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In the October* 1963 issue of this journal [l] , the author dis-

cussed some of the periodic properties of Fibonacci summations. It 

was noted that a certain determinant was basic to these considera-

tions. Its main characteristics and value were indicated and a pro-

mise was given of additional explanation in some later issue of the 

Fibonacci Quarterly. The purpose of this article is to set forth the 

manner of evaluating these determinants on an empirical basis. The 

proof of the general validity of the results obtained is to be found in 

an article by Terry Brennan in this issue of the Quarterly [2], 

To fix ideas the determinant of the sixth order will be used. 

Written in a form that brings out its Fibonacci characteristics it 

would be: 
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A c e r t a i n s u b t l e t y s h o u l d be n o t e d in the f i r s t l ine a s the f i r s t " 1 " 

s t a n d s for F - a n d the s e c o n d f o r F , . 

B y s e p a r a t i n g t h e t e r m s of the f i r s t c o l u m n i n t o g r o u p s , t he 

p r o b l e m c a n be c h a n g e d to t h a t of e v a l u a t i n g t h r e e d e t e r m i n a n t s w i t h 

f i r s t c o l u m n s a s i n d i c a t e d be low: 

81 
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(1) 

1 

26 

(2) 

1 

1 

13 

(3) 

Determinants (1) and (2) can be evaluated in t e r m s of what shal l be 
called the BASIC POWER DETERMINANT. Dete rminant (3) will be 
developed in t e r m s of the cofactors of the f i r s t column which involve 
the basic power de te rminan t minus one of i ts rows . 

BASIC POWER DETERMINANT 
The f i r s t de te rminan t has a common factor in each of i ts rows 

(the factors a r e 1 , 2 , 3 , 5 , 8 , 1 3 respec t ive ly) . If these fac tors be taken 
out of the de te rminant , we have what will be called the basic power 
de te rminant . For the sixth o rde r , it is as shown below: 
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This de te rminan t is a specia l case of the m o r e genera l de te rminan t 
in which the f i r s t row s t a r t s with any Fibonacci number whatsoever 
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The basis for evaluating this determinant is the re la t ion 

F F - F F = ( - l ) n + 1 F 
n n+k+1 n+1 n+k K } * k 

To evaluate the determinant we proceed to produce ze ros in the f i r s t 
row. This is done by multiplying the f i r s t column by F . , and sub-
tracting from this F. t imes the second column; then multiplying the 
second column by F. , and subtracting from this F . t imes the thi rd 
column; etc. The operations for the f i r s t and second columns would 
be as follows: 

4 i 4 '" 
Fr+i<Fi-iFi+i - w = t-1) FiFi+i •... 

Ff+2<Fi-lFi+2 - FiFi+l) \Wijr2Ft+2.. 

.4 /T_ ^ ^ w ; l A i „ ^4 
F i + 3 < F i - l F i + 3 ' . - F i F i + 2 ) = ^ " i + 3 

and so on. It is clear that the second row would have a factor F , , 
the third a factor F~, etc. Thus, after e l iminat ing the common fac-
tors and expanding by the non-zero t e r m in the las t column of the 
row, the absolute value of the resulting de te rminan t would, be F , F? 

•F^F.Fp. multiplied by the basic power de te rminan t of the fifth o r d e r . 
If we adopt the notation A n 
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to r e p r e s e n t the bas ic power de te rminan t of the nth o rde r , this r e su l t 
may be exp re s sed as 

l* 6 1 = n ( F 4 ) • | A | . 
1=1 

In genera l , for a de te rminan t of o rde r n, 

l ^ n l v n 1 ( F . ) - | A a | . 
1=1 

Since the p r o c e s s m a y be repea ted , it is not difficult to a r r i v e at the 
final resu l t : 

A = n F n - X . 

In the pa r t i cu l a r case of o rde r six, 

It is in te res t ing to note that the values of these basic power d e t e r -
minants a r e independent of where we s t a r t in the Fibonacci sequence. 

