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We shall employ the notation 

ufl = 0S u< = 1, u , _. = it + u ., (n > 1) 

n+1 ' n ' *n- l v0 = 2, V l = 1, v n + 1 = v„ + v - (n => 1) . 

Thus 

(1) 
n ,>n 

a - B n , nn 
n or - /3 * • n p 

where 

1 + *s/5 „ 
^ = — r , /3 

1 - \/5 a + jS = 1, orjS = - 1 

The f i r s t few values of u , v follow. 
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123 

11 
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322 ! 

It follows easi ly from the definition of (1) that 

(2) 

(3) 

u = u . , n u, + u , u, , (n > k > 1) , 
n n-k+1 k n-k k-1 v ' ' 

v = u , •, n v, + u , v, . (n > k > 1) 
n n-k+1 k n-k k-1 ' 

(4) 

(5) 

(6) 

It i s an immedia te consequence of (1) that 

k mk 5 

v k u 2mk ' 

V k | v ( 2 m - l ) k ' 
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where m and k are arbitrary positive integers. It is perhaps not so familiar 
that, conversely5 

(4)' u k | un = * > n = mk (k > 2) , 

(5)! ukJ un = = > n = 2mk (k > 1) , 

(6)? • v, I v = ^ > n = (2m - l)k (k > 1) . 
K i n 

These results can be proved rapidly by means of (1) and some simple re-
sults about algebraic numbers. If we put 

(7) n = mk + r (0 < r < k) 9 

then 

so that 

n nn r . mk nmk, , n mk, r nr. 
a - p = a (a - (3 ) + ft (a - ft ) 9 

r , ^mk u = a u T + B u n mk ^ r 

If u, j u it therefore follows that u, p u . Since ft is a unit of the field 
R(N/5), Ujlu , which requires r = 0. This proves (4)!. 

Similarly if 

n = 2mk + r (0 < r < 2k) , 

then 
r „2mk u = a u0 , + R u n 2mk H r 

Hence if v. j u it follows that v, I u . If then r > 0 we must have r > k 
and the identity 

(a - /3)ur = a0' v k - P\_k 

gives v, I v , , . which is Impossible. The proof of (6)? is similar. 
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If we prefer, we can prove (4)f, (5)f, (6)f without reference to algebraic 
numbers. For example if u , | u , then (2) implies u, I u , u. Since u, 
and u, are relatively prime we have u, I u , . Continuing in this way we 
get u, I u , where r is defined by (7). The proof is now completed as above, 
In the same way we can prove (5)* and (6)f. 

In view of the relation 

(8) u0 = u v 
% ' 2n n n 

it is natural to ask for the general solution of the equation 

(9) un = u m v k (m > 2, k > 1) . 

It is easily verified, using (1), that (9) can be replaced by 

<10> u n = U m + k + (-^Sn-k <m £ k> 
or 

(ID un = u m + k - ( - l ) kuk_m (k > m) . 

Now the equation 

(12) u r = ug + ut (s > t > 1) 

is satisfied only when r - 1 = s = t + 1. Indeed if 1 < t < s - 1, then 

u + u , < u + u 1 = u l 1 . 
s t s s-1 s+1 ' 

so that (12) is impossible; if t = s - 1, then clearly r = s + 1. If t = 1 in 
(12) we have the additional solution r = 4, s = 3. 

Returning to (10) and (11) we first dispose of the case m - k = 1. For 
k even (10) will be satisfied only if m + k = 3, which implies k = 1; for k 
odd we get n = 2 , m + k = 3 or n = 3 , m + k = 4, which is impossible. 
Equation (11) with k - m = 1 is disposed of in the same way. 
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We may therefore a s s u m e in (10) and (11) that jm—k| > 1. Then if k i s 
•even, i t i s evident f rom the r e m a r k concerning (12) that (10) i s impossible. If 
,k i s oddt we have-

U ,-, = U +• U r. . 
m+k n m - k 

so that k = 1, m = ne As for ( l l ) f if m i s odd we get 

u = u ,, + u, § 
n m+k k - m * 

which i s impossible,, However9 if m i s evens we get 

' u , , - u + u, „ 
m+k n k - m ' 

so that m + k = • n + 1 = k - m + 2; this r e q u i r e s m = 1, k = n, 
This completes the proof of 
Theorem 1, - The equation. 

u =. u v, (m > 29 k > 1) 
n m k x 9 f 

has only the solutions n = 2m = 2k. 

