1982]

ON THE CONVERGENCE OF ITERATED EXPONENTIATION—TITII

MICHAEL CREUTZ and R. M. STERNHEIMER
Brookhaven National Laboratory, Upton, NY 11973
(Submitted May 1979)

The present paper can be considered as an extension of two previous papers in
which the properties of the following function were discussed (see [1] and [2]):

.Iy

(1) F(x, y) = x¥®

where an infinite number of exponentiations is understood. Equation (1) is the
function specifically studied in [2], whereas in [l] we considered the simpler
function

(2) f@x) = F(x, x),

i.e., the case of Eq. (1) where x = y. For both Eqs. (1) and (2), the ordering of
the exponentiations is important, and for Eq. (1) and throughout this paper, we
mean a bracketing order "from the top down," i.e., x raised to the power y, fol-
lowed by y raised to the power x¥, and then x raised to the power y(*¥), and so on,
all the way down to the x which is at the lowest position of the "ladder."

In the present paper, we study the properties of a function which is obtained
by forming an infinite sequence of roots. We have restricted ourselves to a sin-
gle (positive) variable x, i.e., the analogue of Eq. (2). We will call this func-
tion ¢(x), and it is defined as follows:

*Vz

(3) o) =V,

where an infinite number of roots is understood. The bracketing is again from
"the top down," i.e., we mean vz, followed by the Yz-th root of x, which can be
written as £(x), followed by the root%@g, and so on, down to the lowest x in the
"ladder."

From Eq. (3), it can be see that we have:

_1 z)__
) o) = x?@ ="z,

provided that the sequence (3) has a nontrivial limit. From Eq. (4), we obtain
the equation:

(5) o) *? = 2.

Values of ¢(x) were calculated by means of a simple program embodying the se-
quential operations of Eq. (3) on a Hewlett-Packard calculator. In this manner,
we have obtained the graph of Figure 1, in which ¢(x) is shown as a function of x.
We note that for z= < e Y%, i.e., x < 0.692200..., ¢(x) = 0, and at = = e™*/%, ¢(x)
has the value l/e = 0.36788. Indeed, for ¢ = e™}, Eq. (5) gives

08 = g 1/e) o gTle o g

1/e

The reason for the abrupt decrease of ¢(x) to zero below x = e~ is dillustrated
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in Figure 2, in which 'we have plotted ¢¢% as a function of ¢. It can be seen that
% has a minimum value of e Y yhich is attained at ¢ = 1/e. 1Indeed, the deriva-
tive d¢?®/dd is zero at this point, as can be seen from the following equation:

(6) %ﬁ=d_%ﬂ%9&@=¢¢(log¢+l).
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Fig. 1. The curve of the function ¢(x) as a function of x.
For x < e ¢ = 0.6922, ¢(x) = 0. Atx = e /e,
¢(x) = 1/e = 0.36788, so that ¢(x) has an abrupt
discontinuity at x = e /¢ . For x > e = 15.1542,
the sequence ¢(x) defined by Eg. (3) converges to
two different values ¢, (x) and ¢,(x), depending on
whether the number n of x's is odd or even, respec-
tively. This property can be called "dual conver-—
gence" and has been described previously in [1-3].

Thus, for x < e”%/¢, Eq. (5) has no solution with ¢(x) > 0. At ¢ = 0, the
derivative d¢%/d¢p + -«, since log ¢ + -». We also note from Figure 2 that for
e"te < $? < 1, there are two values of ¢ for a given value of ¢?. Thus, we can
divide the curve of Figure 2 into two branches, the one to the left of ¢ = 1/e,
and the other to the right of ¢ = 1/e. The branch to the right of ¢ = 1/e, i.e.,
the branch with ¢ > 1/e, gives the value of ¢ for a given x, as obtained from Eq.
(3). The meaning of the other (left) branch will be discussed below. We note that
for ¢ > 1, there is a unique value of ¢ for a given ¢® = x, as shown in Figure 2.

Returning now to Figure 1, we note that for x > e®=15.1542..., we have a dual
convergence of Eq. (3), namely a convergence to two values ¢, (x) and ¢,(x) depend-
ing upon whether the number » of x's in Eq. (3) is odd or even. This property of
dual convergence has been discussed previously in connection with the function
fx) = F(x, ) of [1] for x < e™® = 0.06599. The concept of dual convergence was
actually introduced in an earlier paper by the authors [3] which was circulated as
a Brookhaven Informal Report [&].

