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1. INTRODUCTION

Let {u,} be a primary Fibonacci-like sequence (PFLS) defined by the re-
cursion relation

Uppo = QUyyq + by, (1)
where uy = 0, u; =1, and a and b are integers. We will call a and b the
parameters of the recurrence. We will denote such a sequence as u(a, b).
Two of the most important questions concerning these sequences are: For a
given PFLS u(a, b), which odd primes have a maximal rank of apparition? and
For which odd primes does the PFLS u(a, b) have a maximal period modulo p?
No definitive results are known for these questions. What we propose to do
in this paper is to first present the best known results concerning these
questions. Then we will turn the questions around and fix the odd prime and
ask which PFLS's have maximal ranks of apparition and maximal periods with
respect to that prime. In a previous paper [6], the author obtained partial
results by considering only those PFLS's u(a, b) for which b = 1.

Before proceeding further, we will need a few definitions. We will let
u(a, b, p) denote the period of the PFLS u(a, b) reduced modulo p, where p is
an odd prime. Moreover, a(a, b, p) will denote the rank of apparition of p
in the PFLS u(a, b). Let s(a, b, p) be the multiplier of the PFLS u(a, b)
modulo p. If k = a(a, b, p), then s(a, b, p) = uy,, (mod p). Then

B(a, b, p) = ula, b, p)/ala, b, p)

is the exponent of the multiplier s{a, b, p) modulo p. Let the characteris-
tic polynomial of the PFLS u{a, b) be

x? - aqx - b = 0. (2)

Let r; = (a +Va? + 4b)/2 and r, = (a - Va? + 4b)/2 be the roots of this

polynomial. Then by the Binet equations

Un

(@} - rP)/(r; - r,). 3

Let

]
]

a® 4+ 4b = (v, - 1,)?
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be the discriminant of the characteristic polynomial. Throughout this paper
K will denote the algebraic number field @(VD). R will denote the integers
of K. Further, Z, and GF(p?) will denote the Galois fields with p and p”
elements, respectively. Finally, ord,(d) will denote the exponent of d mod-
ulo p.

2. PRELIMINARY RESULTS

The following well-known results will be necessary for our later theo-
rems.

LEMMA 1: Let p be a prime. In the PFLS u(a, b), suppose that b # 0 (mod p).

Then the PFLS u(a, b) is purely periodic modulo p and if u = 0 (mod p), then

ala, b, p)lk. (4

If b =0 and a # 0 (mod p), then the rank of apparition of p in u(a, b) is
undefined and u(a, b) reduced modulo p is of the form

(O) 13 (o2 az, as, -.-).

If b =0 and a = 0 (mod p), then u(a, b) reduced modulo p is of the form
(0, 1, 0, 0, 0, ...).
PROOF: Suppose the pair (ux, Ux+1) is the first pair of consecutive terms

to repeat and k # 0. Letm = u(a, b, p). Then uy,, = U, and Up,yi4p, = Uksr
(mod p). However, by the recursion relation (1),

' buy.y = Upyy - alye
Since b # 0 (mod p),
Ug1 = (Urs1 — aug) /b (mod p).
Thus, the pair (ug.y, ux) also repeats, which is a contradiction if k # 0.
Thus, the pair (u#,, u,) repeats. Hence, u(a, b) is purely periodic modulo p.

A similar argument shows that if u; = 0 (mod p), then a(a, b, p)|k. The rest
of the lemma follows by direct verification.

LEMMA 2: Let p be an odd prime. In the PFLS u(a, b), suppose b # 0 (mod p).
Then
up_(D/p) =0 (mod p),

where (D/p) is the Legendre symbol for the quadratic character of D modulo p.
Further,

up, = (D/p) (mod p).
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PROOF: See [1, pp. 315-317] or [2, p. 45].
COROLLARY: Let p be an odd prime. Consider the PFLS u(a, b). Suppose b Z 0
(mod p). Then if (Dfp) = 1,
ala, b, p)|p - 1
and p - 1 is the maximal value for a(a, b, p). Further, if (D/p) =1,
u(a, b, p)lp - 1
and p - 1 is the maximal value for u(a, b, p). If (D/p) = -1,
ala, b, p)|p + 1
and p + 1 is the maximal value for of(a, b, p). Moreover, if (D/p) = -1,

U(a: bs p)lpz -1

and p? - 1 is the maximal value for u(a, b, p).

3. SPECIAL PRIMES HAVING MAXIMAL PERIODS AND RANKS OF APPARITION

We will now see that given specific PFLS's u(a, b), there exists a class
of primes dependent on the parameters g and b with maximal ranks of appari-
tion and maximal periods. In the case of ranks of apparition, we will also
obtain the next best result, namely half-maximal ranks of apparition. We now
present the following results.

LEMMA 3: Let p be an odd prime. Consider the PFLS u(a, b). Suppose p*abD.

(i) z1f (-b/p) =1, then
U(p-(osprys2 = O (mod p).
(ii) I1f (-b/p) = -1, then

Up- /)2 £ 0 (mod p).

PROOF: See D. H. Lehmer [5] or Robert P. Backstrom [1].

THEOREM 1: Let p be an odd prime. Consider the PFLS u(a, b). Suppose pkabD.

(i) If r is a prime and p = 2r + 1 is a prime such that

(-b/p) = (D/p) = 1, then

ala, b, p) =r = (p - 1)/2.
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(ii)

(iii)

(iv)

PROOF: See

COROLLARY :

(1)

(ii)

PROOF: (i)

(ii)
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If s is a prime and p = 2s - 1 is a prime such that
(-b/p) = (D/p) = -1, then
ala, b, p) =p + 1.

If s is a prime and p = 2s - 1 is a prime such that
(-b/p) = 1 and (D/p) = -1, then

afa, b, p) =s = (p + 1)/2.

If r is a prime and p

(-b/p) = -1 and (D/p)

2r + 1 is a prime such that
1, then

o(a, b, p) =p - 1.

Backstrom [1]. This proof relies heavily on Lemma 3.