The l a s t p a r t of the above proof suggests considerat ion of the equation 

(13) u n = v k (k > 1) . 

Since (13) i s equivalent to 

u = u, ,- + ut n 
n k+1 k~l 

i t follows at once that the only solution of (13) i s n = 4, k '= 2. 

The equation 

(14) un = v m v k (m =>k > 1) , 

i s equivalent to 

(15) u = v , + (-1) v , 
x } ™ m+k v ; m - k 
If k i s even it is c lea r that n > m + k; indeed s ince %^+k = Um+k+l + U m + k - l 
we mus t have n > m + k + 1. Then (15) impl ies 
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Um+k+2 - Um+k+l + u m+k~l + V m - k 

which simplif ies to 

(16) u ,, o < v , 
v ' m+k-2 m - k 

If m = ks (16) holds only when m = 2; however this does not lead to a solution 

of (14). If m > k, (16) may be wri t ten as 

U l l o < U , . - + 1 1 1 . 1 < U , f 

m+k-2 m~k+l m - k - 1 m - k s 

which holds only when m = 4? k = 2. 

If k i s odd? (15) becomes 

(17) u + v - t = v ,, 
x f n m - k m+k 

If m = k th is r educes to 

u + 2 = u0 1 ' + u n l . , n 2k+l 2k-1 9 

which Implies 2k - 1 = 3 , k = 2„ If m = k + 1 (17) g ives ' 

u n + 1 . . ! = . u 2 k + 2 + U2k'. •• 

which Is c lea r ly impossible* F o r m > k + 1 we get 

1 1 , 1 . 1 + U ^ 1 1 - U ™ + 2 U 1 9 

m+k+1 m+k-1 n m - k 

so that n < m + k + 1. Since 

u m+k + 2 u m - k < u m+k+l + u m+k~l f 

we mus t have n = m + k + 1. Hence (17) becomes 

m - k u m + k - l 
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as we have seen above, this implies 

m -i k = 2, m + k - 1 = 4 , 

so that we do not get a solution. 
We may state 
Theorem 2. The equation 

u = v v, (m ^ k > 1) 
n m k x ' 

has the unique solution n = 8, m = 4, k - 2. 
It is clear from (4)f that the equation 

(18) un = cuk (k > 2) , 

where c is a fixed integer >1 is solvable only when k| n. Moreover the num-
ber of solutions is finite. Indeed (18) implies 

cu, ^ u01 > u, v, . c ^ v, ; 
k 2k k k ' k ' 

moreover if n = rk then for fixed k, r is uniquely determined by (18). 
This observation suggests two questions: For what values of c is (18) 

solvable and, secondly, can the number of solutions exceed one? In connection 
with the first question consider the equation 

(19) un = 2uk (k > 2) . 

Since for n > 3 

we get 

2u 0 < u .• = 2u 0 + u 0 < 2u . , n-2 n n-2 n-3 n-1 9 

u 0 < u, < u -n-2 k n-1 

which is clearly impossible. Similarly, since for n > 4 
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3 u n-3 < Un = 3 u n-3 + 2 u n -4 < 3 un-2 

it follows that the equation 

(20) un = 3uk (k > 2) 

has no solution. 
Let us consider the equation 

(21) u = u u, (m > k > 2) 
x } n m k * ; 

We take 

u = u , - u + u u -n n-m+1 m n-m m-1 

so that 

u , - u < u < u , 0 u , n-m+1 m n n-m+2 m * 

provided n > mQ Then clearly (21) is impossible, 
For the equation 

(22) v n = u m v k (m > 29 k > 1) , 

we use 

v = u v , - + u - v n m n-m+1 m-1 n-m 

Then 

u m V m + l < vn K u m v n -m + 2 • 

so that (22) is impossible. 
This proves 
Theorem 3. Each of the equations (21), (22) possesses no solutions. 
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Consider next the equation 

(23) . v = v v, (m > k > 1) . " v ' n m k ' 

This i s equivalent to 

(24) v = v M + ( - l ) k v , 
v ; n m+k l ; m - k 

F o r k even, (24) i s obviously imposs ib le . F o r k odd we may wr i te 

v = v + v , . 
m+k n m - k ' 

which r e q u i r e s m + k = n + l = m - k + 2 9 so that k = 1. This p roves 

Theorem 4a The equation (23) p o s s e s s e s no solut ions. 