At the point & = €%, ¢(x) has the unique value ¢(x) = ¢, which is marked on
the ordinate axis of Figure 1. For very large x, it is easy to show that ¢1(x)
approaches x, whereas ¢, (x) approaches 1. 1In order to illustrate this property,
we consider the choice x = 10,000. Now va = 10,000°%% = 1.000922, and the next
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step calls for the calculation of
10,0002 = 9915 53,
followed by
10,000M/%5%% = 1.000929.
The actual values to which the infinite sequence of Eq. (3) converges for x = 10,000
are:
¢, (x) = 9914.85 and $,(x) = 1.0009294.
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Fig. 2. The function ¢% as a function of ¢ for ¢ in the region 0 < ¢ < 1.25.
This function is of interest in connection with Eq. (5), according to
which ¢% = x. We note that the minimum value of $¢ is e /¢ = 0.6922
and is attained at ¢ = 1/e. Thus, for x < 1, the function ¢¢% can be
considered as having two branches, the one to the left of ¢ = 1/e and
the one to the right of ¢ = 1/e. The right~hand branch gives the
value of ¢ as a function of x = ¢¢,e.g., for x = 0.8, we have ¢(x) =
0.7395. The left-~hand branch gives the value of Nupip , as explained
in the text [see Egs. (12)-(18)]. Thus, for values of X between e_lle
and 1, ¢,(x) = ¢§(x), provided N > Npjy. For N < Npin, Py(x) = 0. As
an example, Npin (x = 0.8) = 0.09465.

Obviously, from the definition of ¢;(x) and ¢,(x), we have the relations:
$ (@
(7 0@ = 9, @ =

for x > e®. Incidentally, the equation ¢(m)¢(x)= x continues to have a solution
for x > e¢, but this solution does not give the values of ¢(x) to which the se-
quence (3) approaches by dual convergence. As examples of values of ¢;{(x) and
¢,(x) for x > e¢, we may cite:

for x = 20: ¢, (20)
for x = 100: ¢, (100)

1.50907;
1.06215.

]
I

7.2802, ¢,(20)
76.379, ¢,(100)

The occurrence of x = ¢ ¢ and x = e® as limiting values for ¢(x) and the
similar occurrence of x = ¢%/® and z = ¢ ¢ as limiting values for f(x) suggests a
recriprocal relationship between the functions ¢(x) and f(x). This conjecture is
strengthened by the fact that the values of f(x) and ¢(x) at corresponding points
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are the reciprocals of one another. Thus, we have:
(®) ¢z =) =1/e, flx=e''®)

(9 d(x = e®)

€,

e, flx =e"®) = 1/e.

We now prove the following relation between ¢ (x) and f(x):
1
10 = e
(10) ¢ (x) 7(1/2)

Thus, the region of dual convergence of ¢(x) for x > e¢ corresponds point-for-point
to the region of dual convergence of f(x) for & < e™®, in which f(x) has two
branches fl (x) and f,(x), which approach the limiting values f,(x) ~x as = +~ 0
for an odd number of x's in Eqs. (1) and (2), and f,(x) >~ 1 as x > 0 for an even
number of z's.

In order to prove the relation lof Eq. (10), we simply note that:

1
x

1 1 1\
(11) p@) =2 =1 /1° = [f<?>]

x
where the bracketing is "from the top down" the ladder, as in all of the present
work. Thus, all of the arguments given for the single or dual convergence of f(x)
in [1] apply to the present case, provided that x > O.
We now wish to consider a generalization of ¢(x) to be denoted by ¢,(x), anal-
ogously to the generalization of f(x) to the function f} (x) of [2]. Thus, we de-
find ¢N(x) as follows:

8=~

vz
Z3

(12) 6, = Va,

where N is an arbitrary positive quantity. By the same procedure as in Eq. (11),
we can rewrite Eq. (12) as follows:
1

Il
x

1
x

(13) 6,(@) = -

[see Eq. (26) of 2]. For values of x >
discussion following Eq. (29)], we have

old) 1)

for all values of NV, and correspondingly: ¢,(x) = ¢(x). This statement applies
both to the region 1 < & < e¢%, where ¢(x) is single-valued, and to the region x >
e?¢, where we have dual convergence. In this case:

by 4@ = ¢, (@) and bo, () = ¢, ().

