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1. INTRODUCTION

Let A = (ay,aq,---) denote a (possibly finite) sequence of integers. We
shall let P(A) denote the set of all integers of the form gl €1 where S
is 0 or 1., If all sufficiently large integers belong to P(A) then A is said
to be complete, For example, if F = (Fy,F,y,---), where Fn is the nth Fib-
onacci number, i.e., F; =0, F;y =1 and Fn+2 = Fn+1 + Fn for n=0, then
F is complete (cf. [1]). More generally, it can be easily shown that F satis-
fies the following conditions:
(A) If any one term is removed from F then the resulting sequence is
complete.
(B) If any two terms are removed from F then the resulting sequence is
not complete. -
(A simple proof of (A) is givenin [1]; (B) will be proved in Section 2.)
In this paper it will be shown that a "slight' modification of F produces
a rather startling change in the additive properties of F. In particular, the
sequence S which has Fn - (—1)n as its nth term has the following remarkable
properties:
(C) Ifanyfinite subsequence is deleted from S thenthe resulting sequence
is complete.
(D) If any infinite subsequence is deleted from S then the resulting se-

quence is not complete.

2. THE MAIN RESULTS

We first prove (B). Suppose Fr and FS are removed from F to form

F* (where r < s). We show by induction that F -1 ¢ P(F*) for k =

s+2k+1
0,1,2,---. We first note that the sum of all terms of F* which do not exceed
FS+1 -1 is just
s-1 5-1
- = - - = - - < F -
k__z_le Fr il (Fk+2 Fk+1) Fr Fs+1 1 Fr Fs+1 !
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and hence Fs+1 -1 ¢ P(F*), Now assume that F -1 e# P(F*) for some

s+2t+1

t = 0 and consider the integer F 1. The sum of all terms of F*

s+2t+3
which are less than Fs+2t+2 is just
s+2t+1

& B m Ty = Fappg =1 - Fp = Fg < Foppg -1
Thus, in order to have Fs+2t+3 - 1 ¢ P(F*) we must have Fs+2t+3 - 1=
Fs+2t+2 + m, where m e P(F*), But m = Fs+2t+3 - Fs+2t+2 -1 = Fs+2t+1
-~ 1 which does not belong to P(¥*) by assumption. Hence Fs+21;+3 -14¢
P(F*) and proof of (B) is completed.

We now proceed to the main result of the paper.

Theorem: Let 8§ = (s4,8y,--+) be the sequence of integers defined by
s, = Fn— (—l)n. Then 8 satisfies (C) and (D).

Proof: The proof of (D) will be givenfirst. Let the infinite subsequence
8; <8 <sy < e be deleted from S and denote the remaining sequence by
3
S*, In order to prove (D) it suffices to show that

8. -1 ¢ P(S*) for n = 4

i +1
n
We first note that

8, + 8, = 8yt 8y = 2
L 1z '

Therefore, we have (cf. Eq. (1))

j#il’i2

Hence, to represent s; .1 -1 in P(S*) we must use some term of $* which
exceeds Sip-1 (since by above, the sum of all terms of S* not exceeding
Sip-1 is less than Sip+l = 1 for n= 4), Since i, is missing from 8*, then
the smallest term of S* which exceeds Sin—l is Sin+1 (which, of course, is
greater than Sin+1 - 1), Thus
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S; 41 -1 § P(S*) for n = 4
n
and (D) is proved,
To prove (C), let k >4 and let S' denote the sequence (sk, Skr1?
Spepor ). For non-negative integers w and x, P(S') is said to have no gaps

of length greaterthan w beyond x provided there do not exist w+ 1 consecu-

tive integers exceeding x which do not belong to P(S'). The proof of (C) is
now a consequence of the following two lemmas,

Lemma 1: There exists v such that P(S') has no gaps of length greater
than v beyond Sy -

Lemma 2: If w > 0 and P(S') has no gaps of length greater than w
beyond Sy then there exists i such that P(S') has no gaps of length greater
than w - 1 beyond s, .

Indeed, by Lemma 1 and repeated application of Lemma 2 it follows that
there exists j such that P(S') has no gaps of length greater than 0 beyond
Sj . Thatis, S' is complete, which proves (C).