The remain ing type of equation i s 

(25) v = u u, (m > k > 2) . x ' n m k x ' 

This i s equivalent to 

(26) 5v = v ^ + (~ l ) k v , . K ; n m+k v ' m - k 

Clearly n < m + k. Then since 

v m + k = 5 v m+k-4 + 3 v m + k - 5 * 

(26) impl ies 

(27) 5v = 5v J_1 A + 3v _,_, . + ( - l ) k v , 
^ ; n m+k-4 m+k-5 v ' m-k 

Consequently n > m + k - 3, while the r ight m e m b e r of (27) Is l e s s than 

5 v m + k - 4 + 4 V m+k-5 < 5 v m + k - 3 ' 

This evidently p roves 
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Theorem 5. The equation (25) p o s s e s s e s no solution. 

Next we d i scuss the equations 

(28) u 2 + u 2 = u 2 (0 < m -= n) 
' m n k • ' 

(29) v 2 + v 2 = v 2 (0 ^ m < n) 
v ' m n k . ; 

We shall r e q u i r e the following 

Lemma, The following inequali t ies hold. 

(30) - ^ > | ( n s 2) 
n 

(31) ^ £ | (D > 3) 
n 

Proof. Since u < 2u • - for n > 29 we have n n~l * • 

V i ; un-r 3 
n n 

The proof of (31) i s exactly the s ame . 
Returning to (28) i t i s evident that 

u 2 < u,2 < 2u2 , n k n ' 

so that 

u < u, < u *J~2 . n k n 

Then k > n and by the l e m m a 

3 
u , >• u ,.,. • > •— u . k n+1 " 2 • n 

Since *f2 < 3 /2 , we have a contradict ion. The same argument applies to (29). 

The l e m m a r e q u i r e s that n > 2 or 3 but the re i s of cou r se no difficulty about 
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the excluded values. This proves 
Theorem 6. Each of the equations (28), (29), possesses no solutions. 

More generally, each of the equations 

r r r u + u = u, (0 < m < n) 9 m n k v ' > 

v + v = v, (0 ^ m < n) , m n k x ' 9 

where r ^ 2 has no solutions. 
Remark. The impossibility of (29) can also be inferred rapidly from the 

easily proved fact that no v is divisible by 5. Indeed since 

a5 = /35 = | (mod's/5) , 

it follows that 

n+5 , nn+5 _ 1 , n , Jti. 1 . ,' /=. 
V-5 = a + P 2{a & ) = 2 Vn ( m ° d ^5) ' 

so that v _ ^ v (mod^5). Moreover none of v0, vls v3, v4 is divisible by 5. 
The mixed equation 

(32) v 2 + v 2 = u2 (0 < m < n) x ' m n k v ; 

has the obvious solution m = 2, n = 3, k = 5; the equation 

(33) u m + vn = uk { m > 0 ) 

has the solution m = 4f n = 3 , k = 5 . 
Clearly (32) implies 

v < \x, < v N/2 n k n 

This inequality is not sufficiently sharp to show that (32) has no solutions al-
though it does suffice for the equation 

r r r 
V x + v = Ui 

m n k 
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with r sufficiently l a rge . 

