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DEFINITIONS 

The Fibonacci numbers Fy, and Lucas numb eirs Ln satisfy 

F + F F = 0 F = 1 

Ln + 1 + ^ ' LQ = 29 L1 = I. 

Also, a and (3 designate the roots (1 + /5)/2 and (1 - /5)/2, respectivelys of 
x2 - x - 1 = 0. 

PROBLEMS PROPOSED IN THIS ISSUE 

B-472 Proposed by Gerald E. Bergumr S. Dakota State University, Brookings, SD 

Find a sequence {Tn} satisfying a second-order linear homogeneous re-
currence Tn = ccTn x + bTn 2 such that every even perfect number is a term in 
{Tn}. 

B-473 Proposed by Philip L. Maria, Albuquerque, NM 

Let a = Lxooos ^ = ^iooi» ° == ^ioo2> d = £1003- Is 1 + x +. x1 + x* •+xh 

a factor of 1 + xa + xh 4- x ° + xd1 Explain. 

B-474 Proposed by Philip L. Mana, Albuquerque, NM 

Are there an infinite number of positive integers n such that 

Ln + 1 = 0 (mod 2n)l 
Explain. 

B-475 Proposed by Herta T. Freitag, Roanoke, VA 

n 
Let Sk(n) = E (-1)J' + V/C. Prove that \S3(n) - S\{n)\ is 2[(n + l)/2] 

j = i 

times a triangular number. Here [ ] denotes the greatest integer function. 

and 
F 

E n + 2 

Ln+2 

179 
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B-476 Proposed by Herta T. Freitag, Roanoke, VA 

n 
Let Sk (n) = £ (~iy' + 1jk. Prove that \Sn(n) + Sz(n)\ is twice the square 

j-i 

of a triangular number. 

B-477 Proposed by Paul S. Bruckman, Sacramento, CA 

(-l)n 1 1 Prove that Y* Arc tan — = — Arc tan —. 
n-2 F 2 n 2 2 

SOLUTIONS 

Casting Out 27's 

B-446 Proposed by Jerry M. Metzger, University of N. Dakota, Grand Forks, ND 

It is familiar that a positive integer n is divisible by 3 if and only 
if the sum of its digits is divisible by 3. The same is true for 9. For 27, 
this is false since, for example, 27 divides 1 + 8 + 9 + 9 but does not divide 
1899. However, 27|1998. 

Prove that 27 divides the sum of the digits of n if and only if 27 di-
vides one of the integers formed by permuting the digits of n. 

Solution by Paul S. Bruckman, Concord, CA 

Given 
m 

(1) N = Y,aklOk, 
fc = 0 

where the ak s are decimal digits, let the sum of the digits be given by 

m 

(2) 8(210 = £ ak. 
k = o 

We begin by observing that the statement of the problem is false. The correct 
statement should read as follows: If 27 divides the sum of the digits of N9 
then 27 divides one of the integers formed by permuting the digits of N. The 
converse is clearly false, since, e.g., 27| 27 but 27|s(27) = 9. 

Suppose 
(3) 27|s(il/). 

The smallest positive integer N satisfying (3) is 999. Since 27|999, we see 
that the (modified) proposition is verified for N = 999. We may therefore sup-
pose m _> 3. 

Since 9\s(N)9 thus 9\N. Let (PN denote the set of all possible integers 
M formed by permuting the digits of N. Since s(M) = s(N) for all M e (PN 9 we 
see that 9\M for all M e &N. We will assume that M = ±9 (mod 27) for all M e 
(PN and show that this leads to a contradiction. 

Given k (0 <. k <_ m - 2) , form /17/c(1) e (PN and N£2) e <PN by merely permut-
ing the triple (ak9 ak+19 ak+2) to (ak+l9 ak+2, ak) and (ak+29 ak9 a^+i), re-
spectively. Then 



= -9 • I0k(ak + ak+1 + ak+2) (mod 27) 
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N™ - N - 10*<afc+1 - ak) + 10fc+1(afc+2 - afc+1) + 10k+2(a, - ak+2) 

E l° ktak+1 - ak + 10(ak+2 - ak+1) + 19(ak - ak+2)} (mod 27) 

= -9(ak + afe + 1 + ^^+2) (mod 27). 

