, are positive integers, a definition which refers only
to positive integers is much to be preferred. From such a definition, we should
be able to determine the number #. The following definition meets these require-
ments.
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Suppose £ < k are nonnegative integers and {a,} is a strictly increasing se-
quence of positive integers satisfying

(3) 0<ayy, —an-a, +2& <k, for all m, n > 1.
The sequence {a,} is almost arithmetic, or, more specifically, (k, L)-arithmetic.

It is fairly easy to check that for any positive real numbers Oys Ops seey Op
and By, Bys «--> Bh the sequence with nth term

(4) a, = loagn] + [an] + -+ + [a,n]
is (k, 0)-arithmetic, and the sequence with nth term
(5) an = [ogn + B1] + [an + Bo] + + -+ + [ockn + B,

is (R', £)-arithmetic for some { and some k' > k.

For example, the sequence {3n} is (0, 0)-arithmetic; {3n+ 1} is (0, 1)-arith-
metic, and {n + [n/V2] + [n/V3]} is (2, 0)-arithmetic.

As we shall soon see, there are many almost arithmetic sequences {a,} for
which no formula in closed form for a, is known. Nevertheless, our first theorem
will show that every almost arithmetic sequence {a,} must have a slope u, and a,
must stay close to nu.

a
Theorem 1: I1f {a,} is a (k, £)-arithmetic sequence, then the number y = lim —-,

hereinafter referred to as the slope of {a,}, exists, and nre N
(6) a, <nmu+L <a, +k, forn =1, 2,
Proof: Let € > 0, and let m be so large that
max{ﬁ, R - {’} < g
m m
for any n > m, we have n = gm + r where ¢ = [n/m] and 0 < » < m. By (3),
am -~ L <a, —ap.pn<a, - Ltk
and
pn = L2 Apom = Anoopn £ Am -L+k
and finally an =L 2 Gy (qyyy A Say - L+ k.
Adding these:
Q(am - L) < ap - ap iq(am -L +R).
Now adding a, - ga, and dividing by n yields
a L a a a
_i__q<_”_g__'"_ig(k_£) + =,
7 n —n n n n
When this is added to the easily verified
- i’i < 99n - Ezﬂ <0,
, n — n m —
one obtains
ar—am_E<a,—am_£<ar-am—£q<gi_a_m<q(/z-ﬂ)+ar
n n m— n - n m — n
- a
< k- £ + L < e+ 2
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an Am

As n + © wye see that

an
< €, so that {7;},35 a Cauchy sequence, converges.

Now as a first step in an induction argument,
a, - L <a,, -a, <a, - L+k.
Assume for arbitrary j > 3 that
G - 2)(an =) £ agpy,= @y £ (G - 2)(a, - L + k).
Adding this with a, - £ £ aj, = Qj-1y, < an - £ + R gives
G-, -2)2aj, —a, £ (G - a, -L +k),
which concludes the induction argument. This set of inequalities is equivalent to

, Jan= (§ - DL L ajn £ Ja, + (- 1)(R - 1).
Dividing by jn,

an 1J-1 Ajn an 14-1
e Kijn5n+n i (k -2).
Ajin
Since lim —7;-= u, we have
j+e
an 4 an 1
R e G O

and (6) follows.

Theorem 1 should be compared with similar results in Pdlya and Szego [7, pp.
23-24].

Note the contrast between the defining inequality (3) and Theorem 1. The for-
mer is entirely combinatorial, whereas the notion of slope is analytic. Specifi-
cally, when £ is the least integer such that

Apan — Am — Ay + £ > 0, for allm, n > 1,

and if R is the least integer such that
Amin = Gm = aGn + £ < kR, for all m, n > 1,
then k counts the extent to which the sequence {a, - £} deviates from the rule
Cntn — Cm = Cn = 03

that is, from being an arithmetic sequence. On the other hand, the slope u gives
the average growth rate of {a,}. With this analytic notion in mind, we may pre-
dict that if {a,} has slope u and {b,} slope v, then the composite sequences {a,}
and {bs} will have slope uv. Or, if the given sequences are disjoint, we can com-
bine them in increasing order, thus getting a sequence with slope (u”! + v»71)71%,
the harmonic mean of u and v. Then returning to a combinatorial attitude, we may
ask about the bounding numbers kR and £ for these new sequences. Our first theorem
of the sort just suggested shows how to make almost arithmetic sequences from a
given real u > 1.

Theonem 2: If uw > 1 is a real number and {a,} is an increasing sequence of posi-
tive integers satisfying 0 < nu -~ a, +{£ <k for 0 < £ < kR and forn =1, 2, ...,
then {a,} is a (3k, k + £)-arithmetic sequence with slope u.