Let p be an odd prime. Consider the PFLS u(a, b). Suppose p}abD.

If r is a prime and p = 2r + 1 is a prime such that

(-b/p) = @/p) =1,
U(a9 b, p) =p - 1.

If 8 is a prime and p = 28 - 1 is a prime such that
(D/p) =1 and -b is a primitive root modulo p, then

u(a, b, p) =p> - 1.

By the corollary to Lemma 2, u(a, b, p) is at most p - 1 and the
result now follows.

By Lemma 2,

up = (@/p) = -1 (mod p)

and
Up-jp) = Ups1 = 0 (mod p).

Now, by the recursion relation,

s(as bs P) = Ug(q,p,pr 41 = Upsro = PUp T allpyy

p+

Hi

-b + 0= -p (mod p).
Further,
ordp(s(a, b, p)) = ordp(-b) =p - 1

by hypothesis. Thus,
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U(a: b’ p) (as b’ p) ° Ordp(s(a: b: p))

@+ @E-1 =p?-1.

Unfortunately, it is not known if there exist an infinite number of pairs
of primes of the form (v, 2» + 1) or (s, 28 - 1). Two other classic sets of
primes, the Mersenne primes, Mg = 29 -~ 1, where g is a prime, and the Fermat

primes, F, = 22"+ 1, can have maximal periods. We have the following theo-
rems.

THEOREM 2: Consider the PFLS u(a, b). ILet p =M, = 2% - 1 be a Mersenne
prime.
(i) zIf (-b/p) = (D/p) = -1, then
ofa, b, p) =p + 1.
(ii) 1If (D/p) = -1 and -b is a primitive root modulo p, then
wla, b, p) =p? - 1.

PROOF: (i) By Lemma 2, Up+y = 0 (mod p). Now by Lemma 1, if u; = 0 (mod p),
then a(a, b, p)|k. Moreover, by Lemma 3, pfup+1,/2- The only
divisors of p + 1 are 2", where 0 < n < g. Thus,

a(a, b, p) =p + 1,
since this is the only divisor of p + 1 not dividing (p + 1)/2.
(ii) This follows from the same argument used in the proof of asser-

tion (ii) of the corollary to Theorem 1.
THEOREM 3: Consider the PFLS u(a,b). Let p =F, = 22"+ 1 be a Fermat prime.
If (-b/p) = -1 and (D/p) =1, then

u(aa bs p) = U(a3 b: p) =p - 1.

PROOF: By Lemma 2 and its corollary, of(a, b, P)]91" 1 and u(a, b, p)lp - 1.

The only divisors of p-1 are 2%, where 0 < k < 2 . But by Lemma 3, we have
pliy-1),2- Therefore,

ofa, b, p) = u(as b, p) =p - 1,
since this is the only divisor of pf-l not dividing (p- 1)/2.

Unfortunately, again, it is not known if there are an infinite number of
Mersenne or Fermat primes.
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4. PRELIMINARY LEMMAS FOR THE GENERAL CASE

Theorems 1, 2, and 3 and the corollary to Theorem 1 are limited in that,
for a specific PFLS, we do not know if there are an infinite number of primes
having the required form to assure that these primes have maximal ranks of
apparition or periods. What we intend to do is, instead of fixing the PFLS
u(a, b),we will fix the prime and ask if there are PFLS's for which the rank
of apparition or period is a maximum. The answer is "yes'" for both the cases
(D/p) =1 and (D/p) = -1, and there are an infinite number of PFLS's which
satisfy this condition. More generally, given an odd prime p, we will vary
over all PFLS's and investigate the possible values for the period, rank of
apparition, exponent of the multiplier, and multiplier modulo p. In the first
three cases, we shall see that there exist PFLS's reduced modulo p for which
the function takes on a maximal value. Clearly, if we let the parameters a
and b vary over all the integers rather than just the integers between 0 and
p - 1, we will obtain an infinite number of PFLS's u(a, b) with this proper-
ty. We will now need the following four lemmas.

LEMMA 4: Let p be an odd prime. Suppose that p*bD. Let P be a prime ideal
in K = Q(VD) dividing p. Consider the PFLS u(a, b).

(i) w(a, b, p) is the least common multiple of the exponents of r, and
r, modulo P.

(ii) a(a, b, p) is the exponent of r,/r, modulo P. This is also the
least positive integer m such that r} = r} (mod P). If (D/p) = -1,
then o(a, b, p) is also the least positive integer m such that r}
is congruent to a rational integer modulo P.

(iii) z1f k = a(a, b, p), then

r¥ (mod P).

i

s(a, b, p)

PROOF: Let R denote the integers of K. Since b # 0 (mod p), neither r; nor
r, = 0 (mod P). Since R/P is a field of p or p? elements, r,/r, (mod P) is
well-defined.

(i) Let »n = p(a, b, p). Then
U, = 0 (mod p) = 0 (mod P)
and
Upsy = 1 (mod p) = 1 (mod P)
by definition of u(a, b, p). Since D = (r; - r,)? # 0 (mod p),
u, = (r% - r3)/(r, - r,)

is well-defined modulo P. Since

(r? - r»}/(r; = r,) 20 (mod P), r} = r} (mod P).



1982]

(ii)

(iii)
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Hence,
Upsr = (22(2)) - rP(r,))/ (e, - r,)) = r? =1 (mod P).

Thus,

3
3
"
]
B
1t

Z 1 (mod P).
Conversely, if
r¥ = 2k = 1 (mod P),

then it easily follows that u; = 0 (mod p) and u,; = 1 (mod p).
Assertion (i) now follows.

Now let n = a(a, b, p). Then
n

U, = @y - rg)/(rl - rz) = 0 (mod P).

This occurs only if r] Z r} (mod P). Dividing through by r}, we
obtain

(ry/r,)" = 1 (mod P),

and hence of(a, b, p) is the exponent of r;/r, (mod P). Further, if
(D/p)= -1, let ¢ be the automorphism of the Galois field R/P of p2
elements. Then

o(ry) =»r} = r, (mod P)
and

o(ry) = (@))" = »} (mod P).