The situation is different when x < 1. As shown above, ¢$(x) is nonzero only
in the limited region extending from x = e/ =0.6922 to x = 1. The correspond-
ing values of 1/x are larger than 1, and hence flm(l/x) may diverge, depending on
the value of N, giving ¢,(x) = O. _

It has been shown in [2] that, for the function fﬁ(f), the upper limit on N is
given by the root of the equation

(15) zf =7,
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where we must choose the upper branch of the curve of f vs. %, i.e., the branch
for which f > e, which we have denoted by f¢?) [2, see the discussion following
Eq. (28)]. We can therefore write f(z)_ = . Now in view of Eq. (13), the lower
limit on N for ¢,(x) is given by NV = 1/N, and the value of x is given by x = 1/%.
Upon inserting these substitutions into Eq. (15), we obtain:

1 1/N 1
(16) (5) -1
Upon taking the reciprocal on both sides of this equation, we find
(17) V= p,
whence
(18) x = NV,

This equation for N is identical to the equation for ¢(x) given in Eq. (5). Since
N > e by the previous argument, we find N < 1/e, and therefore the relation of Eq.
(18) for N, i.e., Ny, (minimum value of N) corresponds to the part of the curve
of ¢¢ = x which lies to the left of the point ¢ = 1/e. Thus, the values of Figure
2 for ¢ < 1 give both the value of ¢(x) (right part of the curve) and the value of
Noain () (left part of the curve), such that for N < Ngig, the function ¢ (x) of Eq.
(13) is zero, even though the simple function ¢(x) (with an x on top of the lad-
der) is convergent and nonzero, and in fact ¢(x) > 1/e.

In connection with the iterated root-taking which is implied by Eq. (3) for
the function ¢(x), we have considered another possible function obtained by itera-
tion, namely:

(19) R(n, a, x) = \/:+x\/a+xnv... .

Assuming the convergence of Eq. (19), we find:
(20) R"™ = a + xR.

For the case n = 2 (repeated square roots), Eq. (20) can be solved directly, with
the result:

x x2 H
(21) R(2, a, x) = 3 + (—4— + a) .

0 in Eq. (19), we obtain, for arbitrary

Also, for the special case that a
(positive) n:

(22) R™ = xR,

which gives

(23) R(n, 0, x) = x*/(* 1),
If, furthermore, we take n = x, we obtain:

(24) Rz, 0, z) = x¥~1),

It can be easily shown that the function R(x, 0, x) decreases monotonically from
~1/x near x = 0 to R = e¢ at x = 1 and, further, to R =1 as x > .
In Eq. (23), we note that R(2, 0, x) = x, i.e.,

2
2
(25) x = N V... .

Finally, we wish to show the connection of R(2, a, x) to the continued frac-
tion F, (a, x) defined as follows:

(26) F,(a, ) = x + a
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From Eq. (26), we obtain the following equation determining the value of
F,(a, x):

=42
27) F, —x = 7,
whence:
(28) F? - xF, -a = 0.

This equation is identical to the one which determines the continued square root
R(2, a, x), and correspondingly

(29) F,(a, x) = R(2, a, x).
An interesting result of Eq. (28) is that in the limit that x -+ 0, we find
(30) li% F,(a, ) = at,

X+

which does not seem obvious from the definition of F, (a, x) by Eq. (26).
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1. INTRODUCTION

The numbers F, =1 + 2%" and My = 2P - 1, where n is a nonnegative integer and
p is a prime, are called Fermat and Mersenne numbers, respectively. Properties of
these numbers have been studied for centuries and most of them are well known. At
present, the number of known Fermat and Mersenne primes are five and twenty-seven,
respectively. It is well known that if 2" - 1 = p, a prime, then »n is a prime. It
is quite easy to show that if 2" - 1 = pg, p and q are primes, then either »n is a
prime or n = v2, where v is a prime. Thus

2Y" = 1 =pg = (2° = 1)(2°®°D + ... + 27 + 1),
where 2” - 1 = p is a Mersenne prime. This leads to the following definition.
Let k and »n be positive integers. The number L(k, 7n) is defined as follows:

Lk, n) =1 + 2% + (2™)2 + «-. + (2M*-1,