Similarly, we find that 

tf£2) - N = 9(ak + ak+1 + ak+2) (mod 27). 

Having assumed that N = ±9 (mod 27), we cannot have 

ak + ak + l + ak+2 ~ ± l (mod 3 ) ' 

for we would then have either 

N^1) = 0 or il/£2) E 0 (mod 27), 

contradicting the assumption. Since k is arbitrary, we must therefore have 

(4) ak + ak+1 + ak+2 = 0 (mod 3), k = 0, 1, ..., m - 2. 

Thus the sum of any three consecutive digits of N must be divisible by 3. But 
we see by symmetry that this same property must hold for all M e (P' . This can 
only be true if all the ak's are congruent (mod 3). 

Suppose, therefore, that 

(5) ak = 3bk + r, where bk = 0, 1, 2, or 3, 

v = 0, 1, or 2, 

with bk = 3 only if p = 0. 
Let 

m 

(6) 5 - Z bk!0k. 
k = 0 

m m 
Then N = £ (32>k + r ) 1 0 / c = 3£ + r £ 10 k , or 

k = 0 fe = 0 

(7) ' fl = 3B + | ( 1 0 m + 1 - 1 ) . 

A l so , 
m 

s(N) = E Ohk + r), or 
.fc-o 

(8) s(N) = 3s (5) + r(m" + 1 ) . 

We consider two (a pvlovi) possibilities: 

(a) m E Q or 1 (mod 3). Since 3\s(N), we see from (8) that r = 0. Hence, 
717 = 35 and s (N) = 3s (B). But 

27|e(i\̂ ) —>.9|s(B) —>9|5.— 
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which contradicts our assumption. This leaves the only remaining possibility: 

(b) m = 2 (mod 3). Let m = 3t - 1, t >_ 2. Note that 

|(10m + 1 - 1) = £(103* - 1) = p 3 £ 1 1 0 k = lllr £ 103* 
^ fc = 0 fc = 0 

= 3r £ x (mod 27> E 3^ (mod 27>-
k = 0 

Thus, using (7), 

N = 3B + 3rf- (mod 27) —> | = B + rt (mod 9). 

Also, ̂ p - = s(B) + rt E B + rt (mod 9). Hence, | E ̂ p - (mod 9), which, to-

gether with 271s(N) implies 27|#, again contradicting our assumption. 
Thus the assumption is false, establishing the (modified) proposition. 

Also solved by the proposer. 

Casting Out Eights 

B-447 Based on the previous proposal. 

Is there an analogue of B-446 in base 5? 

Solution by Paul S. Bruckman, Concord, CA 

Given 
m 

(1) N = £ ak5k, 
fc = 0 

where the ak's are digits in base 5 (ak = 0, 1, 2, 3, or 4) , let the sum of the 
digits be given by 

m 

(2) 8 0) = £ ak. 
k = o 

m • 

We n o t e t h a t N - s(N) = £ ak(5k - 1) '= 0 (mod 4 ) , s i n c e 5k = 1 (mod 4 ) . Thus 
fc = o 

(3) 4|iV i f f 4|s(71/). 

The analogue suggested by B-446 would probably read as follows: If 8 divides 
the sum of the digits of N (in base 5), then 8 divides one of the integers 
formed by permuting the digits of N (in base 5). 

Unfortunately, the above proposition is false, unless additional condi-
tions on N are specified. A counterexample is 

N = 3,908 = (111113)5; 

although S\s(N) = 8, we find that all six integers formed by permuting the 
digits (in base 5) of N are congruent to 4 (mod 8), and therefore not divisi-
ble by 8. 
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The following is the corrected (though more complicated) version of the 
proposition: If 8 divides the sum of the digits of N (in base 5), then 8 di-
vides one of the integers formed by permuting the digits of N (in base 5), 
unless all the digits of N are odd (i.e., 1 or 3) and the number of such digits 
is congruent to 2 (mod 4). In the latter case, all the permutations are con-
gruent to 4 (mod 8). 