Thus, if »7 = »} (mod P), we obtain (»])? = »] (mod P). Now, R/P =
ZP[JE], where Zp is the field with p elements. In Zp[/ﬁ], the only
solutions of the equation

xP -2 =0

are those in Zp by Fermat's theorem. Consequently, the rest of as-
sertion (ii) now follows.

Let k = aa, b, p). Then
Uy,q = 8la, b, p) (mod p) = s(a, b, p) (mod P).
By the proof of (ii), rk = r% (mod P). Thus,

U1 = (T§+1 - W§+1)/(r1 -r,) = (Pf(rl) - l”]f(l”z))/(l”l - r,)

1

rf = s(a, b, p) (mod P).

The proof is now complete.
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LEMMA 5: Let p be an odd prime. Letm be a residue modulo p. Then, given a
fixed integer a, there exists a unique residue b (mod p) such that in the
PFLS u(a, b), @O/p) =0 or. 1 andr, =m (mod p).

PROOF: We want

mZ= (@ +Vva? + 4b)/2 (mod p).
Then
(2m - a)? = a® + 4b (mod p).

i

Solving for b, we see that b = m?- am (mod p) suffices. Note that if m = a/2
(mod p), then r; = r, (mod p) and (D/p) = 0.

LEMMA 6: Let m Z 0 (mod p) be some residue modulo p, where p is an odd prime.
Then, given a fixed integer b, where b Z 0 (mod p), there exists a unique
residue a (mod p) such that in the PFLS u(a, b), (D/p) =0 or 1 and ry = m
(mod p).
PROOF: By the proof of Lemma 5, if such a residue a exists,

b = m? - an (mod p).
Solving for a, we obtain

a = (m®> - b)/m (mod p).
Thus, such a residue g does exist. Note that if m? = -b (mod p), then

r, = -b/m = m = r; (mod p)

and (D/p) = 0.
LEMMA 7: Let m and n be a fixed pair of residues modulo p where p is an odd
prime. Then there exists a unique PFLS u(a, b) reduced modulo p such that

(D/p) =0 or 1l andr, =m, r, =n (mod p).

PROOF: Suppose that such a PFLS u(a, b) does exist. Then r; =m and r, = n
(mod p). Further, », + r, = g. Moreover, r,r, = -b. Thus,

a=m+mn, b = -mm (mod p)

suffice as the parameters of the PFLS wu(a, b). Note that if m = n (mod p),
then r, = r, (mod p) and (D/p) = O.

5. THE CASE (D/p) =1

We are now ready to present our main results.
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THEOREM 4: Let p be an odd prime and let d # 1 be a divisor of p - 1. Let
t(d) be the number of ways of expressing d as the least common multiple of
the exponents of the nonzero residues m and n (mod p), where m # n (mod p).
Then there exist t(d) PFLS's u(a, b), where 6 S a<p-1land 1<b<p -1,
reduced modulo p, such that (D/p) =1 and u(a, b, p) = d. In particular
there exist t(p - 1) reduced PFLS's ula, b) with a maximal period of p - 1.

PROOF: First, by the corollary to Lemma 2, u{a, b, p) is at most p - 1. By
Lemma 4(i), u(a, b, p) is the least common multiple of the exponents of r;
and r, modulo p. By Lemma 7, for any pair of residues m and »n, wherem # n
(mod p), we can find a PFLS u(a, b) such that ry = m (mod p), > = n (mod p),
and (D/p) = 1. Since for any positive divisor d of p- 1 there exists a resi-
due m such that ordp(m) = d, the theorem follows.

THEOREM 5: Let p be an odd prime and let d # 1 be any positive divisor of
p - 1. Then there exist exactly (p - 1)/2 - ¢(d) PFLS's ula, b) reduced mod-
ulo p such that b Z 0 (mod p), (D/p) = 1, and ala, b, p} = d. In particular

there exist (p-1)/2° ¢(p - 1) such PFLS's with a maximal rank of apparition
of p - 1.

PROOF: a(a, b, p) = d if and only if
uy; = (¢ - rH/(xy - r,) = 0 (mod p)

and u, # 0 (mod p) for any positive integer n < d. Let r, = gr,, where g Z 1
(mod p). Then »¢ = g9r{. Hence, a(a, b, p) = d if and only if g belongs to
the exponent d modulo p. Note that neither r;, nor r, = 0 (mod p), since b £
0 (mod p). Now there exist ¢{d) residues belonging to the exponent d modulo
p. Since r; can be any one of the p- 1 nonzero residues by Lemma 7, we have
(p ~ 1) *» ¢$(d) ordered pairs of residues, (r,, r,) = (r,, gr,), such that the
corresponding PFLS u{a, b) has a rank of apparition of p equal to d.

We are really interested in the unordered pairs of solutions for r; and
r,, since r; and r, considered in any order determine the same PFLS. The
ordered pairs (r1, r,) and (r;, ri) are equal as unordered pairs. Now, if
ry, £ gry, then r, = r,/g, where g # 0 (mod p), since neither »; nor r, = 0
(mod p). But if g belongs to the exponent d, so does 1/g. TFurther, r; Z r,
(mod p), since (D/p) # 0. Thus, exactly half of the (p - 1)+ ¢(d) ordered
pairs are equal as unordered pairs. The theorem now follows.

THEOREM 6: Let p be an odd prime. If d|p - 1 and d # p — 1, then there ex-
ists a PFLS u(a, b) reduced modulo p such that b # 0 (mod p), (D/p) = 1, and
B(a, b, p) = d. Further, if s ¥ 0 (mod p) is a fixed integer, then there
exists a PFLS u(a, b) reduced modulo p such that s(a, b, p) = s (mod p).

