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1. INTRODUCTION 

P r e s e n t e d h e r e is a genera l iza t ion of Fibonacci number s which 
is in t imate ly connected with the a r i thmet i c t r i ang le . It at once goes 
beyond and falls shor t of other genera l i za t ions . In section 2 the num-
be r s a r e defined and denoted by u(n; p, q) where p is a non-negat ive 
in teger and q is a posit ive in teger . The c h a r a c t e r i s t i c equation is 
shown to be 

(1 . 1) xP(x - l ) q - 1 = 0. 

The number s a r e r e p r e s e n t e d in the usual manner in t e r m s of powers 
of roots of the equation and ce r t a in ini t ial condit ions. In sect ion 3 c e r -
tain sums and p rope r t i e s involving sums a r e developed and in sect ion 
4 the re is made a beginning in the study of divisibi l i ty p r o p e r t i e s . 

The genera l iza t ion made h e r e may be compared with c h a r a c t e r -
i s t ic equations obtained in other genera l iza t ions : 

by Dickinson [2 J , x - x - 1 = 0 (a, c in tegers ) 

by Miles [4] , x - x - . . . - x - 1 = 0 (k in tegra l , ^ 2) 
r- -] r "t" 1 r >> 

by Raab [5 J , x - ax - b = 0 (a, b rea l ; r in tegra l , ^ 1) 
+1 n 

by Fe inberg [-8] , x - 2 x = 0, var ious posit ive in te-
i=0 gra l values of u, n. 

Genera l iza t ions by Basin [ l ] and Horadam [3J involve a l te r ing only the 
ini t ial conditions of the Fibonacci sequence. 

The number s studied he re a r e special ca ses of sums defined in 
Netto |_6J and Dickinson [2J and thei r definition and re la t ion to the a r i t h -
met ic t r iangle appear in Hochster |_7j . 

2. THE NUMBERS u(n; p, q) 

Let p and q be in tegers with p = 0 and q > 0. Then by defi-
nition the n- th genera l ized Fibonacci number of step p, q is 
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n 

L'p+qJ 
(2. 1) u(n; p, q) = 1 fr 7 ̂  P \ , n > 1, u(0; p, q) = 1 

Here [x] denotes the g rea t e s t in teger z x. In pa r t i cu la r , 

u ( n - l ; 1, 1) = f (the n- th Fibonacci number) , n = 1, 2, . . . 

u(n; 0, 1) = 2 n 

When the definition is re la ted to the a r i thme t i c t r iangle one sees that 
u(n; p, q) is the sum of the t e r m in the f i r s t column and the n- th row 
(counting the top row as the z e r o - t h row) and the t e r m s obtained s t a r t -
ing from this t e r m by taking steps p, q - - that i s , p units up and q 
units to the r ight . 

It follows that 

u(0; p, q) = u ( l ; p, q) = . . . = u(p+q- l ; p, q) = 1, u(p+q; p, q) = 2 

If V is the backward difference opera tor , so that 

Vf(x) = f(x)-f(x-l) , 

then 

(2. 2) y q u(n; p, q) = u(n-p-q; p, q), n > p + q . 

F r o m p r o p e r t i e s of binomial coefficients and 

y q u(n; p, q) = yq~ y u ( n 5 P> <l) 

it follows that 

[n-p-ql 
L p+q J 

V
qu(n;p , q,=" 2 ( n - p 7 j - i p ) 

i=0 

= u(n - p - q; p, q) , n ^ p + q . 
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T h i s p r o v e s (2 . 2) . In t e r m s of f o r w a r d d i f f e r e n c e s t h i s i s 

y u ( n - q ; p , q) = u ( n - p - q ; p , q) , n > p + q . 

T h e c h a r a c t e r i s t i c e q u a t i o n a n d i n i t i a l c o n d i t i o n s c o n s e q u e n t l y a r e 

(2 . 3) x P ( x - l ) q - . 1 = 0 

u(n; p, q) = 1, n = 0, 1, , . . , p 4- q- 1. 

Le t 

p+q 
u(n; p, q) = S c. x . 

r 1 1 
i= l 

w h e r e x . , i = 1 , 2 , . . . , (p+q) a r e t he r o o t s of (2 . 3 ) . 

T h e d e r i v a t i v e of 

f(x) = x P ( x - l ) q - 1 i s f '(x) = p x P - ^ x - l ) 0 1 + q x P ( x - l ) q - 1 

= x P " 1 ( x - l ) q " 1 ( ( p + q ) x - p ) . 