SIGN OF THE BASIC POWER DETERMINANT 
It is impor tan t to be able to de te rmine the sign of the bas ic de -

t e rminan t value inasmuch as we shall combine the values of d e t e r -
minants ( l ) and (2) with the values of the cofactors of de te rminan t (3). 
The cons idera t ions involved a r e a bit tedious . We dis t inguish four 
c a s e s accord ing as n i s of the form 4k, 4k+l , 4k+2, or 4k+3. The 
following th ree fac tors de te rmine the outcome: 
(i) The sign introduced by expanding from the las t e lement in the 

f i r s t row; 
(ii) The signs of the t e r m s , of the de te rminan t resu l t ing after each 

of the s teps indicated above. These t e r m s will be e i ther a l l 
plus or a l l minus . 
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(iii) The sign of A which is the s econd-o rde r de te rminan t of the 
f i r s t powers of the Fibonacci number s in the Last two rows . 
Thus, for the sixth o rde r de te rminan t we have been cons ide r -
ing, &z i s 

The final outcome is a s follows: 
(i) For o rde r 4k or 4k+l, the sign is always plus; 
(ii) Fo r o rde r 4k+2 or 4k+3, the sign a g r e e s with that of A 

As noted previous ly , the basic power de te rminan t enables us 
to evaluate de te rminan t s (1) and (2). The la t ter can be brought to 
this form by shifting the f i r s t column so that it becomes the las t 
column. 

BASIC POWER DETERMINANTS WITH ONE ROW MISSING 
To evaluate the th i rd de te rminan t we find the cofactors of the 

e lements in the f i r s t column. Fo r the e lement in the f i r s t row, this 
cofactor is a bas ic power de te rminan t after removing common fac-
t o r s , but for a l l the o thers it is e s sen t i a l ly a basic power de te rminan t 
with one row m i s s i n g . The absolute value of such a de te rminan t of 
o rde r n with a m i s sing row between the k and (k+l)st row will be 
r e p r e s e n t e d by 

A (k I k + 1) n ' 
the impl icat ion being that the absolute value does , not depend on the 
pa r t i cu l a r Fibonacci number with which it s t a r t s . When developing 
such a de te rminan t the p rocedu re is the same as for the development 
of the bas ic power de te rminant , only in this case the re is a gap. The 
calculat ion for a de te rminan t of o rde r n with a row mis s ing between 
the th i rd and fourth rows can be s u m m a r i z e d schemat ica l ly in the 
following m a n n e r . The column headings a r e Fibonacci n u m b e r s . A 
table en t ry is the power to which the Fibonacci number at the head of 
the column is being r a i s ed . The quanti t ies in any one row a r e mu l t i -
plied together . In the f i r s t row we have the r e su l t of the f i r s t step in 
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the evaluation in which the order is changed from 9 to 3; in the s e c -
ond, the fac tors resul t ing in reducing the determinant from order 8 
to o rde r 7; e tc , 

1 
1 
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1 
1 
1 
1 
1 
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1 
0 
1 
1 
1 
1 
1 . 
0 

0 

0 

1 
1 
1 
1 
1 
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1 
1 
1 
1 
0 

1 
1 
1 
0 

1 
1 
1 

1 
1 

The sum of the quanti t ies in any column gives the power of the F i b -
onacci number in the determinant. In the above case 

A9(3 | 4) = FJF^FJFJFJFJFJF, . 

The same resu l t would have been obtained if the gap had been after 
the sixth row. In genera l , if the determinant is of order n, a gap 
after the kth . row or the (n~k)th row gives the same result. 

The pa t t e rn observed is as follows: (1) A reduction of 2 in the 
powers of F-. to F inclusive (if k is l e ss than n-k); (2) A r e -
duction of 1 from F, M to F , inclusive; (3) No reduction there-

k+1 n-k x ' 
af ter . If n-k is less than k, the roles of k and n-k are reversed. 
Finally, if n - k equals k (even n), there would be a reduction of 2 
from 1 to k and no reduct ion thereafter. 

