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n
Recently, Siler [1] gave a closed form for = F , where
k=1 ak-b
a> b are positive integers and Fk are Fibonacci numbers with
FO=O, F1=1, and Fn+2=Fn+l+Fn’ n=20,1,... . Inthisnote,

we will establisha more general summation formula which yields the
resultof [1] asa specialcase. General summation formulas for Fib-
onacci and Lucas numbers will be obtained as sp=cial cases of our
general result.

Theorem. Let p, q, u and Uy be arbitrary real numbers,
and let

(1) un+2= qun+1 - pun (n: 011’ ):
(2) Snzr?-kr? (n=0,1,...),

where 1, 7!1'2 are roots of x* - qx+p =0 (i.e., q2 -4p # 0). We define

n
(3) u_n—(uOSn—un)/p (n=1,2,...),
n
(4) S_n—Sn/p n=1,2,...).
Leta=0,1,...; d=0, %1, £2, ..., andletx bea realnumber. Then
n
a_2 k _ _a_nt2
(l—Sax +tpx) X U g =P X U 4d

k=0
(5) .

n+
X Uontasd T *%a4d * (l-xSa)ud

Moreover, in the region of convergence, we have

a2, == k _
(6) (1-Sax+px)k1;0 CEPIE —ud+(ua+d-udSa)x
Proof. If Ci, i=1,2, arearbitrary constants, then u = Cl rll.l + Czrrzl,

n=0,1,..., is the general solution of (1). Then
_ _ d,,_ak d,, ak _
Vie = U pig T (Clrl)(rl) +(C2r2)(r2) , k=0,1,...,

satisfies the linear difference equation
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a -—
(7) Vk+Z_Savk+l_pvk (k=0,1,...) ,
since (xz - S x + pa) = (x - ra)(x - ra). Let
a 1 2
n
g{x) = = vkxk
k=0
k+2

Multiplying both sides of (7) by x and then summing both sides with

respect to k, we obtain

D n n
- kt2 b+l a 2 13

(8) LEo VX = x5 T v ps -px v, x

k=0 k+2 a k=0 k+1 k=0 i

We note that

9 N L, Atz 0 I

( g kt2 =gl T vy " Vol 1 0’
n

k+l n+l
(10) kfo Vi ¥ gi{x) + Vo4 X - v

If we substitute (5) and (10) into (8), use (7) to eliminate Vo2 and
solve for g(x), we obtain our principal result, (5).

The generating function for Vi is readily obtained from (5).

xk converges for IXI<R.. Taexn,

Let R>» 0 and suppose that °§ Vi

k=0

for 1X1<R, vnxn#»@ a8 N-—eo. Thus, for IXI(R, (5) yields (6) as n=oe.

Remarks. Letqg=1andp=-1in (1), Then, for ug =0 and u; = 1, we
haveu =F _, F _= (—l)nHF , and S =z L, the well-known Lucas
n n -n n n n
sequence, where Ly = 2 and L, = 1.  Thus, (5)and {6), for u = Fn,
become, respectively,
oL (o) 2 P o 1)
(- 2 x )k—O ak+d™ * antd
(11) -
n+l
- <F -
* Fantatd TEE 4 T XLa)Fd ’
(12)  (I-Lx+(-1)%%) £ F x=F, +(F ,  -F.L)x
a ke 0 ak+d ~d a+d d"a '
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The main result of [1] is obtained from (11) for x = 1 and d = -b
For x = -1, (11) yields the interesting result

a 2 k +
WH-DTHLY) 2 C)7F = COTUF, g
(13) k=0

n
H(DPF, g - Fapg T (L HDF

d
For d = 0, (12) yields

2 E ]
(14) (-Lx+(-1)*%%) 2 F x“=Fx, (a=0,1,...)
a ak a
k=0
Again, letg=1and p=-11in (1). Then, for ug = 2, anclu1 =1,
wenowhaveu =L ,S =L ,and L :(—l)nL . Thus, withu = L ,
n n’ n n -n n n
(5) and (6) become, respectively,
n
a_2 k a nt2 n+l
(l_La.XH-l) x) kf() Lokta® = 1% "hnia = *  Danvasd
(15)
+xL_ o+ (1-xL )Ly,
a 2, = k
(16) (I—Lax +(-1)7x"7) kfo Lak+dx =Lyt (La+d - La,Ld)X
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