Proog: Subtracting 0 < (m+7n)u - An+n + £ <k from 0 < mu - an + £ < k gives
-k < Amen - @m - nu < k. This implies 7nu < Gpm+n — Gn + R < nu + 2k. Bounds for
nu come from 0 < nu - a, +£ < k, namely a, - £ <nu <a, - £ +k. Thus

a, — L < Qpip - Ay + kR <a, -£ + 3k,
or equivalently,
0 < QAnyn—an - an + L + R < 3k,
as required.
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As an example, let a, = 2n if »n is prime and 2n+ 1 otherwise. Then R = £ =1
in Theorem 2, and {a,} is a (3, 2)-arithmetic sequence. Actually, {a.} is also a
(2, 2)-arithmetic sequence, which is saying more. This example shows that the k
and £ in Theorem 2 need not be the least values for which (3) holds. This same
observation holds for the theorems that follow.

Consider next gn = 10n + 2 and b, =10 + 5 forn =0, 1, 2, ... . We combine
these to form the sequence {¢,} given by 2, 5,12, 15,22, 25, ..., and ask if this
is an almost arithmetic sequence. If so, what numbers k, £ describe the maximal
spread which ¢, has away from 5n? The question leads to the following theorem
about disjoint unions of almost arithmetic sequences.

Theorem 3: Suppose {a,} is a (R, £)-arithmetic sequence and {b,} is a (kR’, £')-
arithmetic sequence, disjoint from {a,} in the sense that b, # an for all m and
n. Let {¢,} be the union of {a,} and {bn}. Then {e,} is a (X, £)-arithmetic se-
quence for some X and £ (given in the proof). If {a,} has slope u and {bn} has
slope v, then {c,} has slope (u™! + v~1)71,

Proog: Let n be a positive integer.
Case 1. Suppose ¢, = ay for some N. Let & = Nu/v. By Theorem 1,
w-kh+L<ay<av+dL and w-k'+ L' <b;<wWH+L', T =1,2, ... .
The inequality iv + £' < 2v - k + £ shows that b; < a, whenever
i<+ @-L"-"Rk)/v.

Similarly, b; > a, for
i>x+ @ -2"+R")/v.

Thus, the number of b; which are < ay is & + §, where

@-2"-R/vs§<@=-2"+R"N/v,
so that _
= (#a; < ay) + (#b; L ay) =N + Nu/v + §.

/(u +v) gives Nu = (n - §)w. Now, substituting this and
£ < ay £ Nu + £, we obtain

n-8w-kh+L<c, < (n-8w+A4.

Case 2. Suppose ¢, = by for some N. As in Case 1, there exists §'
satisfying (" - Z - k")/u < 8" < (' - £ + R)/u such that

n-8Mw-hkR"+2"<c, < (n-686Nw+12'".

Multiplying by w

n
= uv
ay = ¢, into Nu - kR +

To accommodate both cases, let

£" = min {ﬁ:'——hkj fwa " and X" = max {ﬁ,-_&g,w,

and then let

L£" if £" is an integer
= d x' = [x"].
£ { [€"] + 1 otherwise an "]

Now nw+ &' < ¢, < nmw+ X', so that 0 < mw-c, + X' < X' - £'. By Theorem 2, {c,}
is (%X, £)-arithmetic, where X = 3(X’' - £') and &= 2%k’ - £’.

The theorem just proved has an interesting application to complementary sys-
tems, as follows.

Theonem 4: Suppose {a;,}, {a,,}, ..., {am,} are almost arithmetic sequences that

Ain N
comprise a complementary system. Let u; = lim — for ¢ =1, 2, ..., m. Then

n-+ow

1,1 1 _
ottt L
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Proof: As members of a complementary system, {2,,} and {a;,} are disjoint.
By Theorem 3, their union is an almost arithmetic sequence with slope w satisfy-
ing 1/w = 1/u, + 1/u,. Assume for arbitrary k < m - 1 that the union

{a;,} via,,b u--e U dag,l
is almost arithmetic with slope u satisfying 1/u = 1/u, + +++ + l/uy. Theorem 3
applies. By mathematical induction on X, we have 1/v = 1/u; + -+« + 1/un, where

v is the slope of the union of all the given sequences, that is, 1.
In casem = 2, the identity
m

1=3 1/u;

i=1

is the subject of the famous Beatty Problem[l] of 1926. An extensive bibliography
on results stemming from Beatty's Problem and other research on sequences of the
form {[un]} is given in Stolarsky [8]; the interested reader should also consult
Fraenkel, Mushkin, and Tassa [3]. A generalization of Beatty's Problem by Skolem
[7] is that sequences {[un]} and {[wn]}, where u and v are positive irrationals,
are disjoint if and only if a/u + b/v = 1 for some integers a and b. Skolem's
generalization suggests a still more general question, which we state here hoping
that an answer will someday by found: What criteria exist for disjointness of two
sequences of the form (4), for k > 27

We turn next to composites of almost arithmetic sequences.