(The proof is similar to that of B-446 and was deleted by the Elementary Prob-
lems Editor.) 

Sum of Products Modulo 5 

B-448 Proposed by Herta T. Freitag, Roanoke, Va 

Prove that, for all positive integers t , 

u 

i = l 

Solution by John Ivie, Glendale, AZ 

It suffices to show that each pair F5^+1L5i + ^si+e^5i+5i^n t n e sulrana~ 
tion is divisible by 5. Using the Binet Formula, this pair equals 

T? 4- F = ST 
r 1 0 U l ^lOi+ll J1J10i + Sm 

Also solved by Pauls. Bruckman, Bob Prielipp, Charles B. Shields, Sahib Singh, 
Lawrence Somer, Charles R. Wall, Stephen Worotynec, Gregory Wulczyn, and the 
proposer. 

Sum of Products Modulo 7 

B-449 Proposed by Herta T. Freitag, Roanoke, VA 

Prove that, for all positive integers t, 

£(-Di + ̂ 8i + 1 £ 8 i = 0 (mod 7). 
i = 1 

Solution by Charles R. Wall, Trident Technical College, Charleston, SC 

It is easy to show that 

The powers of -1 telescope, since the number of summands is even, and thus 

E (-ir + 1F,i + 1Lai = E(-l)i + 1 ^ e i + 1-
i* 1 t = i 

We group the It summands in the latter sum into t pairs, each of which is di-
visible by 21: 
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The stronger result, that the original sum is divisible by 21 (rather than 
merely 7), follows at once. 

Also solved by Pauls. Bruckman, John Ivle, Bob Prielipp, Sahib Singh, Lawrence 
Somer, Stephen Worotynec, Gregory Wulczyn, and the proposer. 

Lucas Quadratic Residue 

B-450 Proposed by Lawrence Somer, Washington, B.C. 

Let the sequence {Hn}n=Q be defined by Hn = F2n + F2n+2. 

(a) Show that 5 is a quadratic residue modulo Hn for n >_ 0. 
(b) Does Hn satisfy a recursion relation of the form Hn + 2 = eHn + 1 + dEn, with 

c and d constants? If so, what is the relation? 

Solution by E. Primrose, University of Leicester, England 

We prove (b) first, and use it to prove (a). 

(b) Examination of the first few terms suggests that 

Hn+2 = 3Hn+1 - Eny 

and this is easily verified by using the defining relation for Hn and the re-
currence relat ion ror r^. 

(a) We prove that H^+1 - HnHn+2 = 5, which gives the required result. Now 

Hn+1 " HnHn+2 = Hn+1 " #n(3#n+l " Hn) 
= Hn + Hn+1(Hn+1 - 3Hn) = Hn - Hn_1Hn+1. 

It follows by induction that H2
n+1 - HnHn+2 = H\ - HQH2 = 5. 

Also solved by Paul 5. Bruckman, Herta T. Freitag, John Ivie, John W: Milsom, 
Sahib Singh, Bob Prielipp, A.G. Shannon, Charles R. Wall, Gregory Wulczyn, and 
the proposer. 

Consequence of the Euler-Fermat Theorem 

B-451 Proposed by Keats A. Pullen, Jr., Kingsville, MD 

Let k9 m9 and p be positive integers with p an odd prime. Show that in 
base 2p the units digits of wfc(>P~1)+:L ±s the same as the units digit of m. 

Solution by Charles R. Wall, Trident Technical College, Charleston, SC 

Let (J) be Euler's function. Since p is an odd prime, <|>(2p) = p - 1 and 
therefore by Euler's Theorem, mp~1 = 1 (mod 2p). We take the fcth power of both 
sides and then multiply both sides by m to obtain 

muP-D+i = m ( m o d 2 p ) 

as asserted. [This assumes gcd(m, p) = 1 but also follows for p|m.] 

Also solved by Paul S. Bruckman, Herta T. Freitag, Bob Prielipp, Sahib Singh, 
Lawrence Somer, Gregory Wulczyn, and the proposer. 

***** 


