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and if d > 0, then
(2) ———Z———gn<=>dg

Thus C,(n) is at least the number of odd divisors d of »n that are < v#, so a for-
tiori we have

Co ()
1f d|m and d < Vm, then m/d|m and m|d

Tm if m is not a square
T, Ji) = {2
ESE%Ti—l‘if m is a square.

Hence Co,(n) > tT(m)/2. We have C,(n) = 1(n) - Co(n), and thus

(k + 1)t(m) - T(Zm) = (k +~;—)T(m).

Cy(n)

A

This completes the proof. O

REFERENCES
1. B. de La Rosa. "Primes, Powers, and Partitions."
no 6 (1978):518-22,
2. W. J. Leveque. '"On Representation as a Sum of Consecutive Integers." Canad.
J. Math. 4 (1950):399-405.

The Fibonaceil Quarterly 16,

sokkorok

CONCERNING A PAPER BY L. G. WILSON

A. G. SHANNON
New South Wales Institute of Technology, Broadway, N.S.W. 2007, Australia
A. F. HORADAM
University of New England, Armidale, N.S.W. 2351, Australia
(Submitted June 1980)

1. INTRODUCTION

Wilson [3] uses the expression (2.1) below, which approximates the Fibonacci
and Lucas sequences {F,} and {L,}, respectively, for r sufficiently large. The
object of this paper is to make known this and another expression (3.1) by apply-
ing techniques different from those used in [3]. In particular, we need

- 2 LT
(1.1) B, = 4 cos 57

Special attention is directed to the sequence (2.4).

2. A GENERATING EXPRESSION

Consider

(2.1) Fr (x, y) =7, = (g:__+_______ W)r—ly_llz’
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in which x and y are real numbers and r + », Some applications of this expression
are given in Examples 1-3.

EXAMPLE 1: Let x =1 and y = 5, then

(2.2) F,..(, 5) =—

Using Binet's formula, we see that
lim Fpyy (1, 5) = F,.
3-v5_ 2 21

5 = 4 cos 5

Foin(1, 1) = (1 Zﬁ)r =a”

lim F,,y (1, 1) = L.

2

EXAMPLE 2: Let x = 1 and y = , then y! = 0?. Hence,

(2.3)

EXAMPLE 3: Let x be the real root of ¢t + t2 - 1 =0 and y = 2 . It can be veri-

fied that
S E S i N - B P T
”"'\3/54‘L 108*\’/54' 108 ~ 3’
and it is shown in [2] that the reciprocal of x is the real root of the character-
istic equation for (2.5) below. For r sufficiently large, (2.1) approximates the
Neumann sequence discussed in [2] and [3] and given by

To Tl Tz Ta Tu Ts Ts T7 Te Te Tlo T11 T12 T13 Tlu Tls Tls T17 tte

(2.4)

3 0 2 3 2 5 5 7 101217 22 29 39 51 68 90 119 ...
where
(2.5) T, =T, , +Ty_s (n > 3).

This is possibly the slowest growing integer sequence for which p[I} for all prime
(see [2]).

3. COMPLEX SEQUENCES

Write
7 n
(3.1) F, = (E;tJﬁ%_i;ﬁE) ,
where
(3.2) © = 2n = -Bn = -4 cos?T0 [by (1.D)], m=1,2, ..., n = L.
Then
= (_1\*o" znm o _YLI_’IT_
F,, = (-1)"2" cos (Zn){l + 7 tan Zn}
(3.3) = (-1)"2" cos”(%%)eimwz by Euler's Theorem

= (_l)n Br’tnlz eimvrlz

SO
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n-1 n-1
F,fn - Z (—l)an;elmﬂ
m=1 m=1
n-1
=ty (-8 according as n is {Ziin
m=1
n-1 dd
=Y ar [by (3.2)], according as n is {Zven

\ m=1
When n = 6, (3.3) gives
F,, = (26 + 15/3)7, F, = -27, F,, = -81, F,, = 1, F,
From (3.2),
2, = ~(2+V3), g, =-3, 5, = -2, 3, = -1, 2, = ~(2 - /3).
Hence, by (3.4),

= (26 - 15/3)%.

5 5

2 6 _ 6
ZFme = —sz = -6".
m=1 m=1

From (3.3), it is clear that the F,, are, alternately, purely real and purely
imaginary.
Together, (2.1) and (3.1) yield

(3.5) T

[

r/n ., ~1/2
r+l an °

Wilson [3] also gives the cases y = -1 and y = -3 withn =6, m = 1, so

x = ~4 coszi%- = -2 +v/3) [by (3.2)].
This produces what he calls "regular complex Fibonacci sequences," by which he
means that terms at regular intervals are either purely real or purely imaginary
(while in all other cases the terms are of the form a + 7b, where a, b are real).
The period of these "cycles" is, in both cases, 6, beginning with 7. Details of
the computation involved are omitted here in the interest of brevity, and are left
to the reader's curiosity.

§

4. CONCLUDING COMMENTS

Return now to Examples 1-3 in Section 2.

In (3.5), take n = 5, y = 5, m = 2, i.e., B, = & cosz-g by (1.1). Then Exam-
ple 1, (2.2), results. 2

Next, with n = 5, m = 2 again, but with y = B, = 4 cosz-Er by (1.1), Example
2, (2.3), results.

Furthermore, observe that, when « = 1 and y = 5, the recurrence relation for
T, = F,(1, 5) in (2.2) is given by

r 2\r
_ nf{r _af _ (-1 +0%)
(4.1) Trsa —r;o(—l) (n>T2r-2n+1[‘ 7;"—_1/_5—_“]
This is related to the more general
d
(4.2) T, = aT, .
r=2

given in Neumann and Wilson [2], where T, =d, T; = 0, T, = 2a,, T3 = 3as,
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. When d = 3, a, = 1, a; = 1, we obtain from (4.2) the Neumann sequence (2.4),
which, as we have noted, can also be generated by Wilson's function (2.1).
Finally, we observe that

f; = Fr(ls 5) = (_l)r/s ° Fr+1(l, 5)
(4.3)
Lp =Fn(l, 1) + (-1)7/F. (1, 1).
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1. INTRODUCTION

If f is the Dirichlet product of arithmetical functions g and %, then by defi-

nition
F) = 2 g Dh(n/d).
d|n
In this paper we define a convolution of two arithmetical functions that general-
izes the Dirichlet product. With this new convolution, which we shall refer to as
the the "k-prime product," it is possible to define arithmetical functions which
are analogs of certain well-known functions such as Euler's function ¢(n), defined
implicitly by the relation
(1.1) Y o = n.
dé=n

Other well-known functions to be considered in this paper include T(n) and o(n)
given by T(n) = Z1 and o(n) = Ld, where the summations are over the positive di-
visors of n. The familiar Moebius function p(n) is defined as the multiplicative

function with the evaluation u(p) = -1 and u(pe) = 0 if e > 1, and satisfies the
relation

_ _ 1 difn=1
(1.2) d;g;U(d) = e = { 0 otherwise.

Note that p(l) = 1, since Y is a nonzero multiplicative function. Upon applying
the Moebius inversion formula to (l.l), one obtains the simple Dirichlet product
representation for ¢,

(1.3) o(n) = 2 u(@ds.
dé=n
Another function which may be defined by means of the Dirichlet product is
g(n), the characteristic function of the set @ of square-free integers,



