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1. INTRODUCTION 

The purpose of this paper is to invest igate the Diophantine equa-
tion 

2 2 
(1) f(x, y) = x - xy - y = A . 
In pa r t i cu la r , we will prove the following [_lj 

Theorem. Equation (1) has a solution in re la t ive ly p r ime in te-
ge r s x and y if and only if 

e / (i) A = .5 A' t 0, where e = 0 or 1 and 

(ii) if p is a p r i m e factor of A!, then 
p = 1 or -1 (mod 10). 

An application to Fibonacci numbers may be found in [2 J . 

2. TECHNIQUES 

Our p r i m a r y tool will be unimodular t r ans fo rmat ions 

x = a X + |8 Y 

y = y X + S Y 

with de te rminan t a § - j 8 y = ± l . 
If we define the product of two t r ans fo rmat ions in the cus tomary man-
ner , it is a s t ra ight forward p rocedure to verify that the set of all uni-
modular t r ans fo rmat ions fo rms a non-abei ian group. We shall make 
taci t use of this fact. 

For convenience, let us designate the b inary quadra t ic form 

ax + bxy + cy by [a, b, c ] . 

2 Note that the d i sc r iminan t b - 4ac is invar iant under a unimodular 
t r ans fo rmat ion (cf. analytic geometry: rotat ion of axes) . 
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F i r s t we observe that 

(iii) if (a, y ) = 1, then f(a, y ) / 0 

since (a,y) = 1 impl ies a and y a r e both odd or of opposite par i ty , 
hence f ( a , y ) is odd; 

(iv) f ( l , 0 ) = 1; 

(v) if f ( a , y ) = A, then f(y, - a ) = - A. 

Thus in the following d i scuss ion we may, whenever it is convenient, 
a s s u m e A > 2. 

3. THE PROOF: PART I 

Suppose the Diophantine equation (1) has a solution in re la t ive ly 
p r i m e in tegers a and y : f ( a , y ) = A, ( a , y ) = 1. Since the g. c. d. 
of any two in tege r s a and y (not both zero) may be exp re s sed as a 
l inear combination of a and y , t he re exis t in tegers 0 and 8 such 
that a 8 - /?y = 1. 

Applying the unimodular t r ans fo rmat ion whose coefficient m a -
t r ix is 

to f (x, y) = [ l , - 1 , - l ] yields a new binary quadra t ic form [A, B, CJ . 
But the d i sc r iminan t s a r e invar iant under this t r ans format ion ; thus 
B 2 - 4AC = 5. 

Putt ing it another way, f(a, y) = A , where (a,y) - 1 impl ies 
the congruence 

(2) x 2 = 5 (mod 4A) 

is solvable. However, this congruence has a solution if and only if 
2 conditions (i) and (ii) a r e sat isf ied. Fo r any x, x = 0, 1, or 4 (mod 

2 
8). Therefore (2) has no solution if A is even. If A = 25A\ x = 5 2 (mod 100), whence x = 5t, which leads to the contradic t ion 5t = 1 
(mod 5). 

To complete this d iscuss ion , the r e a d e r should use the quadra t ic 
r ec ip roc i ty theorem (first proved by Gauss at the age of 18). In 
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pa r t i cu l a r , we note that x = 5. (mod p) has a solution if and only if 
2 

x E p (mod 5) has a solution. 

4. THE PROOF: PART II 

To es tab l i sh the sufficiency of conditions (i) and (ii), we will 
show that the re exis t unimodular t r ans fo rmat ions T , T , . . . , T , 
H, and L such that 

T l T 2 T 3 
[ A j . B 1 ( C j — > [ A 2 , B 2 . C 2 ] — > [A3. B 3 . C 3 ] — > " " " 

T k H L 

—* [Ak+1> Bk+1' Ck+l] ~* [Ak+2> * W Ck+ 2] —>&.-!. -l] 

where A, = A (cf. (1)), B = B (a solution of the congruence (2)), 
A, ,, = ±1 is the f i r s t A. numer i ca l ly equal to unity, | B , , ~ j = 1, 
and the C. a r e de te rmined by the invar iance of the d i sc r iminan t . 

If T is the product of these t r ans fo rma t ions , 

T T 
[A, BV C j — * [ l , - 1 , - l ] or [ l , - 1 , - l ] * [ A , B j . C j 

= F(x, y). 

Thus if the coefficient m a t r i x of T is 

\ H 
•H \ 

F(1,0) = A impl ies f(t. , t~) = A. I . e . , the des i r ed solution of (1) is 
-1 s imply x = t , , y = t«. Moreover , since T is unimodular , t-i t . ~ 

tJi? - ±1 forces ( t ] , t^) = 1. 
A Useful Lemma. Given any two in tegers B and A / 0 , t he re 

ex is t s an in teger n such that 

| B + 2nA| - | A | . 

Proof. I fwe define g = [ | B | / 2 | A | ] and r = | B | - 2 JA jg,then the 
following flow char t exhibits n. (As usual "s—>t" m e a n s " rep lace 
s by t". ) 
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We may now define the (ma t r i ces of the) r equ i red t r a n s f o r m a -
t ions . Let 

T. = 
1 

fn. I 
1 

-1 0, 

where n. sa t i s f ies the inequali ty 

•B. + 2n.A ^ A. 
i i ' ' r 

Then it tu rns out that B. ,, = - B. + 2 n.A., A. , , 
i+l I l i l+l 

(B. i+ l - 5 ) /4A i . As 
previous ly mentioned, A, = A (given) and B, = B (a solution of (2)). 
Note that B mus t be odd; hence al l the B. a r e odd. Simi lar ly , al l 
the A. a r e odd. 

l 
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Choose 
H = 

so that h sa t is f ies 
B, ,, + 2h A, ,, 1 k+1 k+1 

Then B k + 2 = B k + 1 + 2h A k + I . Note that B k + 2 ^ 0 (since B R + , is 
odd); but A , , * = ± I (by definition), hence | B, ? | = 1. 

The r e a d e r may quickly es tab l i sh the inequali ty 

K+1 I < K l / 4 ' i= L2. •••>k • 
Since the A. can be shown to be odd, this es tab l i shes the exis tence of I 
A k + r 

Finally, L is chosen to be 

(o i) , (o - J , (i o) , o r (i o) 
according as the penul t imate form is 

[1, - 1 , -1] , [1, 1, - l ] , [ -1 / 1, 1] , or [ -1 , - 1 , 1] , 
r e spec t ive ly . 

Thus we have es tab l i shed the exis tence of the t r ans fo rma t ions 
TT j T?f . . . i T, , , , H, L and hence the des i r ed solution of (1). 

5. REMARKS 

We have, however , m o r e than an exis tence proof. The p roced-
u r e s developed in P a r t II of the proof const i tute an efficient a lgor i thm. 
The a lgor i thm was p r o g r a m m e d in FORTRAN successful ly . F o r 
) A - 4 , no m o r e than k+2 unimodular t r ans fo rmat ions a r e r equ i red 
to obtain a solution. 
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