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T H E E U C L I D E A N A L G O R I T H M II 

1. I N T R O D U C T I O N 

In P a r t I [ l ] we s a w t h a t the g r e a t e s t c o m m o n d i v i s o r of . two 

n u m b e r s c o u l d be c o n v e n i e n t l y c o m p u t e d v ia the f a m o u s E u c l i d e a n 

a l g o r i t h m . S u p p o s e t h a t e x a c t l y n s t e p s ( d i v i s i o n s ) a r e r e q u i r e d to 

c o m p u t e t h e g. c . d. of s a n d t (s > t ) . We t h e n h a v e 

(1) s = t q , + r , 0 < r < t 

(2) t = r , q^ + r , 0 < r? < r 

(3) r x = r 2 q 3 + xy 0 < ^ < rz 

(4) r 2 = r 3 q 4 + r ^ 0 < T^ < r^ 

(5) r 3 = r 4 q 5 + r ^ Q < x 
5 x 4 

(n-1) r 0 = r ^ q -,+r 1 0 < r , < r 9 
N ' n - 3 n - 2 ^ n - 1 n - 1 , n - 1 n - 2 

(n) r ~ = r , q + 0 . x ' n - 2 n - 1 ^n 

S ince e a c h q u o t i e n t q. > 1, t h e a b o v e e q u a t i o n s i m p l y 

e t c , 

(21) t > r : + r 2 

(3 ') r l - ^ r 2 + r 3 

(4') r 2 > r 3 + r 4 

(5 ') r
3 > r 4 + r 5 
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F r o m (21) and ^ i, -„ ~, * -' ,• , ' /, I rom (4f)? 2 r + r > 
(2 r . + 2 r J + r_, Sim:^"Ly, L - -.. t'i r \ ^ -! " r . > (3 r . + 3 r . ) + 
2 r . , e tc . Continuing In ch.-1 s JI* u % . .v j i<^ * he generous abundance 
of Fibonacci n u m b e r s . Thus 

t •£• r , + r > 2r -1-r, > 3rn-f2r , > 5r ,+3r r 1 2 2 j ~~ ..:> 4 *~ 4 5 

> ¥ , r _ + F n r _ "~ n-1 n-2 n-2 n-1 

2. A BASIC RESULT 
Since the r e m a i n d e r s form a sti 'i^tiy dec reas ing sequence with 

r , the las t n on-zero r e m a i n d e r . n-1 -

c „ v r 
XI-& "* 1 1 - I 

Consequently, 

n-1 xi" L n-L ) j - ! '"" n- 1 n-Z n+1 

To s u m m a r i z e , if n divisions a r e requ i red to compute the g. c. d. of 
st 

s and t, then t is at leas t as large as the (n + 1) Fibonacci 
number! 

3. LAME'S THEOREM 
Although the Eucl idean a lgor i thm is over 2,000 yea r s old, the 

following r e su l t was es tabl i shed by Gabr ie l Lame in 1844. 
Theorem 

The number of divisions requ i red to find the g„ c. d. of two num-
be r s is never g r e a t e r than five t imes the number of digits in the sma l l e r 
number . 
Proof. 

Let 4> designate the golden ra t io . In [2] it was shown that 

*pn = F n <t> + F n ^ | , n=l , 2, 3, . . . 
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Now since 2 > <t> = (1 + ^/5)/Z9 we see that 

2F + F , > F 4> + F , or 
n ii-1 n n-1 

F > * n 

n+2 

Replacing n by n~l and using the "basic r e s u l t " of the preceding 
sect ion yields 

t > * n - 1 . 

To complete the proof note that 

(i) if t has d digits then d > log t 

(ii) log t > (n-1) log 0 

(iii) log 4> > 1/5 • . 

Thus d > ( n - l ) / 5 or n < 5d . 
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