These r e s u l t s may be summarized in the following formulas. 
FORMULA FOR k LESS THAN n-k 

A (k k+1) n ' 
k . , n-k . n . , , 
n F ^ 1 " 1 n Fn'\ n Fn"1+1 

i=l 1 i=k+l 1 i=n-k+l x 

FORMULA FOR n - k LESS THAN k 

A (k n* k+1] n F.n x l 

i=l X 

k 
n 

i=n-k+l 

n Ff-i+1 

i=k+l 
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FORMULA FOR k EQUAL TO n - k 

87 

A (n/2 | n/2+1) 
n / 2 
n F 

i=l 

,n- i - l n 
XI 

. n , , 
F n - i + l 

i 

These fo rmulas a r e not difficult of appl icat ion. However, for the 
sake of convenience (in view of future considera t ions) and as a p o s -
sible guide to r e a d e r s the r e s u l t s for o r d e r s 12 and 13 a r e set down 
in deta i l . Since, however , t he re is s y m m e t r y in k and n - k only 
the f i r s t half need be given in each case . 

TABLE OF AT 0 (k 

1 
2 
3 
4 
5 
6 

£ 1 
10 
10 
10 
10 
10 
10 

12v 

2 
10 
9 
9 
9 
9 
9 

k+1) 

F 8 
4 
4 
4 
4 
5 
5 

3 
3 
3 
4 
4 
4 

10 11 x 1 2 
1 
1 
1 
1 
1 
1 

k F 

1 
2 
3 
4 
5 
6 

Fn F , 

TABLE OF A 1 3 ( k | k+1) 

10 11 12 x 13 

11 

10 

10 

1.0 

10 

10 

10 

10 

9 
9 
9 
9 

9 
9 
9 
8 

8 

8 

8 

8 

8 

8 

7 

7 

7 

7 

7 

7 

7 
6 

6 

6 

6 

6 

6 

6 

5 

5 

5 

5 

5 
6 

4 

4 

4 

4 

5 

5 

3 

3 

3 

4 

4 

4 

2 

2 • 
3 

3 

3 

3 

1 

2 

2 
2 

2 
2 

1 

1 

1 

1 

1 

1 

SIGN OF POWER DETERMINANT WITH ONE LINE MISSING 
The cons idera t ions leading to the de te rmina t ion of the sign of 

power de te rminan t s with a line mi s s ing a r e involved. The approach 
is p r e c i s e l y the same as for the power de te rminan t . The r e s u l t s for 
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a l l values of n, i ( subscr ip t of the leading Fibonacci number in the 
determinant) and k (as defined for the b r eak point but taken modulo 
4) a r e l is ted in the following table . 

k 4r 4r+l 4r+2 4r+2 4r+3 4r+3 

1 

2 

3 

4 

-

-

+ 
+ 

+ 

-

-
+ 

i odd 

+ 
+ 
-
~, 

i even 

-

-
+ 
' + 

i odd 

+ 
-
-

+ 

i even 
-

+ 

+ 
-

EVALUATION OF THE ORIGINAL DETERMINANT 
We noted previous ly that the or ig inal de te rminan t could be 

r e p r e s e n t e d a s the sum of t h r ee s epa ra t e de te rminan t s (1), (2), and 
(3). Determinant (1) i s s imply the product of Fibonacci number s (one 
from each row) by the bas ic power de te rminan t . Thus for the sixth 
o r d e r , the si tuation would be as follows: 

BPD 
F's 

(1) 

Fl 

5 

5 

F 2 

4 

1 

5 

F 3 

3 

1 

4 

F 4 

2 

1 

3 

F5 

1 

1 

2 

F6 

1 

1 

F 7 

1 

1 

The sign would be negat ive . 
Dete rminant (2) can be re la ted to the bas ic power de te rminan t 

by moving the f i r s t co lumnin to the las t posi t ion. For the sixth o rde r , 
this involves a change of sign„ Again fac tors can be taken out leaving 
a bas ic power de te rminan t . The pa t t e rn is a s follows: 

BPD 

F's 

(2) 

F, 

5 

1 

6 

F 2 

4 

1 

5 

r-3 
3 

1 

4 

F 4 

2 

1 

3 

F 5 
1 

1 

2 

F 6 

1 

1 

The sign would be positive* 
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To evaluate (3) we expand by the f i r s t column. We shall des ig -
nate success ive e lements of the expansion, due account being taken of 
a l l s igns includingthe negative quanti t ies in the f i r s t column, by suc-
cess ive capi tal l e t t e r s : A, B, C, D, . . . . A gives r i s e to a s imple 
bas ic power de terminant ; B to one with a line m i s s i n g (k = 1); C with 
the second line mi s s ing (k = 2); e tc . However, the re a r e fac tors that 
have to be mult ipl ied in each c a s e . It should be noted too that we a r e 
r e f e r r i ng to de te rminan t s of the fifth o rder and not of the sixth. 