PROOF: By Lemma 7, simply pick residues p, and r, modulo p such that

ordp(ry) =p -1 and p, = gr; (mod p),
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where ordy(g) = (p = 1)/d and g # 1 (mod p). Hence, for the corresponding
PFLS u(a, b),

U(as b) P) = [Ordp(rl), ordp(Pz)] =p - 1

by Lemma 4(i), where [m, n] is the least common multiple of m and n. By the
proof of Theorem 5,

afa, b, p) = (p - 1)/d.
B(a, b, p) = ula, b, p)lala, b, p) = d.

Then

Now suppose that s is a fixed integer and the exponent of s modulo p is d.
Then, by elementary number theory, there is a primitive root r; of p such that
r?'l” = s (mod p). By the above proof, we can find an integer r, such that
r, and r, are the characteristic roots of the PFLS u(a, b) with

u(, b, p) =p -1 and oala, b, p) = (p - 1)/d = k.
Then

1t

s(a, b, p) = rk = s (mod p)
and we are done.

6. THE CASE (D/p) = -1

Theorems 7, 8, and 9 below will deal with those PFLS's u(a, b) for which
(0/p) = -1.

THEOREM 7: Let P be an odd prime. Suppose that d|p® - 1 but dfp - 1. Then
there exist exactly (1/2)¢(d) PFLS's u(a, b) reduced modulo p such that

(@/p) = -1 and u(a, b, p) = d.

In particular, there exist exactly (1/2)¢(p2— 1) reduced PFLS's u(a, b) with
a maximal period of pz— 1.

PROOF: Look at GF(p?), the finite field of p? elements. Since the nonzero
elements form a cyclic multiplicative group, there exist exactly ¢(d) elements
in this field belonging to the exponent d. Let r; be one of these elements.
Let Zp represent the field of p elements. Now, r, € GF(p?) but », ¢ Zp by
Fermat's Little Theorem, since the exponent of »r; does not divide p - 1. So
Zplr,] = GF(p?). Thus, r, satisifes an irreducible polynomial of degree 2
over Zp:

x> —ax - b =0, (5)

where 0 S g <p - 1land 1 < b <p - 1. The other root of this polynomial is
o(r;) =rf=r,. Then

ry, = (a+ Va2 + 4b)/2 and r, = (a - Va® + 4b)/2



1982] POSSIBLE PERIODS OF PRIMARY FIBONACCI-LIKE SEQUENCES 321

can be considered elements of K =@ (a2 + 4b). Let P denote a prime ideal of
K dividing p. By assumption, both r; and r, belong to the exponent d in the
field R /P of p® elements, since r; does and v, is automorphic to r;. Hence,
by Lemma 4(i), p(a, b, p) =d. Finally, it is clear that there exist exactly
(1/2)¢({d) such PFLS's reduced modulo P, since each PFLS u(a, b) is determined
by »; and r,. ‘

THEOREM 8: Let p be an odd prime. Suppose d|p + 1 andd # 1. Then, there
exist PFLS's reduced modulo p, such that (Dfp) = -1 and of(a, b, p) = d. In
particular, there exist PFLS's u(a, b) with a maximal rank of apparition of
p ofp + 1.

PROOF: First, find an element r; of GF(p?) such that r, belongs to the ex-
ponent (p - 1)d. Then »r; is not a (p - 1)st root of unity and, hence, r, is
not a member of the prime field Zp. Thus, GF(pz) = Zp{r;]. As in the proof
of Theorem 7, we can consider r; an element of XK. Let P be a prime ideal in
K dividing p. Then

r?'”d = 1 (mod P)
and Pf is a (p - 1)st root of unity in R/P. Hence,
rf = z (mod P),

where 2z is a rational integer and 2 Z 0 (mod p), since these are the only
residue classes (mod P) that are (p - 1)st roots of unity.

Now, suppose that »7 Z z' (mod p), where 0 <7 < d and 2' is a rational
integer. Then

r;(p_l) = 1 (mod P)

and n(p - 1) < (p - 1)d. But this is a contradiction. Thus, d is the least
positive integer such that »§ = 2z (mod P), where z is a rational integer.
Hence, by Lemma 4(ii), ala, b, p) = d.

THEOREM 9: Let p be an odd prime; also let d!p - 1. Ifp is not a Mersenne
prime, then there exists a PFLS u(a, b) reduced modulo p such that (D/p)=-1
and B(a, b, p) = d. If p is a Mersenne prime then there exists at least one
PFLS u(a, b) reduced modulo p such that (D/p) = -1 and B(a, b, p) = d if and
only if d is even. In any case, there exists a PFLS u(a, b) with a maximal
exponent of the multiplier modulo p of p - 1. Further, if d!p - 1 and there
exists a PFLS u(a, b) such that B(a, b, p)=d and s is any integer whose ex-
ponent modulo p is d, then there exists a PFLS u(a, b) such that s(a, b, p) =
s (mod p).

PROOF: Suppose that the period modulo p of a PFLS u(a, b) is k, where

kfp - 1, k|p? - 1, and (D/p) = -1.
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By the proof of Theorem 8, both r; and r, belong to the exponent k modulo P.
It is clear that we can express k uniquely as the product of m and »n, where
m and n are positive integers, m|p - 1, n|lp + 1, n > 1, and (m, p - 1) =m.
We shall show that n = a(a, b, p) and m = B(a; b, p).

By Lemma 4(ii), a(a, b, p) is the least positive integer ¢ such that r§
is congruent to a rational integer modulo P. Now, n is such an integer, be-
cause r} is an mth root of 1 in R/P andm|p - 1. I claim that no smaller
positive integer J suffices. If this were true, then

Blas b, p) = wla, b, p)lola, b, p) =m/g
and mn/j must divide p - 1. Clearly,
mn/jlmn

also. But, since § < n, mn/j > m. However, m is the largest integer divid-
ing both m and p - 1, so we have a contradiction. Thus, a(a, b, p) = n and
B(a, b, p) = u(a, b, p)/ala, b, p) = m.

