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A c a s u a l g l a n c e a t a s y s t e m of l i n e a r e q u a t i o n s s u c h a s 

2584x + 4181y = 20 

4 1 8 1 x + 6765y = 21 

m i g h t l e a d one to t h i n k t h a t i t i s u n l i k e l y t h a t t he s o l u t i o n cou ld c o n -

s i s t of i n t e g e r s . H o w e v e r , a c l o s e r look by r e g u l a r r e a d e r s of t h i s 

j o u r n a l w i l l r e v e a l t h a t the c o e f f i c i e n t s of x and y in bo th e q u a t i o n s 

a r e F i b o n a c c i n u m b e r s a n d t h a t if t he g e n e r a l n o t a t i o n of F i b o n a c c i 

n u m b e r s in w h i c h F d e n o t e s t h e n th t e r m of the s e q u e n c e 1, 1, 2, 

3, . . . , i s u s e d , t h e n t h e e q u a t i o n s a b o v e t u r n out to be t h e s p e c i a l 

c a s e n = 20 of the g e n e r a l f o r m of the s y s t e m of e q u a t i o n s : 

(1) (Fn_z)X + (F^y = n , 

(2) ( F n _ 1 ) x + ( F j y = n + 1. 

The s o l u t i o n to s u c h a s y s t e m of e q u a t i o n s i s 

n ( F n ) - (n + l ) ( F n y) 
P ) ( ^ F - ^ I F ^ T I F ^ = * - d 

n ( F n _ l } - (n + l ) ( F n _ 2 ) 

T h e d e n o m i n a t o r s of t h e f r a c t i o n s in e q u a t i o n s (3) and (4) h a v e 

t h e i n t e r e s t i n g p r o p e r t y 
4-1 if n i s odd, 

(5) ( F ) ( F J - ( F _ ) ( F , ) = , - . 
* n n - 2 n - 1 n - 1 - 1 if n i s e v e n . 
(6) ( F T ) ( F . ) - ( F _ ) ( F ) = " l i f n i S O d d ' 

n - I n - 1 n - 2 n , - » . / . 
+ 1 if n is. e v e n . 

It m a y be n o t e d t h a t s t a t e m e n t s (5) and (6) a r e e q u i v a l e n t . 
E q u a t i o n s (5) and (6) p e r m i t one to w r i t e e q u a t i o n s (3) and (4) 

in m o r e c o n v e n i e n t f o r m : 
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(7a) x = n(F )' - (n + 1)(F . ) if n is odd, 
n . n-1 

(7b) x = (n + 1)(F J - n(F ) if n is even. 
n -1 n 

(8a) y = (n + l ) ( F n _ 2 ) - ^ ( F ^ ) if n is odd, 

(8b) y = n(F , ) - (n + 1)(F J if n is even. 
J n -1 * n-2 

Since the number s n, n + 1, F , F , , F 9 a r e in t ege r s , and 
since the set of in tegers is c losed under the opera t ions of addition, 
subtract ion, and mult ipl icat ion, it follows that al l solutions to the s y s -
tem of l inear equations r e p r e s e n t e d in equations (1) and (2) a r e i n t e g e r s . 

In the accompanying table , the symbols f and £; denote 
equations of the form (1) and (2) r e spec t ive ly and the solution to such 
a sys tem is symbolized as f f) g , . It m a y be noted that any equa-
tion5' s is the sum of the two equations'^above it in the table, provided 
that n ^ 3. It may a lso be noted that the coefficients of both x and y 
occur in the well known Fibonacci sequence. 

Equations (5) and (6) we re der ived intuit ively by the w r i t e r who 
sugges ts that r e a d e r s a t tempt fo rmal proofs of them. The suggest ion 
is a l so made one might cons ider invest igat ing the sequences of num-
b e r s which const i tute the solutions to such s y s t e m s . 

X 2 n + 1 = ( 2 n + l ) F Z n + 1 - ( 2 n + 2 ) F 2 n 

(2n+l) F 9 7 - F 9 x ' 2n - l 2n 

X9 ,, = (2n+l) F9 , - 2nF9 etc. 
2n+2 2n-l 2n 

= (2n+l) F9 7-2n(F^ T + F9 9) x ' 2n-l 2n-l 2n-2' 

F9 , - 2n F9 9 2n-l 2n-2 

Left s ides of these equations only, 
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n 
1 

2 

3 

4 

5 

6 

7 

8 

9 
10 

11 

12 

13 

14 

15 

16 

17 

18 

19 
20 

21 

€n 
x = 1 

y = 2 

x + y = 3 

x + 2y = 4 

2x + 3y = 5 

3x + 5y = 6 

5x + 8y = 7 

8x + 1 3y = 8 

13x + 21y = 9 

21x + 34y = 10 

34x + 55y = 11 

55x + 89y = 12 

89x + 144y = 13 

144x + 233y = 14 

233x + 377y = 15 

377x + 6l0y = 16 

6l0x + 987y = 17 

987x + 1597 y = 18 

I5 97x + 2584y = 19 

2584x + 4181y = 20 

4181x + 6765y = 21 

fnA^n.+ 1 
(1,2) 

(1,2) 

(2,1) 
(-2,3) 

(7,-3) 

(-13,9) 
(27,-16) 

(-51,32) 

(96, -56) 

(-176, 109) 

(319, -197) 

(-571, 353) 

(1013, -626) 

(-1783, 1102) 

(3118, -1927) 

(-5422,3351) 

(9383, -5799) 

(-16169,9993) 

(27759, -17156) 

(-47499, 29356) 

xxxxxxxxxxxxxxx 
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subscr ip t ion fee is $25 annually. (Academic Member s will r e -
ceive two copies of each i s sue and will have thei r names l is ted 
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