F l 
4 

4 

F l 
3 

3 

F l 
3 

3 

F 2 
3 

3 

F 2 
3 

3 

F 2 
2 

2 

F 3 
2 
2 
4 

F 3 
2 
1 

3 

F 3 
2 
1 
3 

F 4 
1 
2 

3 

F 4 
1 
2 

3 

F 4 
2 
1 

3 

F 5 

2 

2 

F 5 
1 
2 

3 

F 5 
1 
2 

3 

F 6 

2 

2 

F 6 

2 

2 

F 6 

2 

2 

F 7 

1 

1 

F 7 

1 

1 

F 7 

1 

1 

(negative) 

(positive) 

(positive) 

F i 
3 

3 

F 2 
2 

2 

F 3 
2 

2 

4 

F 4 
2 
1 

3 

F 5 
1 

1 

2 

F 6 

2 

2 

F „ 

1 

1 (negative) D 

F F F F F F , F 
3 3 2 1 1 

2 2 1 1 1 
E 3 3 4 3 2 1 1 (negative) 
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F l 
4 

4 

F 2 
3 

3 

• F 3 
2 

2 

4 

F 4 
1 

2 

3 

F 5 

2 

2 

F 6 

1 

1 

F 7 

(positive 

Summariz ing in one table (omitting the f i r s t and second Fibonacci 
number fac tors a s they a r e both unity) we have the following for the 
evaluation of the de te rminan t of the sixth o r d e r . 

(1) 
(2) 

A 

B 

C 

D 

E 

F 

Sign 

-

+ 
-

+ 
+ 
-
-
+ 

F 3 
4 

4 

4 

3 

3 

4 

4 

4 

F 4 
3 

3 

3 

3 
3 

3 ' 

3 

3 

F 5 

2 

2 

2 

3 

3 

2 

2 

2 

F 6 
1 

1 

2 

2 

2 

2 
1 

I 

F 7 

1 

1 

i 

1 

1 

1 

The following p a i r s of t e r m s combine: E and (1); F and (2); A and 
o o 

D; B and C. The resu l t ing sums have a common factor of 2 3 
2 5 , the adjoint factor being 144. Thus finally the value of the sixth 

12 5 2 o rde r de te rminan t is found to be 2 3 5 . 

DETERMINANT OF ORDER 12 
Without justifying al l the in te rmedia te s teps , the summat ion 

table for o rde r 12 is shown below* 

(1) 
(2) 
A 

B 

C 
D 

Sign 

+ 
. 
+ 
-

-
• t 

F 3 
10 

10 
10 

9 
9 
9 

F 1 4 
9 
9 
9 
9 
8 
8 

D 

3 

8 
8 

8 

8 
7 

F 6 
7 

7 
7 

7 

7 
7 

F 7 
6 

6 
6 

6 

6 
6 

F 8 
5 

5 
5 

5 

5 
5 

F 9 
4 

4 
4 

4 

4 
5 

F 1 0 

3 

3 
3 

3 
4 

4 

F n 
2 

2 
2 

3 

3 
3 

F £ 1 2 
1 

1 
2 

2 
2 
2 

F ^ 1 3 
1 

1 

I 

1 
1 
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E 

F 

G 

H 

I 

J 

K 

L 

Sign 

+ 
-

-
+ 
+ 

-

-

.+ 

F 3 

9 
9 
9 
9 
9 
10 

10 

10 

F 4 

8 

S 

8 

8 

9 
9 
9 
9 

F 5 

7 

7 

7 
8 

8 

8 

8 

8 

F6 

6 

6 

7 

7 

7 

7 

7 

7 

F? 