Now suppose that p is not a Mersenne prime. Clearly, (p - 1, p + 1) = 2.
Since p is not a Mersenne prime, p + 1 has a prime factor % > 2 such that
(h, p - 1) = 1. Let r; be any integer in R whose exponent (mod P) is dh. By
the proof of Theorem 7, we can find a PFLS u(a, b) such that (D/p) = -1, the
characteristic roots r, and r, have exponent dh (mod P), and u(a, b, p) = dh.
It is apparent that (dh, p - 1) = d. By our above arguments in this proof,
B(a, b, p) = d. Furthermore, among the ¢(dh), such possibilities for r,, r%
must be one of the ¢(d) residues (mod P) whose expopent is d. Since (d, h) =
1, ¢(dh) = ¢(d)p(h). Thus, it follows that for any fixed integer s with ex-—
ponent d (mod p), there exist ¢(h) residues r; (mod P) such that r? = s (mod
P). Then r, and 0(r;) = r, are the characteristic roots of a unique PFLS
u(a, b) modulo p, where 0 is the Frobenius automorphism of R/P. By Lemma 4-
(iii),

rh = s(a, b, p) = s (mod p).

Now assume that p is a Mersenne prime. Then p + 1 is a power of 2 and
2|p - 1 but 4*p - 1. Ifd is an even number, then by Theorem 7 we can find a
PFLS u(a, b) such that (D/p)=-1 and u(a, b, p)=2d. It is easily seen that
(2d, p - 1) = d. By our above arguments, B(a, b, p) = d. TFurther, by using
our arguments above, if s is a residue (mod p) whose exponent is d, then there
exists a PFLS u(a, b) such that s(a, b, p) = 8 (mod p). If d is an odd num-
ber, it is impossible to find positive integers % and k such that dh = k,
dlp -1, hlp+ 1, h > 1, and (dh, p - 1) = d. This is so because h must be a
power of 2 greater than 1 and thus (dh, p - 1) = 2d, not d. The theorem now
follows.

7. THE CASE (D/p) = 0

Theorem 10 will explore the case in which (D/p) = 0. But first, we will
need Lemma 8, which discusses the possibilities for u(a, b, p), ala, b, p),
B(a, b, p), and s(a, b, p) for such PFLS's u(a, b).
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LEMMA 8: In the PFLS u(a, b), suppose pfab, but p|D. Let a' = a/2. Then

1]

ala, b, p) =p,
u(a, b, p) =p + ordp(a'),
s(as b, p) = a' (mod p),

and

B(a, b, p) = ordpla’).
PROOF: The fact that a(a, b, p) = p follows from Lemma 2. The rest of the
theorem follows from definition of the terms and the fact that

s(a, b, p) = rf = (a/2)? = (a/2) (mod p).

THEOREM 10: Let p be an odd prime.

(1) There exist exactly p - 1 PFLS's u(a, b) reduced modulo p such
that (Dfp) = 0, b # 0 (mod p), and a(a, b, p) =p.

(ii) I1f d[p—-l, then there exist exactly ¢$(d) PFLS's u(a, b) reduced
modulo p such that B(a, b, p) = d and u(a, b, p) = dp. If s is
any integer such that the exponent of s (mod p) is d, then there
exists exactly one of these ¢(d) PFLS's u(a, b) reduced modulo
p such that s(a, b, p) = s (mod p).

PROOF: (i) a(a, b, p) = p if and only if a®?+4b = 0 (mod p). Given a non-
zero residue a, there is a unique nonzero residue b such that
a® + 4b = 0 (mod p). Assertion (i) now easily follows from Lem-
ma 8 and Lemma 7.

(ii) By Lemma 8, s(a, b, p) = a/2 (mod p). The result now easily
follows from Lemma 7.

8. THE CASE FOR WHICH b IS A FIXED INTEGER

By Lemma 3, one might suspect that the parameter b might play a large
part in determining the divisibility properties of the PFLS u(a, b). The
following two well-known identities add further credence to this suspicion,
since they depend only on the parameter b.

uf; T UnalUpyr T (—b)n_l‘ (6)
Unsn = DUyl o + Uyl gy - N

Both (6) and (7) can be proved from the Binet formulas or by induction. So,
given a fixed value of b, we should be able to develop some conclusions con-
cerning the possible periods and ranks of apparition of PFLS's u(a, b) with
respect to a given odd prime p. In particular, we have the following three
theorems.
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THEOREM 11: Suppose that p is an odd prime and b is any integer such that
b Z0 (mod p). If u(a, b, p) =d, then ordp(—b)]d for any PFLS u(a, b) such
that (D/p) = 1. Let d # 1 be any integer such that dlp - 1 and ordp(—b)[d.
Further, suppose that it is not the case that both b = 1 (mod p) and d = 4 or
both b = -1 (mod p) and d = 2. Then there exists at least one PFLS u(a, b)
reduced modulo p such that u(a, b, p) =d and (D/p) = 1. If b =1 (mod p)
and d = 4 or b = -1 (mod p) and d = 2, then no such PFLS u(a, b) exists. In
particular, if ordp(-b) = p - 1, then there exists at least one PFLS u(a, b)
with a maximal period modulo p.

PROOF: Firstly, we shall show that if u(a, b) is a PFLS such that (D/p) =1
and y(a, b, p) = d, then ordp(—b)’d. Note that -b = r,r, and d = [ord,(r,),
ordp(r,)] by Lemma 4(i). Thus, it follows that

(_b)d = P‘-}Y‘g =1+1=1 (mod p)'

Thus, ordp(-b)|d. Next, note that if (D/p) = 1, then r, # r, (mod p). Since
r, = -b/r,, v, = r, (mod p) if and only if r% = -b (mod p).

If d # 2, 3, 4, or 6, then ¢(d) 2 4. Consequently, we can then choose a
residue r; modulo p such that ord,(r;) = d and ri Z -b (mod p), since there
are ¢(d) residues n (mod p) such that ord,(n) = d and at most two residues m
(mod p) such that m?> = -p (mod p). Then

r$ = (-b/r1)% = 1 (mod p),
since ordp(—b)|d. Hence, ordp(r2)|ordp(rl) and
[ordp(rl), ordp(rz)] = d.

