WAITING FOR THE KTH CONSECUTIVE SUCCESS AND

28 THE FIBONACCI SEQUENCE OF ORDER X

[Feb.

REMARK 2: There are 51 solutions of P} = PSP} with P, < 10°. There are 43 solu-
tions of P = /P, with 5 < n < 36 and P < 10%. 1In just two of these, x = P,:

5  _ p5 ps 6 _ pb6 pb
P ;; = PigP,, and P, = P;,Py,.

For 36 < n < 720, there are no solutions with P; < 10°.
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1. INTRODUCTION AND SUMMARY

In the sequel, k is a fixed integer greater than or equal to 2, and 7z is an
integer as specified. Let Ny be a random variable denoting the number of trials
until the occurrence of the kth consecutive success in independent trials with
constant success probability p (0 < p < 1). Shane [6] and Turner [7] considered
the problem of obtaining the distribution of N;. The first author found a formula
for P[N, = n] (n > k), as well as for P[Ny < x] (x 2 k), in terms of the polynac-
ci polynomials of order kX in p. Turner derived a formula for P[Ny =n + k - 1]
(n > 1) in terms of the entries of the Pascal-T triangle. Both Shane and Turner
first treated the special cases p = 1/2, k = 2, and p = 1/2, general k. For these
cases, their formulas coincide.

Presently, we reconsider the problem and derive a new and simpler formula for
P[Ny =n + k] (n > 0), in terms of the multinomial coefficients (see Theorem 3.1).
The method of proof is also new. Interestingly enough, our formula includes as
corollaries the special formulas of Shane and Turner. We present these results in
Section 3. In Section 2, we obtain an expansion of the Fibonacci sequence of or-
der k in terms of the multinomial coefficients (see Theorem 2.1), which is of in-
terest in its own right and instrumental in deriving one of the corollaries.

2. THE FIBONACCI SEQUENCE OF ORDER X

In this section, we consider the Fibonacci sequence of order k and derive an
expansion of it, in terms of the multinomial coefficients.
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DEFINITION 1: The sequence { (k)}:=o is said to be the Fibonacci sequence of or-

n

der k if £ =0, £¥ =1, and

f(k) v +f(k) if

IA

n <k
(2.1) (k) _

(k) oy
fn Pt e t f; X n>k+1.

A\

Turner [7] calls {fﬁk)}:=l
(n £-1), {fﬁk)}:=_m is called by Gabai [4] the Fibonacci k-sequence. The shift

the kth-order Fibonacci-T sequence. With f(k) =0

version of the last sequence, obtained by setting F, , = fﬁf;, is called by Shane
[6] the polynacci sequence of order k. See, also, Fisher and Kohlbecker [3], and
Hoggatt [5].

Denoting by F, and T,, as usual, the Fibonacci and Tribonacci numbers, respec-
tively, it follows from (2.1) that

(2.2) £ =F, and £ =1,,n>0.

The Tribonacci numbers seem to have been introduced by Agronomoff [1]. Their
name, however, is due to Feinberg [2], who rediscovered them.
We now proceed to establish the following lemma.

LEMMA 2.1: Let { Jk)}:=0 be the Fibonacci sequence of order k, and assume that

1 ifn=0,1
(2.3) ek = < 20k if 2<n<k
202{2 - céki L ifn>k+ 1.
Then . .
Cn - fn+l’ n2>0
PROOF: From (2.1) and (2.3), it follows that
. k (k)
(2.4) _ 01(1 ) fn+1’ <n< k.
Suppose next that
k) (k)
(2.5) el = fos1s K+ 1 <n<m,

for some integer m > k + 1. Then

(2.6) e = 20l o by (2.3),
27— L by (2.4) and (2.5),

£, by (2.1).

Relations (2.4)-(2.6) show the lemma.

We will employ Lemma 2.1 to prove the following lemma.

LEMMA 2.2: Let {f(k)}n o be the Fibonacci sequence of order k, and denote by A(k)

the number of arrangements of 7 + kK elements (f or s), such that no k adjacent
ones are all s, but the last k. Then

PROOF: For each n > 0, define a{) (f), a{*’ (s), and a{*’ as follows:
2.7 al® @

(]

the number of arrangements of »n elements (f or s), such that the
last is f and no k adjacent ones are all s (n > 1); ao (f) = 1.
(2.8) a;“)(s) = the number of arrangements of n elements (f or s), such that the
last is s and no k adjacent omes are all s (n > 1); ao )(s) = 0.
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(2.9 aﬂf) = the number of arrangements of n elements (f or &), such that
no k adjacent ones are all s (n > 1); a, =1.
Relations (2.7)-(2.9) imply
(k) _ (k) (k)
(2.10) a,;’ =a,”’ () +a;’ (), n>0,
(2.11) al ) =al®, n>o,
and
. aF, 0<n<k-2
(2.12) al’l(s) =

k
a)) - af (. n>k -1
The second part of (2.12) is due to the fact that, for n > k - 1, a;ii(s) equals

a%k) minus the number of arrangements among the aﬂf)(s) whose last k - 1 elements

are all s. Adding (2.11) and (2.12) and utilizing (2.10) and (2.11), we obtain

(2.13) a(li)z(f) - zaflk)l(f)’ 0<n < k-2

2a80(H) - all) (s m 2k - 1.
We also have, by the definition of A;k) and (2.7), that

(2.14) a8 =4, nxo,
with Agk) = Aik) = 1. The last two relations give
1, n=20,1
A% = {24, 2<n<k

k
20 -4 w1,

which establishes Lemma 2.2, by means of Lemma 2.1

The following theorem gives a formula for the Fibonacci numbers of order Xk in
terms of the multinomial coefficients.