S i n c e no r o o t of f '(x) i s a r o o t of f(x), i t fo l lows t h a t f(x) h a s no 

m u l t i p l e r o o t . H e n c e t he d e t e r m i n a n t of t he c o e f f i c i e n t s of 

p+q 
4-1 

2 c. x i = u(n; p , q) = 1, n = 0, . . . , p+q - 1 

i= l 

i s d i f f e r e n t f r o m z e r o . T h e s y s t e m c a n be s o l v e d by C r a m e r ' s r u l e 

w i t h V a n d e r m o n d i a n s ( a s i n s e v e r a l of t he r e f e r e n c e s ) . It r e s u l t s t h a t 

and 

c i = l / ( ( p + q ) x i - p) 

p+q n+1 
r n x . 

(2. 4) u(n; p, q) = X (p+q/x." -~p" ' n ^ °' l j 2 ' ' * ' 
i=l r 

T h e r e i s a p o s i t i v e r e a l r o o t x , > 1. T h i s fo l lows f r o m f( l ) < 0 

a n d f(2) = 0. S ince f '(x) 4 0 fo r x > 1 t h e r e i s no o t h e r r e a l r o o t 

> 1. A l s o | x , I e x c e e d s t he a b s o l u t e v a l u e of e a c h o t h e r r o o t . F o r if 

x- ^ x , i s a r o o t and |x~ ] ~ x , t h e n 



280 A G E N E R A L I Z A T I O N O F F I B O N A C C I N U M B E R S D e c e m b e r 

| * P ( x 2 - l ) « |= | x 2 | P | x 2 - l | q > | x j P | x r l | ^ > 1 

s o t h a t ( 2 . 2 ) c a n n o t be s a t i s f i e d , a c o n t r a d i c t i o n . F r o m t h i s i t f o l l o w s 

( 2 . 5 ) l i m u < " + 1 : P » q > = X l 
x ' n~> co u ( n ; p , q) 1 

To s h o w t h i s , m e r e l y n o t e 

i • / 11 \ T u(n+l; p, q)/x1 

n»> co u(n; p, q) n->(X> " x / n+2 ~ 1 
r ^ u(n; p , q ) / x 1 

We r e m a r k t h a t if we c h o o s e i n i t i a l c o n d i t i o n s u (0 ; p , q) = 

u ( l ; p , q) = . . . = u ( p + q - 2 ; p , q) = 1, u ( p + q - l ; p , q) = p + q + 1 , t h e n we 

h a v e a s e q u e n c e (w(n; p , q ) ) s w h e r e 

p+q 

w(n; p , q) = 2 x_. , n = 0, 1, 2, . . . 

i= l 

M o r e o v e r , a c o n v e n i e n t f o r m fo r e x p r e s s i n g u(n, p , q) a r i s e s 

f r o m w r i t i n g t h e d i f f e r e n c e e q u a t i o n a s 

(2 . 6) u(n; p , q) = (^) u ( n - l ; p , q) - (^) u ( n - 2 ; p , q) + - . • . 

+ ( - l ) q ~ u ( n - q ; p , q) + u ( n - p - q ; p , q ) , n ^ p + q . 

3 . SUMS 

T h e o r e m 3 . 1. The r e l a t i o n 

n q - 1 

( 3 . 1) 1 u ( i ; p , q) = 1 ( - 1 ) 1 ( q : l ) u ( n + P + q - i ; P, q) - * l q 

i=0 i=0 

h o l d s , w h e r e 8 i s K r o n e e k e r ' s 5 and ( . ) = 1 i n t h e c a s 
lq x l ' 

q = 1, i = 0 . 
If (30 1) h o l d s fo r n, fo r q •> 2, t h e n 
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n+1 n 
2 u(i; p, q) = u(n+l; p, q) + u(i; p, q) 

i=0 i=0 

q 
= 2 (-1)1 (q

{) u(n+l+p+q-i; p, q) 
i=0 

q-1 
+ 2 (-1)1 (q\l) u(n+p+q-i; p, q) - § l q 

i=0 

q-1 
= 2 ( - I ) ' (q\l) u(n+l+p+q-i; p, q ) - g 

i=0 

Hence (3. 1) holds for n + 1. When n = 0, with q > 2, then (3. 1) be-
comes 

0 q-1 
2 U(i; p, q) = 2 (-1)1 ( q " . 1 )u(p+q-i ; p, q) - 8lq 

i=0 i=0 

q-1 
= u(p+q; p, q) + 2 (-1)1 (q\l) = 1 = u(0; p, q) 

i=l 

To complete the proof, we consider q = 1. Then 

u(i; p, 1) = u(p+l+i; p, 1) - u(p+i; p, 1) 

Hence 

n 
2 u(i; p, 1) = u(n+p+l; p, 1) - u(p; p, 1] 

i=0 
= u(n+p+l; p, 1) - 8ll . 