By Lemma 4(i), u(a, b, p) =d for the PFLS u(a, b) corresponding to r, and r,
(mod p). By Lemma 6, we can find a PFLS u(a, b) such that its characteristic
root r; indeed satisfies the conditions that ordy(r;) = d and r% Z -b (mod

p)-

Now suppose that d = 2, 3, 4, or 6 and we can choose a residue r; (mod p)
such that ordp(r;) = d and r% # -b (mod p). Then, by our previous argument,
ula, b, p) =d.

If d = 2 and r% = -b (mod p) for all choices of r; such that ordp(r;) =2,
then -b = 1 (mod p). However, this case is excluded by hypothesis.

If d = 3 and r% -b (mod p) for all choices of r; such that ord,(r,) =3,
then ordp(-b) = 3. Now, choose r; = 1 (mod p). Then

1

r, = —b/r1 = -b (mod p).
By Lemma 4(i), u(a, b, p) = 3.

If d = 4 and r2 = -p (mod p) for all choices of 7, such that ordp(r;) =4,
then -p = -1 (mod p). But this case is excluded by hypothesis.
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If d = 6 and r; = -b (mod p) for all choices of r; such that ord,(r;) =6,
then ordp(-b) = 3. 1In this case, choose r, = -1 (mod p). Then r, = -p/-1 =
b (mod p). Clearly then, ord,(b) = 6. By Lemma 4(i), u(a, b, p) = 6.

Now suppose that b = 1 (mod p) and d = 4. Then {u,} modulo p is of the
form

uy =0, u; =1, u, =a, u, =a” +1,
- 3 - - 2
u, =a’ +2a =0, us =a° +1,

Since a2 + 1 = 1 (mod p), then a Z 0 (mod p). But then, u(a, b, p) = 2 and
not 4. Thus, u(a, 1, p) can never be 4.

If b = -1 (mod p) and d

2, then {u,} modulo p is of the form

Uy =0, uy =1, u, =0, uy = ~u; =1, ..

But it is clearly impossible for u; to be both congruent to -1 and 1 if p is
an odd prime. Thus, u(a, -1, p) never equals 2.

THEOREM 12: Let p be an odd prime, and let b be any integer such that b # 0
(mod p).

(i) If (-b/p) =1, then there exists a PFLS u(a, b) reduced modulo p
such that (D/p) = 1 and a(a, b, p) = d if and onlgif‘deQ— 1)/2,
where d # 1.

(ii) If (-b/p) = -1, then there exists a PFLS u(a, b) reduced modulo
p such that (D/p) = 1 and o(a, b, p) = d if and only if d]p -1
and df(p - 1)/2.

PROOF: (i) Firstly, a(a, b, p) can never equal 1, since u; = 1. Now, sup-
pose that we have found a PFLS u(a, b) such that a(a, b, p)=d,
where d # 1 is a positive integer dividing p - 1 and (-b/p)=1.
Then

r, = ~b/ry = gr; (mod p)

for some nonzero residue g # 1 (mod p). This leads to the con-
gruence

r} = -b/g (mod p). (8)
If ala, b, p) = d, then by Lemma 4(ii), d is the least positive
integer such that rf = rg (mod p). Consequently, ordp(g) = d.
Since (-b/p) = 1, congruence (8) is solvable if and only if
(g/p) = 1. But since ordp(g) = d, (g/p) = 1 if and only if
dl(p - 1)/2.

By Lemma 6, we can now choose »r; such that
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rl = -b/g (mod p),
‘where ordp(g) = d. Assertion (i) now follows.
(ii) This proof is similar to the proof of (i).
Before presenting Theorem 13, we will need Lemma 9, which is due to Wyler

[8].

LEMMA 9 (Wyler): Consider the PFLS u(a, b). Suppose b # 0 (mod p), and let
h = ordp(-b). Suppose h = 2°h', where h' is an odd integer. Let

k = ala, b, p) = 27k,
where k' is an odd integer. Let H be the least common multiple of h and k.
(i) w(a, b, p) = H or 2H; B(a, b, p) = H/k or 2H/k.

(i1) If c # g, then u(a, b, p) = 24.
If ¢ =4 >0, then u(a, b, p) = H.

THEOREM 13: Let p be an odd prime of the form 2"q+ 1, where q is an odd in-
teger. Let b be a fixed integer such that b # 0 (mod p). Let h = ordp(-b) =
2°h', where h' is an odd integer.

(i) If a is an integer, then R(a, b, p)[Zh for the PFLS u(a, b).

(ii) If (-b/p) = -1, then there exists a PFLS u(a, b) reduced modulo
p such that (D/p) = 1 and R(a, b, p) = d if and only if dlh'.

(iii) zIf (-b/p)=1, h' # q, and either ¢ = 0 or ¢ <m - 1, then there
exists a PFLS u(a, b) reduced modulo p such that (D/p) = 1 and
B(a, b, p) = d if and only if d|2h.

(iv) If (-b/p)=1,m=>2 2, c=m -1, and h' # q, then there exists
a PFLS u(a, b) reduced modulo p such that (Dfp) = 1 and B(a, b,
p) = d if and only if dth and d # 2 (mod 4).

(v) If (-b/p)=1,m=1,and h = q, then there exists a PFLS u(a, b)
reduced modulo p such that (D/p) =1 and B(a, b, p) = d if and
only if dth and hYd.

(vi) If (-b/p)=1, m 2 2,and h=q, then there exists a PFLS u(a, b)
reduced modulo p such that (D/p) =1 and B(a, b, p) = d if and
only if d|2h and d # h.

(vii) If (-b/p)=1,m=2, and h=2q, then there exists a PFLS u(a, b)
reduced modulo p such that (D/p) =1 and B(a, b, p) =d if and
only if d]Zh, dZ 2 (mod 4), and hYd.
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If (<b/p) =1, m23, 1<e<m-1, and h' = g, then there ex-
ists a PFLS u(a, b) reduced modulo p such that (D/p) = 1 and
B(a, b, p) = d if and only if dIZh and d # 2h.