Theonem 5: Composites of almost arithmetic sequences are almost arithmetic. Spe-
cifically, if {a,} is (k, £)-arithmetic with slope u and {b.} is (R', £')-arith~
metic with slope v, then the sequence {c¢,} defined by ¢, = bs, is (by + bp-p + 3R’
- 28", by + k')-arithmetic with slope uv. (Here b, = 0.)

Proog: We must show that

(7) 0 Cuyp —Cpn =Cp +bp +R'

and

(8) Cman = Cm = Cp +bp +R" < by —bp_p +3R" - 28",
Now

0<ba,4+a, - bay, = ba, + L' by (3)
< ba,, +g = ba, = ba, + L' since ay + a, £ apen +4
< (b + by + k" = 2" = by, - ba, +L" by (3).
This proves (7). To prove (8),
b - ba,,, - ban + b( + k! < ba,,,+a,l+fa+l - bam = ban + bl + R!
< banta, *+ brog + R =L — by -Dbe + by + k'
< by, +ba, + R =L + Dby, +R" - L7
~ ba, = bg, +b[+k'
= Dby + bp-p + 3R"T - 227,

Am4n

Ansn

as required.

For slopes we have an ™ un and bn v vn, where the symbol v abbreviates the re-
lationship indicated in (6). Comnsequently, ba, Vv van v vun.

To illustrate Theorem 5, let a, = [V2n] and b, = [V3n]. Each provides a (1, 0)-
arithmetic sequence. The composite bg, = [V3[V/2n]] has slope v6 and is (4, 1)-
arithmetic. The same is true for aq, = [V2[V/3n]].
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Theorem 6: The complement of a (k, £)-arithmetic sequence {a,} having slope u>1
isa(3(u+k)] [u+2!2—£

u -1 u -1

])-arithmetic sequence with slope u/(u-1).

Proog: The complement of {a,} is the increasing sequence {a%} of all positive
integers missing from {a,}. By (6) we can write

ap =nu + 8, where £ - R < 8§ =38(n) < L.

Then the inequality a; < aﬁ can be expressed as 7 < (a¥ - §)/u, and the greatest
such 7 is [(af - 8)/ul. Now a%¥ = n + f(a¥), where f(x) is the number of terms a;
satisfying a; < x. Thus af =n + [(a® - 8)/u], and

n+ (@ -8)/u-1<af¥<n+ (at - S8)/u.
This readily leads to

§<un - (u- 1a¥ <u+6,

so that
un
u -

k - £ cut k

u-1—u-1°

0< T~ a¥ +
and we conclude, by the method of proof of Theorem 2, that {a¥} is an almost arith-
metic sequence of the required sort.

Theorem 6 shows, for example, that the set of all positive integers not of
the form [Y7n+ V3] + [V7n-+V3] = a, forms an almost arithmetic sequence. Suppose
that, given a sequence such as {a,}, we remove a subsequence which is almost arith-
metic, for example {a[/%”}. Will the remaining terms of {ax} still form an almost
arithmetic sequence? We call such remaining terms the relative complement (of
{a[/ﬂﬂ} in {ax}), and have the following strerigthening of Theorem 6.

Theorem 7: The relative complement of an almost arithmetic subsequence of an al-
most arithmetic sequence is almost arithmetic.

Proo4: Suppose {an;} is an almost arithmetic subsequence of an almost arith-
metic sequence {an}. By Theorem 1, there exist positive real u and v and nonnega-
tive integers £, k, £', k' such that

(9) Qn, <ngu+ L <a, +h £<k,1=1,2, ...,
and
(10) An, <10 + L' < an, + R, LT <R, 2 =1, 2,

Dividing by u in (9) and (10) leads to

(o

g 9n

ng +£——<
u u - u

so that
L'+ k-2 R+ kR

Uu - Uu

0 < ig— -n; +

Thus, by Theorem 2, the sequence {n;} is almost arithmetic. By Theorem 7, the
complementary sequence {n¥}, consisting of all positive integers which are not
terms of {n;}, is almost arithmetic. By Theorem 6, the sequence {a,x}, which con-
sists of all the a,'s missing from {ani}, is almost arithmetic, as was to be
proved.