However (32) i s equivalent to 

<34> V + (-V™2 + v2n + ^ 2 = i <v2k " (" 1 ) k 2 > • 

If m + n EE 1 (mod 2), th is r educes to 

V2m = V2n = I iV2k " ^ 2 } • 

There is no loss in general i ty in assuming k > 5. Then since 

V2k = 5 v 2 k - 4 + 3 v 2 k - 5 ' 

we get 

v 0
 + v o = VO1 A + | { 3 v 0 1 _ - ( - l ) k 2 | . 2m 2n 2k-4 5 L 2k-5 ; j 

Since m < n and 

| { 3 v 2 k - 5 - ( " 1 > k 2 } < V 2k-5 • 

we mus t have 2n = 2k - 4 and 

5 v 2 m = 3 v 2 k - 5 " ( ~ 1 > k 2 = 6 v 2 k - 7 + 3 v 2 k - 8 " ^ 2 • 

It i s there fore n e c e s s a r y that 2m = 2k - 6 and we get 

5v0 = 6v0 , + 3vQ 0 + ( - l ) m 2 , 2m 2 m - l 2m-2 ' * 

which simplif ies to 

Hence m = 2s k = 5 9 n = 3 (a solution of (22)). 

Next if m = n (mod 2), (34) r educes to 
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v 0 + v 0 + ( - l ) n 4 = | {v01 - ( - l ) k 2 | 2m 2n K ; 5 l 2k v ; J 

and as above we get 

<35> v 2 m + V2n + ^ 4 = V 2k-4 + I i3v2k-5 " ^ 2> 

It Is n e c e s s a r y that 2n = 2k - 4, so that (35) reduces to 

(36) 5 v 2 m + ( - l ) m 2 0 = 3 v 2 k _ 5 - ( - l ) k 2 . 

Clearly 2m < 2k - 6. If 2m < 2k - 6 we get 

3 v 2 k - 5 " { - ^ 2 * 5 V 2 k - 7 + ^ m 2 ° -

'2k-6 2k-

which Is not poss ib le . Thus 2m = 2k - 6 and (36) becomes 

5v0 + ( - l ) m 20 = 3v0 n + ( - l ) m 2 . 2m v ; 2m+l K ' 

This r educes to 

v 0 . = (-1) 18 , 
2 m - 4 ' • ' • 

which i s sat isf ied by m = 5. Then k = 8, n = 6 but this does not lead to a 

solution of (32). 
This completes the proof of 

Theorem 7. The equation 

v l + v^ = u / (0 < m < n) m n k x ' 

has the unique solution m = 2, n = 3, k = 5. 

The equation 
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(37) u 2 + v 2 = u 2 (m > 0) 
m n k v ; 

can be t r ea t ed in a l e s s tedious manner . Suppose f i r s t that v < u . Then (37) 
vr n m \ ; 

impl ies 

u 2 < u,2 < 2u 2 
m k m 

and as we have seen above this i s imposs ib le . Next let u < v . If k > n + 2 

then 

u 2 > u 2 „ = (2u , - + u )2 = 2(u , - + u 1 ) 2 + 2 u 2
i 1 + 2 u M u . k n+3 v n+1 n7 x n+1 n - l ; n+1 n+1 n -2 

+ u 2 - u2 ., > 2v 2 
n n - 1 n ' 

so that (37) i s cer ta inly not satisfied. Since k > n + 1 it follows that k = n + 2. 

Thus (37) becomes 

(38) u 2 = u2
 0 - v 2 - 3 (u 2 - u2

 n ) 
v ; m n+2 n. n n - 1 ' 

as i s easi ly verified. If m > n + 2 then 

u 2 > u2 = (2u + u n )2 > 3 (u2 - u2
 1 ) , m n+2 v n n - 1 ; v n n - 1 ; J 

contradic t ing (38). Since for n > 3 

3(u2 - u2 , ) - u 2 = 2u2 - 3u2 , > | u 2
 1 - 3u2 > 0 Vn n - l ; n n n - 1 2 n - 1 n - 1 

i t follows that m > n. Thus m = n + 1 and (38) becomes 

u2 , = 3(u2 - u2 , ) . n+1 x n n - 1 ; 

This impl ies u + u - = 3, n = 35 which leads to the solution n = . 3 , m = 4. ^ n n - 1 ' ' ? J 

k = 5 of (37). As for the excluded values n = 1, 2 i t i s obvious that they do 

not furnish a solution. This p roves 

Theorem 8. The equation 
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u 2 + v 2 = u 2 (m > 0) m .n k x ; 

has the unique solution m = 4, n = 3 , k = 5 . 
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