If (-b/p) =1, m>23, ¢ =m~-1, and h' = g, then there exists
a PFLS u(a, b) reduced modulo p such that (D/p) = 1 and B(a, b,
p) = d if and only if dth, d% 2 (mod 4), and d # 2h.

If there exists a PFLS u(a, b) such that B(a, b, p) = d and s
is an integer such that ordp(s) = d, then there exists a PFLS
ula, b) such that sa, b, p) = s (mod p).

Let k = a(a, b, p). By the definition of s(a, b, p) and (6),
g2 =2 = “i+1 -0z u? - U, U, = (-h)* (mod p).

k+1 uk+1 kKTk+2

Thus,
g = (=) = ((-p)")* =1 =1 (mod p)
and ordp(s), which is equal to B(a, b, p), divides 2.

Note that (-b/p) =-1 implies that ¢ = m. Since (-b/p) = -1, it
follows from Theorem 12(ii) that for any PFLS u(a, b) such that
(0/p) =1, ala, b, p)I@ - 1)/2, but ala, b, p)|p - 1. Thus,

2"a(a, b, p).
By Theorem 11, A= 2°h'|u(a, b, p). Since ala, b, p)|ula, b, p),

u(a, b, p)|lp - 1, and B(a, b, p) = ula, b, p)/ala, b, p), it
follows that B(a, b, p) is an odd integer. By part (i),

B(a, b, p)|2h.
Thus,
B(a, b, p)|h'.

Now suppose that dlh’. We wish to choose a residue r, such that

r? = (=b)4*! (mod p). 9
One solution for r; is (-bfd+1’/2, since d+ 1 is even. By Lem—
ma 6, we can find a PFLS u(a, b) whose characteristic root r;
satisfies congruence (9). Now,

r, = =b/r, = (-b)*"D/% (mod p).

Since (d + 1)/2and (1 - d)/2 are relatively prime to each other
and to &',

lordp(ry), ordp(r,)] = ordp(-b) = 2°A’.

Thus, by Lemma 4(i), u(a, b, p) = 2°hT. By Lemma 4(ii),



328

(iii)

POSSIBLE PERIODS OF PRIMARY FIBONACCI-LIKE SEQUENCES [Nov.
ala, b, p) = Ol’dp(l"l/l"z) = ordp((_b)(d+1)/2/(_b)(1-d)/2)
= ord,((-p)4) = 2°%'/d.
Thus

B(as b, p) = ula, b, p)/ala, b, p) = d.

It follows from part (i) that if B(a, b, p) = d, then dth. 1f
dIZh and d is odd, then by the same argument as in the proof of
part (ii), one can find a PFLS u(a, b) such that (D/p) = 1,

L}

w(a, b, p) = ordp(-b), ala, b, p) = ordp(-b)/d,

and
Bla, b, p) = d.
Now suppose that ¢ = 0, d|2h, and d = 2 (mod 4). By what was
stated above in this proof, we can find a PFLS u(a, b) such that
@/p) =1,
U(a, b, p) =h, ala, b, p) = h/(]/zd)’

B(a, b, p) = d/zs

and

since d/2 is odd. Note that
ula, b, p), ola, b, p), and Bla, b, p)

are all odd. Since p(a, b, p) is odd, ordp(s(a, b, p)) is odd,
and no power of s(a, b, p) is congruent to -1 modulo p. Let
k = ala, b, p) and s = s(a, b, p) (mod p). Note that uz,, = s
(mod p) and wugy,; = §9 (mod p), where g is a positive integer.
One can easily verify that for the PFLS u(a, b),

Un(=a, b) = (-D" tu,(a, b).

It is clear that a(a, b, p)=oa(-a, b, p). Let k' = a(-a, b, p)
=k and s' = s(-a, b, p). Then nu(-a, b, p) =gk' for some posi-
tive integer g and

Ugrr (=as D) = (sM)9 = 1wy,

(as b)

(-1)9% 59 = 1 (mod p).

Since s9 # -1 (mod p) and ordp(s) = d/2, it follows that

g = ordp(s") d

and that B(-a, b, p) = d.
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Now suppose that ¢ > 0, 4|d, and d|2kh. Choose a residue n such
that n®> = - (mod p). This is possible because m > ¢ and h'lq
imply that

(-p)F-V12 = (—b)zm_lq Z 1 (mod p).

By Lemma 6, we can find a PFLS u{g, b») whose characteristic root
r, satisfies

2 ni+2 (mod p).

ry =
One solution for r; is n'?/2'*Y, gince d is even. Then
r, = -b/r, = p2-(d/2+1) - 1-1d/2) (mod p).
Since 1 + (d/2) = -(1 - (d/2)) + 2, the greatest common divisor

of 1 4+ (d/2) and 1 - (d/2) must divide 2. Since d/2 is even, it
follows that 1+ (d/2) and 1- (d/2) are both odd, and thus rela-
tively prime. Furthermore, 1+ (d/2) and 1~ (d/2) are both rela-
tively prime to ordp(n), which is equal to 2k. Thus,

ula, b, p) = [ord, (7)), ordp(rz)] = ordp(n) = 2h.
Further,

ala, b, p) = ordy(r,/r,) = ordy(n*@/2mi-id/2y

ordp(nd) = 2h/d.
Thus,

B(a, b, p) = ula, b, p)lola, bs p) = d.
Finally, suppose that ¢ > 0, d|2k, and d = 2 (mod 4). Choose a
residue f such that f* = -b (mod p). This is possible, since

e <m=-1 and h’|q imply that

(_.b)(P-l) L (-b) 2"

1 (mod p).

Note that ordp(f)|4h. By Lemma 6, we can find a PFLS u(a, b)
whose characteristic root r, satisfies

2 = 4
r] = fd+ (mod p).
One solution for r, is f%/?*2, since d is even. Then

r, = —b/rl = fm-ud/2)+z) = fz—uﬂz) (mod p) .
Since 2 + (d/2) = -(2 - (d/2)) + 4, the greatest common divisor
of 2 + (d/2) and 2 - (d/2) must divide 4. Since d = 2 (mod 4),
d/2 is odd. Comsequently, 2 - (d/2) and 2 + (d/2) are both odd
and therefore both are relatively prime to 4%, since d[2h. Thus,
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wla, b, p) = lord,(ry), ordp(r,)] = ordp(f).