Proof of Lemma 1: First note that

_ 2n 2n+1 _ _ _
Son T Sont1 T Fop - D Fop g - 1) = For " Fonr1 = Fonea ™
Sonea T 1+
Similarly,
L .2n+l 2n+2
Son+1 © Sopre = Foner ~ D) * Foneg = 1)
= Font1 T Fonrg = Foneg = Somz — 1 -

Also, we have

(Sy+8y+-ents = (Fi+1)+ (Fy= 1)+ -+ (F - 1))
n n
= ZFj—t—en = Z (Fj+2—Fj+1) + €
=1 =1
(1)
= Fp -1+ &

- €
n+2 n

—
Il
1]

where
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0 for n even
En 11 for n odd

Thus

n

N - - + = .
Z sJ 842 = Smt1 ~ n T Sm-1 for n m
=1

Now, let h > k+ 1 andlet

P' = P((sy,8y,15° 8y ={Pi:Pasrer .0 )

where p] < p; < +++ < p;l. Let
_ max _
= jer=n-1 Ppeg " Pp) -
Then
h>k+1> 5==m>sh2 Sk+1+2
=Sy S T h T G T L
‘ - = -
=Spt2 T Sht1 — Skl T Ch T kel

1=
o

=51 = Sm2 T Ske1 T T Ckr1 T

[
[
[y

Since

max  tnt -
l=r=n-1 ((pi-ﬂ * sh+1) (pr * Sh+1)) v

then in

PH

P((Sk""’sh’sh+l))
P (g essy)) N (@ + 8pg s a0 € P ((oeeusy)))

{p'iyapéra' °0 ;:;_l} ]

"
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< pY< oeee < p;, , We have

max 17" 71 <<
i=r=n-1 @Pps; ~Pp) =V .

Similarly, since

then in

h>k+1>5=$sh+zs Sj

AU 4 (NP B A0 SR Ut

where p'l" < p'z" < eee < p;l',', , we have

max

-p") =v, etc.
1=r=n"-1 r

e
(Priq

By continuing in this way, Lemma 1 is proved,

The proof of Lemma 2 is a consequence of the following two results:

(@)

(b)

For any r = 0 there exists t such that m > t implies all the
integers

SptV¥e V= 0,£1, £2,¢° ,+(r - 1)
belong to P(8").
There exists r' such that for all sufficiently large h', P(S') has
no gaps of length greater than w - 1 between Spr t r' and Spre1 ~
r' (i,e., there do not exist w consecutive integers exceeding Spr

+ r' andless than s - r' which are missing from P(S') ).

h'+1

Therefore, for s; sufficiently large, P(S') has no gaps of length greater

than w -

1 beyond S;» which proves Lemma 2,

Proof of (a): Choose p such that

2]
v
=

2p - 3 = k and 2p-2

and choose n such that

nzszp_2+p and n=r+k
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Then
n 2n-2m-4 n n-m-1 2n-2m-4
Z Soi-1" z 8 = Z Si-1 ~ Z S2i-1 " 2 %
i=n-m j=2p-3 i=1 i=1 j=2p~-3
n n-m-1 2n-2m-4
=n+ZF2i_1—n+m+1- Z in_1+ z sj
i=1 i=1 j=2p-3

=m+1+F, -F

on ~ Yon-2m-2 ¥ Sp-am-2t 0 " Sp97 0

2p-2
SZH—(szp_z-m—l),for 0=m=n-p-1 ,

Since 2p - 3 = k, then all the summands used on the left-hand side are in S',
Hence, all the integers

s2n-(s2p_2—m—1), 0=m=n-p-~-1

belong to P(S'). Since n =

Therefore, all the integers

s2n—(s2p_2—m-l), 0 = ms= szp_z—l §
belong to P(S'), i.e., all the integers
- m!' = = -
Sop = M', 0 m' = szp_2 1.

But S2p—2 =r, so that we finally see that all the integers

szn-m', 0=m'=r-1,

belong to P(S').

To obtain sums which exceed So,» DOte that for 1 = m = n - k wehave
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n n n-m
S2j-1 " Son-zm T E S2j-1 ~ z S2j-1 * S2n-2m
j=n-m+1 =1 j=1
=ot Fyy - @-m - Py om ¥ Son_om
= m + F2n -1
= m+ s,
Since the sums
n
z S2j—]_ * Sy om for m =1,2,...,n - k
j=n-m+1

are all elements of P(S8'), andsince n - k =r, then all the integers

S, +m, l=m=r ,

2n

belong to P(S'). ‘
Arguments almost identical to this show that for all sufficiently large n,
all the integers

Sont1 +m, m=0,xl,--¢,x(r-1) ,
belong to P(S'). This proves (a).