282 A GENERALIZATION OF FIBONACCI NUMBERS December 

Theorem 3. 2. 
m 

(3.2) X ( - l ^ u t i j p . q ) 

i=0 l -(- l )P+ q2q 

q-1 k 

S 2(-l)k(q)u(m+p+q-k;p,q) 
lk=0 j=0 

m+p 
+ ( - D m + P + q 2 q S ( - l ^ u ^ p . q ) 

i=m+l 

+ (-1) m " 1 2 q " 1 + ( - l ) 1 1 1 ^ ^ " 1 2q 

where £ = 0, p+q even, and *" = 1, p+q odd. 

Proof. Writing 

(-1)J u(m-j; p,q) = (-1 )m~J u(m+p+q-j; p, q) 

+ ( - l ) m ' j _ 1 (q) u(m+p+q-j~l; p, q) 

+ . . . + ( - l ) m + q (q) u(m+p-j; p,q) 

and summing for j = 0, 1, . . . , m gives for the sum S, 

q-1 k m-q 

S= X X (-l)k(q) u(m+p+q-k;p,q) + ( - l ) q 2 q 2 (-1 ) r u(m+p-r; p, q) 

k=0 j=0 r=0 

+ (_1 }m-l 2q- l 

q-1 k m+p 

= 2 2 (- l)k(q) u(m+p+q-k; p,q) + (- l)q 2q 2 (-1 ) r u(m+p-r; p, q) 

k=0 j=0 r=0 

m + p 
+ ( 1 ) m - l 2 q - l + ( _ 1 } q - l 2 q £ (-1 ) r

 u(m+p-r; p, q) 

r=m-q+l 

q-1 k m+p 

= 1 1 ( - l ) k ( q ) u(m+p+q-k; p,.q) + ( - l ) P + q 2q 2 (-l)™"1^!; p, q) 
k=0 j=0 i=0 

p+q-1 
+ (-l)™"1 z ^ 1 + (.D™+p+q-i 2q s ( . i ) 1

 u ( i ; p< q ) 

i=0 
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Solving for S, and noting 

P+q-i 
V / i \ i /• \ / 0 P+Cl even, ) 
2 (-1) u(i;p.q) = [l ^ Qdd J = 

i=0 
we get the r e su l t (3. 2). 

F r o m (3. 1) and (3. 2) we can obtain express ions yielding 

n n 
2 u(2i; p, q) and 2 u (2 i + 1; p, q) . 

i=0 i=0 

In the s imple r case where q = 1 , we find 

2n~p-fl 
n 2 

(3.3) 2 u(2i + 1; p, 1) = I (u(2n+p+2; p, 1) -1 + 2 u (2 i+T | ;p , l ) 
i=0 i=0 

and 

2n-p-T| 
n 2 

(3.4) 2 u ( 2 i ; p , l ) = i - [u(2n+p+2; p, 1) -1 - 2 u(2i+t]; p, 1)] 
i=0 i=0 

where 7] = 0 when p is even and rj = 1 when p is odd. In this case 
it is s imple r to s t a r t with 

u(2i+l; p, 1) = u(2i; p, 1) + u(2i-p; p, 1) , 2i > p 

= u(2i; p, 1) , 0 <L 2i < p 

and sum. We obtain in this way 

2n-p-t | 
n n 2 

(3.5) 2 u(2i+l; p, 1) = 2 u ( 2 i ; p , 1 ) + 2 u(2i + T); p, 1) . 
i=0 i=0 i=0 

Since we a lso can wr i te 
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2n+l 
2 u(i; p, 1) 
i=0 

n n 
(3.6) 2 u ( 2 i + l ; p , 1 ) + 2 u(2i; p, 1) = u(2n+p+2; p, 1) -1 

i=0 i=0 

by (3. 1), the r e s u l t s (3. 3) and (3. 4) follow by addition and subt rac t ion 
and solving for the sum. 