6 
6 
6 
6 
6 
6 
6 
6 

• F 8 

6 

6 

5 

5 

5 

5 

5 

5 

F9 
b 

5 

5 

4 

4 

4 

4 

4 

F 
•Mo 
4 

i 

4 

4 

3 

3 
"2, 

3 

- 11 

3 

3 

3 

3 

3 

2 
7 

2 

F 12 
2 

2 

2 

2 

2 

2 

1 

1 

F13 
1 

1 

1 

1 

1 
1 

1 

It will be noted that the following p a i r s add up to ze ro : E and F; D 
and G; C and H; B and I; A and J; (1) and K; (2) and L. Therefore , the 
value of the determinant i s z e r o . The same re su l t was found for o r -
d e r s 4, 8, and 16. 

DETERMINANT OF ORDER 1! 

(1) 
(2). 

A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

L 
M 

Sign 

+ 
+ 
-

-
+ 
+ 
-

-
+ 
+ 

-

-
+ 

'•+ 

-

F 3 

11 

11 

11 

10 

10 

10 

10 

10 

10 

10 

10 

10 

11 

11 
11 

F 4 

10 

10 

10 

10 

9 
9 
9 
9 
9 
9 
9 
10 

10 

10 
10 

F5 

9 
9 
9 
9 
9 
8 

8 

8 

8 

8 

9 
9 
9 

9 
9 

F6 

8 

8 

8 

8 

8 

8 

7 

7 

7 

8 

8 

8 

8 

8 
8 

F? 

7 

7 

7 

7 

7 

7 

7 

6 
7 

7 

7 

7 

7 

7 
7 

F8 

6 

6 

6 

6 

6 

6 

6 

7 

6 

6 ' 

6 

6 

6 

6 
6 

F9 
5 

5 

5 

5 

6 

5 

6 
6 
6 
5 

5 

5 

5 

5 
5 

F 
10 

'4 

4 

4 • 

4 

4 

5 

5 

5 

5 

4 

4 

4 

4 
4 

Fll 

3 

3 

3 

3 

4 

4 

4 

4 

4 

4 

4 

3 

3 

3 
3 

F 
12 

2 

2 

'2'" 
3 

3 

3' ' 

3 

3 

3 

3 

3 

3 

2 

,2 
2 

F 13 

1 

1 •' 

2 

2 

2 

\2 

2 

2 

2 

2 

2 

2 

2 . 

• 1 

1 

Fl 

1 

1 

1 

I 

1 ' 

1 

1 

1 

1 

l' 

i 

1 

1 
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It will be noted that the following p a i r s add up to ze ro : E and G; 
C and I; A and K; (2) and M. The o thers can be combined to give the 
following table . 

(1), L 
B, J 
D, H 
F 

Sign 
+ 
-
+ 
-

F 3 
12 

11 

11 

10 

F 4 
10 

10 

9 
9 

F 

9 
9 
8 

8 

10 11 12 13 F 14 
7 
7 
7 
6 

6 
6 
6 
7 

5 
5 
5 
6 

4 
4 
5 
5 

3 
3 
4 
4 

2 
3 
3 
3 

1 
2 
2 
2 

1 
1 
1 
1 

After taking out the common factor 

10 9 F 8 7 6 6 5 4 
* 3 4 5 6 7 8 9 10 

the following r e m a i n s for evaluation: 

11 12 13 14 

Sign F 3 F 4 F 5 F 6 F ? FQ F() F ^ F n F F F 12 13 14 

+ 
-
+ 

2 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 1 

1 

1 

1 

1 

1 

1 

1 

1 

1 1 1 

No easy method was found for evaluating the sum of these quant i t ies . 
Essen t i a l ly it was a m a t t e r of evaluating them, combining them and 
then factoring. For tunate ly , a s the number s to be factored i nc r ea sed 
in size going up to 23 digits in one ins tance , a pa t t e rn involving F i b -
onacci and Lucas number s was d i scovered with the r e su l t that the 
formulas (1) and (2) on page 38 of [ l ] we re d i scovered . 

The m a t t e r can be allowed to r e s t h e r e . The path pursued has 
been i l lus t ra ted in sufficient detai l to allow o thers to explore these 
in te res t ing de t e rminan t s . The formulas obtained as well a s the de t e r -
minant values to the twentieth o rde r a r e set forth in the paper [l] and 
need not be repea ted . 
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