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ON SUMMATION FORMULAS FOR FIBONACCI AND LUCAS NUMBERS 
DAVID Z E I T L I N , Honeywel l , 

Minneapolis, Minnesota 
n 

Recently, Siler [ l ] gave a closed form for X F , , , where 
' , , ak -b 

k=l 
a> b a r e posi t ive in tegers and F, a r e Fibonacci number s with F n = 0, F , = 1, and F . 0 = F (1 + F , n = 0, 1, . . . . In this note, u 1 n+2 n+1 n 
we will es tab l i sh a m o r e genera l summation formula which yields the 
r e s u l t of [ l ] as a specia l c a s e . General summat ion formulas for F ib -
onacci and Lucas number s will be obtained as specia l c a se s of our 
genera l r e su l t . 

Theorem. Let p, q, u * and u, be a r b i t r a r y r e a l n u m b e r s , 

p u n (n = 0, 1, . . . ) , 

(n= 0 , 1 , . . . ) , 
2 2 

where r , / r~ a r e roots of x - qx + p = 0 (i. e. , q - 4p •/ 0). We define 
(3) u _ n = (u Q S n - u n ) / p n (n= 1 , 2 . . . . . ) , 

(4) S - n = S n / p n (n= 1,2, . . . ) . 

Let a = 0, 1, . . .• d = 0, ±1, ±2, . . . , and let x be a r e a l number . Then 

71 „ , a 2. v k a n+2 (1-S x + p x ) 2 u , , , x = p x u . j x a r i n ak+d r an+d 
(5) k = ° 

- x u• , , -j + xu , j + (1-xS )u , . an+a+d a+d x a d 
Moreover , in the region of convergence , we have 

a 2 ' *° k 
(6) ( 1 - S a x + P x ) S u a k + d x = u d + ( u a + d - u d S a ) x . 

k=0 
Proof. If C , i = 1,2, a r e a r b i t r a r y cons tants , then u = C, r1 + C 0 r , — l J n 1 1 2 Z 
n = 0, 1, . . . , is the genera l solution of (1). Then 

v k = uak+d = ( C l r l ) ( r l ) k + < C 2 r 2 ) ( r 2 ) k ' k = 0, 1, . . . , 

sa t i s f ies the l inear difference equation 
105 
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< 7 > V k + 2 = S a V k + l " P ^ k ( * = 0 , 1 . . . . ) . 

a s i n c e (x - S o x + p ) = (x - ^ ( x - r ^ ) . Le t 

n k 
g(x ) = S V x . 

. k=0 -

k+2 M u l t i p l y i n g bo th s i d e s of (7) by x and t h e n s u m m i n g bo th s i d e s w i t h 

r e s p e c t to k3 we o b t a i n 
n T . 0 n , . , 0 n ,. 
v kfZ _ . k+1 a 2 v . k 

<»> k , Z 0 V k + 2 X = x & a = V k + l X - P X , * V k X ' 
• k = 0 k=0 

We no te t h a t 

,~, x k+2 , , . n+2 . n+1 
(9) ^ v k + 2 x = g W t v 6 + 2 x . + v n + 1 x - v l X - v Q , 

k= 0 

( 1 0 ) = V k + l X = ^ x ) + V n + l X - V0 * k=0 

If we s u b s t i t u t e (9) and (10) i n t o (8), u s e (7) to e l i m i n a t e v ?s a n d 

s o l v e for g(x), we o b t a i n o u r p r i n c i p a l r e s u l t , (5) . 
The g e n e r a t i n g func t i on for v, i s r e a d i l y o b t a i n e d f r o m (5) . 

L e t R > 0 a n d s u p p o s e t h a t s VL-X c o n v e r g e s for | x | < R . Ti ien, 
k=0 k 

fo r | x |<R^ v x —>0 a s n - > c & < . T h u s , fo r | x | < R , (5) y i e l d s (6) a s n ^ o o . 

R e m a r k s . L e t q = 1 and p = - 1 in (1). Then, fo r u n = 0 a n d u , = 1, we 

h a v e u ~ F , F = (-1) F , a n d S = L , t he w e l l - k n o w n L u c a s 
n n - n n n n 

s e q u e n c e , w h e r e L n = 2 and L, = 1. T h u s , (5) a n d (6), fo r u = F , 
b e c o m e , r e s p e c t i v e l y , 

( 1 - L x + ( - l ) a x 2 ) £ F . , , x k = ( - i ) a x n + 2 F , , x a i n ak+d an+d 
k=0 

n+1 - x F , , , + x F , , + ( 1 - x L ) F , ., an+a+d a+d a d 

(11) 

(12) ( 1 - L a x + ( - l ) a x 2 ) ~ F a k + d x k = F d + ( F a + d - F d L a ) x 
k=0 
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The main r e su l t of [1] is obtained from (11) for x = 1 and d = -b . 
For x = - 1 , (11) yields the in te res t ing resu l t 

(13) K-U 

+ < - 1 ) n F a n + a 4 d - F a + d + < L a + 1 ) F d " 

Fo r d = 0, (12) yields 

(14) ( l - L a x + ( - l ) a x 2 ) T F a k x k = F a x . , - ( a= 0 , 1 / . ...) . 
k=Q 

Again, let q = 1 and p = ~1 in (1). Then, for un = 2, and u = 1, 
we now have u = L , S = L , and L = (-1) L . Thus, with u • = L , n n n n -n n n n 
(5) and (6) become, respec t ive ly , 

( l - L a x + ( - l ) a x 2 ) z L a k + d x k = ( " D a x n + 2 L - ^ n + 1 L a n + a + d 
k=0 

4- x L _ + ( l - x L ) W a+d x a' d 
(15) 

(16) (1 -L x + ( - l ) a x 2 ) IT L , , , x k = L , + (L , , - L L, )x . x~ ' * a x ; i r* • ak+d d x a+d a d' 
k=0 
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