For p = 1 these r e su l t s reduce to the well-known re la t ions of 
Fibonacci number s : 

i= l 

(3. 2') X ( " ^ " " ^ i ^ n - l + { - 1 > n ~ 1 

i=l 

(3 .3 ' ) 2 f7. = U . , - 1 
s ' 2i 2n+l 

i=l 

(3 .4 ' ) 2 f9. 1 = f9 
x ' 2 i - l 2n 

i=l 
Theorem 3 . 3 . Let q = 1 and define u(i; p, 1) = 0 for i a negative 
in teger . Then 

p-1 
(3.7) u(n+m; p, l ) = u(n; p, l )u(m; p, 1) + 2 u ( n - l - i ; p, l )u(m-p+i ; p, 1) , 

i=0 

where n, m a r e anypos i t ive in tegers or z e r o . To prove this we note 
f i r s t that this is t rue for n any posi t ive in teger or ze ro and m = 0. 
For n any posi t ive in teger or z e ro and 0 < m = k ^ p we have 
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P- l 
u(n; p, l)u(k; p, 1) + X u ( n - l - i ; p, l )u(k-p+i; p, 1) 

i=0 

P - l 
= u(n; p, 1) + X u ( n - l - i ; p, 1) 

i=p-k 

n+k-p-1 
= u(n; p, 1) + X u(j; p, 1) 

j=n-p 

n+k-p-1 n -p -1 
= u(n; p, 1) + X u(j; p, 1) - X u(j; p, 1) 

j=0 j=0 

= u(n; p, 1) + u(n+k; p, 1) - u(n; p, 1) 

= u(n+k; p, 1) 

where the sums have been evaluated using (3. 1). Hence (3.7) is t rue 
for n any posit ive in teger or ze ro and m = 0, 1, . . . , p. For m = p+1 
we get 

p - l 
u(n; p, l )u(p+l; p, 1) + X u ( n - l - i ; p, l )u(p+l-p+i ; p, 1) 

i=0 

p - l 
= 2 u(n; p, 1) + X u ( n - l - i ; p, 1) 

i=0 

n 
= u(n; p, 1) + X u(j; p, 1) 

j=n-p 

= u(n+p+l; p, 1) • . 

Assume now, finally, that (3.7) is t rue for n any posit ive in te -
ger or z e r o and m = 0, . 1, . . . , p, . . . , k where k >L p+1. Then 
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p-1 
u(n+k-p; p, 1) = u(n; p, 1 )u(k-p; p, 1) + 2 u ( n - l - i ; p, l)u(k-2p+i; p, 1) 

i=0 

u(n+k; p, 1) = u(n; p9 l)u(k; p, 1) + 2 u ( n - l - i ; p, l )u(k-p+i; p, 1) 
i=0 

Hence 

u(n+k+l; p, 1) = u(n+k; p, 1) + u(n+k-p; p, 1) 

= u(n; p, 1) [u(k; p, 1) + u(k-p; p, 1)] 

p -1 
+ 2 u ( n - l - i ; p, 1) [u(k-p+i; p, 1) + u(k-2p;p, 1)] 

i=0 , 
p-1 

= u(n;p, l )u(k+l ;p , 1) + 2 u ( n - l - i ; p , 1) • 
i=0 

• u(k+l-p+i;p, 1) 

But this is (3. 7) with m = k+1 and the theorem is proved. 

For m = n, equation (3. 7) becomes 

2 
(3.8) u(2n;p, l ) = u2(n;p, 1 )+ u

2 (n-2 iL;p , l)+2 2 u(n- i ;p , 1 )u(n-(p+l )+i;p, 1), 
2 

i=l p odd 

and 

P 
7 

(3. 9) u(2n;p, 1) = u2(n;p, 1) + 2 2 u(n- i ;p , 1 )u(n-(p+l )+i ;p, 1), 
i=l p even. 