THEOREM 2.1: Let {f(k)}w be the Fibonacci sequence of order k. Then

n n=0

(k) Ny + o + Nyg
f+1 = (1 > nZO,

where the summation is over all nonnegative integers n,, ..., n; satisfying the
relation 7y + 21y + o+ + kn; = n.

PROOF: By Lemma 2.2 and (2.14),
(k) (k)
(2.15) favr =an (> n>0.
Next, observe that an arrangement of »n elements (f or s) is one of the a&f)(f) if
and only if n, of its elements are e; = f; n, of its elements are e, = sf, ...; 1y
of its elements are e¢; = ss...sf (ny, + 2n, ++++ + kny = n). Now, for fixed non-
k-1
negative integers 7;, ..., n;, the number of arrangements of the n, + «++ +n, e's

, + -0+ ,
is (né " k), However, #,, ..., 1 are allowed to vary, subject to the con-
19 cees *

dition n, + 2n, + +++ + kn, = n. Therefore,

(2.16) a@= 3 (”1 toend ”k), n> 0,

Nys wes nl’ M 4 nk
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where the summation is taken over all nonnegative integers n,, ..., 7, such that
ny+ 2ny + -+ + kn, = n. Relations (2.15) and (2.16) establish the theorem.

Setting X = 2 and k = 3 in Theorem 2.1, and defining [x] to be the greatest
integer in ¥, as usual, we obtain the following corollaries, respectively.

COROLLARY 2.1: Let {Fn}°° be the Fibonacci sequence. Then

n=0
[n/2] " .
-1
Fn+1=§:(7: ):n_>_0-
=0

COROLLARY 2.2: Let {Tn}:=0 be the Tribonacci sequence. Then

(/2 L 2B
_ :E: :E: i+ 4 -1 - 2]
fren io ico ( z )( T+J )’ 20

The first result is well known. The second, however, does not appear to have
been noticed.

3. WAITING FOR THE KTH CONSECUTIVE SUCCESS

In this section we state and prove Theorem 3.1, which expresses P[N; = n + k]
(n > 0) in terms of the multinomial coefficients. We also give two corollaries of
the theorem, which re-establish all the special formulas of Shane [6] and Turner
[7] for the probability demsity function of Nj.

THEOREM 3.1: Let N, be a random variable denoting the number of trials until the
occurrence of the kth consecutive success in independent trials with success prob-
ability p (0 < p < 1). Then

> 0,

Ny + *° +n Ryt kM ntk-(ng+ -0 +ny)
PNy =n+ k] = (1 ")(l-p) ! IR

where the summation is over all nonnegative integers 7n;, ..., 7, such that n; +
M, + 0 + kny = n.

PROOF: A typical element of the event [N; = n + k] is an arrangement

TyTy eee Tpig oo 47, SS_ oo S,

such that n, of the z's are e; = f; n, of the x's are ¢, = sf, ...; n; of the x's

are ¢, = 88 ... sf, and ny + 2n, + -+« + kn, = n. Fix n3, ..., nx. Then the num-
N~
k-1 . Ny + eee + 1y
ber of the above arrangements is ( 1 " >, and each one of them has proba-
bility crer Tk

L
Pl &, wee Ly g.. 4SS .;. s] [P{el}]n‘[P{ez}]”z ees [P{ek}]"kP{ss .;. s}

(1 _ p)n1+...+nkpn+k_(nl+ +nk)’ n > 0’

]

by the independence of the trials, the definition of e; (1 < J < k), and P{s}=p.
Therefore,

k
P[all TyLy oor Tpypeepn, S8 o+ 83 my; >0 fixed (1 < j < k), J'Z:ljnj = n}
k

- nl 4+ s 4 Ny (1 _ p)n1+-..+nkpn+k_(n1+-..+nk)’ n > O.
Nys soe Ng -
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But the nonnegative integers 7y, ..., 7; may vary, subject to the condition n; +
2n, + ... + kny = n. Consequently,

P[Nk =n + k]
k
= P[%ll 1Ty e Ly 4oe4n,88 -00 8317 >0 (1 X4 <), 2: Jn; = n]
k Ji=1
- Z (7’11 + eee 4 nk)(l _ p)n1+"'+nkp”+k—(n1+"‘+"k), n >0,
n e g Mgy sees Ny

where the summation is over all »n;, ..., n; as above, and this establishes the
theorem.

We now have the following obvious corollary to the theorem.
COROLLARY 3.1: Let N, be as in Theorem 3.1, and assume k = 2. Then
[n/2] .
_ _ n o~ 1\ _i+2 n-1
P[Nz—n+2]—Z(i)p (1-p) ", n2>0.

=0

This result is a simpler version of Turmer's [7] formula for general p and
k = 2 (our notation).
We also have the following corollary, by means of Theorem 2.1.

COROLLARY 3.2: Let N; be as in Theorem 3.1, and assume p = 1/2. Then

P[Ny = n + k] = £{10/2""%, n > o.

This result is a version of formula (12) of Shane [6] and of Turner's [7] for-
mula for general kX and p = 1/2.
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