Conollarny to the Proof of Theorem 7: Suppose {an;} is an almost arithmetic

subsequence of an almost arithmetic sequence {a,}. Then the sequence {ns} is al-
most arithmetic.
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We now return to the complementary system
(1) 1, 4, 6, 8, 10, 13, ...; 2, 5, 9, 12, 16, ...3 3, 7, 11, 14, ... .

Writing these sequences as {a,}, {bn}, {ex}, we list all the positive integers as
follows:

ays by C1s @ys by Qs Cps Ays Dyy Ags Cgs wee o
Removing all the ¢; leaves
(1") al, bl’ azl!!

Now let {a,} @ {c.} and {b,} ® {c,} represent, respectively, the number of the
position of a, and b» in (1"), counting from the left. These two sequences form
a complementary system of almost arithmetic sequences. In fact, for comparison
with formulas (1'), one may easily check that

{a,} @ {en} = {n +[}%ﬂ}= {1, 3, 5, 6, 8, 10, 11, 13, 15, 17, 18, 20, ...}

bz, Ags Qs bs, Ags ooe -

B @{ent ={n+ V2nl =1{2, 4, 7, 9, 12, 14, 16, 19, 21, ...}.

We define @ in general as follows: For disjoint strictly increasing sequences
{a,} and {c,} of positive integers, let {d,} be the sequence obtained by writing
all the aq; and af in increasing order and then removing all the ¢;. Then

{an} @ {en}

is the sequence whose nth term is the position of a, in the sequence {dn}.

, Even if {a,} and {c,} are not disjoint, we define a second operation © as fol-
lows: Construct a sequence {e,} by putting ¢, at position ¢, for all n and filling
all the remaining positions with the a; and af written in increasing order. Then

{a,} © {en}

is the sequence whose nth term is the position of a, in the sequence {e,}.
One relationship between @ and © is indicated by the identity

({an} @ {cn}) @ {en} = {an}.
({an} @ {Cn}) @ {en} = {an}

in case {a,} and {e.} are disjoint.

Both operations ® and © can be used on any given complementary system of se-
quences {a;,}, {a,,}, ..., {amn}, m>2, to produce new complementary systems whose
sequences remain almost arithmetic in case the original sequences were so, as we
shall see in Theorems 8 and 9. Specifically,

{a,} ®H{an)s covs {an_1, 2} ® {aml}

is a complementary system of m -1 sequences, and for any strictly increasing se-
quence {c,} of positive integers, the collection

{aln} e’ {Gn}, ceey {amn} @ {Gn},

together with {¢,} itself, is a complementary system of m + 1 sequences.
What about slopes and formulas for the nth terms of sequences arising from @
and © ? We have the following two theorems.

Also,

Theorem §: Suppose {a,} and {b.} are disjoint almost arithemtic sequences hav-
ing slopes u and v, respectively. Let ¢, = bn +n - 1, then

{a,} @ {bn} = {2a, © e}

is an almost arithmetic sequence having slope u - u/v.
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Proog: Let (#b; < n) denote the number of b; that are < n. Using the formula
CF(n) = n + f'(n) on p. 457 of Lambek and Moser [6], we find

n + (#b; < n) = nth positive integer not
in the sequence {b, + n - 1},
so that
(#b; < a,) = -a, + a,th term of the complement of {b»n + n - 1},

whence the nth term of {a,} ® {b»}, which is clearly a. - (#b; < a,), must equal
2a, - c%. Since {c,} is almost arithmetic with slope v + 1, {c¥*} is almost arith-
metic with slope 1+ 1/v, by Theorem 6. Then {c¥,}is almost arithmetic with slope
u(l+1/v), by Theorem 5. Thus, {2a, - ¢% } is almost arithmetic with slope 2u -
u(l+1/v).

Theorem 9: Suppose {a,} and {bn} are almost arithmetic sequences having slopes u
and v, respectively. Then

{an} © {bn} = {bf{,,
is an almost arithmetic sequence with slope wv/(v-1).

Proof: By definition, the nth term of {a,} @ {bn} is the a,th positive inte-
ger not one of the b;, as claimed. As a composite of a complement, this is an
almost arithmetic sequence with slope uv/(v — 1), much as in the proof of Theorem
8.
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SUMS OF THE INVERSES OF BINOMIAL COEFFICIENTS

ANDREW M. ROCKETT
C. W. Post Center of Long Island University, Greenvale, NY 11548

In this note, we discuss several sums of inverses of binomial coefficients.
We evaluate these sums by application of a fundamental recurrence relation in much
the same manner as sums of binomial coefficients may be treated. As an applica-
tion, certain iterated integrals of the logarithm are evaluated.