F o r m = n+1, equation (3.7) becomes 

p - i 
2 

3. 10) u(2n+l;p, 1) = u (n;p, 1) + 2 2 u(n-i ;p , l )u(n-p+i;p, 1), 
i=0 p odd 

and 
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(3. 11) u(2n+l;p, 1) = u2(n;p, 1) + u 2 (n- | ; p, 1) 

§-> 
+ 2 2 u(n-i;ps l)u(n-p+i;p, 1), 

i=0 p even 

When p = 1 equations (3. 7), (3.8) and (3. 10) reduce to the known 
re la t ionsh ips 

(3 .7 ' ) f _̂ T = f , . f ,_ + f f 
n+m + 1 n+1 m+1 n m 

(3. B') f , ^ = f2 + f2 

(3. 10') f9 = f2 + 2f f 

2n+l n+1 n 

, = f 2 + 2 f f . 2n n n n-1 

4. DIVISIBILITY PROPERTIES 

Theorem 4. 1. Any p + q consecut ive t e r m s a r e re la t ive ly p r i m e . 
The t e r m s u(0; p, q), . . . , u(p + q - 1; p, q) a r e all unity and 

so re la t ive ly p r i m e . Any p + q consecutive t e r m s containing one of 
these will have g r ea t e s t common divisor 1. Assume (u(n; p, q) , 
u(n + 1; p, q), . . . , u(n + p + q - I; p, q)) = d, where n > p + q - 1. 
Then because of (2. 2) it follows 

d | (u(n - 1; p, q), u(n; p, q), . . , , u(n + p + q - 2; p, q)). 

Success ive appl icat ions will show 

d | (u(p + q - 1; p5 q), u(p + q; p, q), . . . , u(2p + 2q - 2; p, q)) . 

This contains u(p + q - 1; p, q) so that d = 1 and the theorem follows. 

Theorem 4. 2. The leas t non-negat ive r e s idues modulo any posit ive 
in teger m of (u(n; p, q)} a r e per iodic with per iod P not exceeding 
m " . There is no p repe r iod . Each period begins with p + q t e r m s 
al l unity. 

There a r e m poss ib le leas t non-negat ive r e s idues modulo m 
for each u(n; p, q) and m possible a r r a n g e m e n t s of r e s idues in 
p + q consecutive t e r m s . Since by (2. 2) the res idue of u(n; p, q) 
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depends upon the r e s idues of the preceding p + q t e r m s , after m P q 

t e r m s at mos t the r e s idues m u s t repea t with a per iod P . Suppose 
u(n + p; p, q) is the f i r s t t e r m such that the r e s idues repea t and a s -
sume n > 0. Then 

u(n + P + j ; p, q) = u(n + j ; p, q) (mod m), j = 0, 1, . . . , p + q . 

In view of the r e c u r s i o n formula, this shows 

u(n - 1 + P; p, q) = u(n - 1; p, q) (mod m) , 

a contradict ion to the assumpt ion u(n + P; p, q) is the f i r s t t e r m such 
that the r e s idues repea t . Thus n = 0 and the re is no p repe r iod . 
Hence each per iod begins with p + q t e r m s each unity. 

As an example , we have r e s idues (mod 7) for u(n; 2, 1) 

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 
r l l l 2 3 4 6 2 6 5 0 6 4 4 3 0 4 0 0 4 4 4 

n 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 
r l 5 2 3 1 3 6 0 3 2 2 5 0 2 0 0 2 2 2 4 6 l 

n 44 45 46 47 48 49 50 51 52 53 54 55 56 
r 5 4 5 3 0 5 1 l 6 0 1 0 0 1 1 1 

Here P = 57. 

Theorem 4. 3 Any p r i m e divides infintely many u(n; p, q). If the 
per iod of the r e s idues (mod m) is P, then m divides each of 

u(P - 1 + P k; p, q), u (P - 2 + P k; p, q), . . . , u(P - p + P k; p, q), 
k = 0, 1, 2, . . . 

Since the r e s idues a r e per iod ic it is sufficient, to e s t ab l i sh the 
f i r s t pa r t of the theorem, to showthat a n y p r i m e divides one u(n; p, q). 
Let m be any given p r i m e or mult iple of any given p r i m e . Then with 
P the per iod, 

u(P; p, q) = u (P + 1; p, q) = . . . = u (P + p + q - 1; p, q) = 1 (mod m) . 
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F r o m the r e c u r s i o n formula, 

q 
u ( P - l ; P,q) = 2 (-1)1 (q

{) u(P - 1 + p + q - i; p, q) 
i=0 

q 
E X ( - I ) ' (]) 

i=0 

= 0 (mod m) 

Hence m |u(P - I; p, q). S imi la r ly for u(P - 2; p, q), . . . , u (P - p; p, q). 
In the prev ious example3 we note 7 |u(56; 2, 1), and 7 |u(55; 2, 1). 

Of cou r se , 7 a l so divides other t e r m s , as the table ind ica tes . 
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