Proof of (b): We first give a definition. Let A = (a,a,,--- ,an) be a

finite sequence of integers. The point of symmeiry of P(A) is defined to be
n

the number %Z é’k' The reason for this terminology arises from the fact

k=1
that if P(A) is consideredas a subsét of the real line, then P(A) is symmetric
n

about the point -21- Z . For we have
k=1

n
p = Z €8, € PA)y= }: (1-¢€a, = Z 2, - P € P(A)
k:l k:]_ k=1

=]
=]

and the points p and 2, - p are certainly equidistant from %-‘Z ay.
=1

7t
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Now note that if r is sufficiently large then

Sy > 3 > —Sk+1+ 3,
Spr1 " 5% 7 ST 2
Sp P = Spg <81
Spr2 T Sl T Sk S Spma T S T Sker 0
and
- < € . €
Spez T Sw1 C e TG T St
Therefore
T
1 -1
2‘22 85 = 5 na " S1ny ~ 5 T Ga) < Spug
j=k
and
1 (s - 8 - € 4+ € y > s
2 Tr+2 k+1 r kt+1 h

for all sufficiently large r. In other words, for all sufficiently large r, the

point of symmetry of P((sk,- XN Sr)) lies between Sy and s By hypothe~

r+1°
sis no gaps of length greater than w occur in P(8') beyond Sp. Since h > k

> 4 implies

Sp< Sme1 < Spa < 07T s

then no gaps of length greater than w can occur in P((sk,-' .. ,sr)) between

sp and s (For if they did, then they would remain in P(8') since s

r+1° r+1
< B9 <0t ,) But
r
S > 3
r+1 2 J
j=k
T
and -;— Z( Sj is the point of symmetry of P((sk, oo ’Sr))' Therefore,
j:
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and by symmetry no gaps of length greater than w occur in P((sk,o .- ’Sr))
between

r

Z{sj - S and Z sj -8y -

1= ]=k

Thus, no gaps of length greater than w occur between Sy and

I
Z Si "5 = Sp+2 7 Sk T “h Y ki1 " Sn

j=k
provided that r is sufficiently large. Now consider P((Sk’ "ttaSlg )). Since
Spr1 * Spr2 T Spag (_1)1‘+1
then Sl + Spio +p and S 43 + p are elements of P((sk, et 8.a )} which

differ by 1 whenever p is an element of P((sk,n 58, )). Hence, since in

P((sk,-- 98, )) there are no gaps of length greater than w between Sh and
I

Z sj - Sy then in P((sk, <o ’Sr+3)) there are no gaps of greater length than

=k
w - 1 between

v ,
syt Sh+3 and Z Sj -8yt Spig -
=k :

Similarly, consider P((sk, a8y )). Since

_ r+2
Sprg T Sprg T Spg T D)

and there are no gaps in P((sk,- a8l )) of length greater than w between
r+l

Sh and z sj = Sp» then there are no gaps in P((sk,-- . ’Sr+4)) of length
=k
greater than w - 1 between r+1
Sp + Spia and Z sJ. - Syt Sy
=k
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s + (_1)r+q and there are

In general, for q > 0 since »sr+q'+ S prge1 = Sr+q+2

no gaps in P((sk, cee ’Sr+q~1)) of length greater than w between. Sh and
r+q-1
_E S: = Sp» then there are no gaps in P((sk,~ . ’sr+q+2)) oflength greater
j=k r+q-1
than w - 1 between s, * Sr+q+2 and jik S, -8yt Sr+q+2' But
r+q-1
Z 5 7 Sn * Spig-2 T Sreqrl T Ske1 T “rtgrt T %1 " Sh T Sprq+2
j=k _ _\ratl _ B
= Spigrs t 1) Ske1 T Sh T Crvgrr T Sk

= Sr+g+3 ~ Sk+1 T Sh T 2

Therefore, if we let

r' +sh+2

= Skl T B ‘
then for all sufficiently large z, there are no gaps in P((Sk’ ca ,sZ)) of length

greater than w - 1 between s, + r' and S,01 " r' (since the preceding argu-

+1
ment is valid for q > 0 and all sufficiently large r). This completesthe proof
of (b) and the theorem.,

3. CONCLUDING REMARKS

Examples of sequences of positive integers which satisfy both (C)and (D)
are rather elusive. It Would'be intéresting to know if there exists such a se-
quence, say T = (ti,t9,--:), which is essentially different from S, e.g.,
such that

lim ‘nr1 + 1+ N5
n—co tn 2

The author wishes to express his gratitude to the referee for several sug-

gestions which made the paper considerably more readable,
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