Further,
alas b, p) = ordp(r,/r,) = ordp(fz+u/z)/fz—uuz))
= ordp(f9 =4 + ord,(f)/d.
Hence,

B(a, b, p) = ula, b, p)/ola, b, p) = d.

Suppose that there exists a PFLS u(a, b) such that (D/p) =1 and
B(a, b, p) = d, where dth and d = 2 (mod 4). Further, suppose
2" ala, b, p), where 2¥|n means that 2%|n but 2**1fn. Then,
by Lemma 9, u(a, b, p) = H, where

H = [ordp(-b), ala, b, p)].
Thus,

2" u(a, b, p) and 2°[B(a, b, p)»

which is a contradiction. Now suppose that 28”a(a, b, p) where
e <m - 2. Then by Lemma 9, u(a, b, p) = 2H and 4l B(a, b, 2B
which again is a contradiction. Now suppose that 2"|a(a, b, p).
Then by Lemma 9, u(a, b, p) =2H and 2m+1"u(a, b, p). This con-
tradicts the fact that (D/p) =1, which implies u(a, b, p)]p-—l.
Therefore, B(a, b, p) # 2 (mod 4) for any PFLS u(a, b) such that
(D/p) = 1. The rest of this proof is similar to the proofs of
.parts (ii) and (diii).

Suppose that there exists a PFLS u(a, b) such that (D/p)=1 and
B(a, b, p) = q or B(a, b, p) = 2q. 1If fla(a, b, p), where f|q
and f > 1, then by Lemma 9, uw(a, b, p)=H or 2H, and g/f is the
largest odd divisor of B(a, b, p). This contradicts the fact
that q|B8(a, b, p). Further, oala, b, p) # 1. Thus, a(a, b, p)
= 2. In this case, u(a, b, p) = 24 by Lemma 9, and &4|u(a, b, p).
However, this contradicts the fact that (D/p) =1, which implies
u(a, b, p)lp - 1. Thus, q[B(a, b, p). The rest of the proof
is similar to the proofs of parts (ii) and (iii).

We shall exhibit a PFLS u(a, b) such that (D/p) =1 and B(a, b,
p) = 2g. By Theorem 12(i), we can find a PFLS u(a, b) such that
(D/p) = 1 and ofa, b, p) = 2, since m 2 2 and thus 2|(p - 1)/2.
By Lemma 9, u(a, b, p) = 2H = 4g, which divides p - 1. Hence,
B(a, b, p) = 2q. The rest of the proof is similar to proofs of
parts (ii), (diii), and (iv).

We shall exhibit a PFLS u(a, b) such that (D/p) = 1 and B(a, b,
p) = g. By Theorem 12(i), we can find a PFLS u(a, b) such that
(D/p ) =1 and ala, b, p) = 2. By Lemma 9, ua, b, p) = H = 2q
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B(as b p) = q. The rest of the proof is similar to proofs of
parts (ii)-(v).

(viii) We shall exhibit a PFLS u(a, b) such that (D/p) = 1 and B(a, b,
p) = 2°g, where 0 S e S ¢. If 1< e < ¢, then by Theorem 12(i)
we can find a PFLS u(a, b) such that (D/p) = 1 and a(a, b, p) =
2¢-e+l . gince 20'e+1|(p - 1)/2. By Lemma 9, u(a, b, p) = 2H
2°*lg and B(a, b, p) = 2°q. If e = 1, then by Theorem 12(i) we
can find a PFLS u(a, b) such that (D/p) =1 and ala, b, p) =
2°*1, since 2°*'|(p-1)/2. By Lemma 9, u(a, b, p) = 2H = 2°*2q
and p(a, b, p)|p - 1, which is conmsistent with (D/p) = 1. It
follows that R(a, b, p) = 2q. If e = 0, then by Theorem 12(i)
we can find a PFLS u(a, b) such that (D/p) = 1 and a(a, b, p) =
2°., By Lemma 9, u(a, b, p) = H = 2°gq and B(a, b, p) = q. The
rest of the proof is similar to proofs of parts (ii), (iii), and

).

(ix) This proof is similar to proofs of parts (ii)-(v) and (viii).

(x) This proof is similar to that of Theorem 6.

9. THE CASE FOR WHICH a IS A FIXED INTEGER

I am unable to obtain such definitive results given the parameter a as
were obtained given the parameter b. The reason is that r,;r, = -b, while
r, + r, = a, and it is frequently easier to obtain multiplicative results in
number theory than additive results. We now present two theorems, Theorems
14 and 15. Theorem 14 is complete, while Theorem 15 is not as comprehensive
as the corresponding result in the preceding section.

THEOREM 14: Let p be an odd prime and let a be any fixed integer. If a = 0
(mod p), then for any integer b such that b Z 0 (mod p), ola, b, p) = 2. If
a0 (mod p), d|lp - 1, and d|2, then there exists a PFLS u(a, b) such that
(D/p) =1 and ala, b, p) = d.

PROOF: 1I1f a = 0 (mod p) and b # 0 (mod p), it is obvious that o(a, b, p) = 2.
Suppose that ¢ Z 0 (mod p), dlp -1, and dYZ. Let s be an integer such that
ordp(s) =d. We wish to find residues r; and r, that satisfy the simultaneous
congruences

Q Il

r, +r, = a (mod p)

(10)
ry/r, = s (mod p)
which lead to the simultaneous congruences
r, +r, = a (mod p)
(11)
r, - r,s =0 (mod p).
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By Cramer's rule, if a # 0 (mod p), then (11) is solvable if and only if
-r,r,s - rr, ¥ 0 (mod p).

Now, -r;r,s - rir, = 0 (mod p) if and only if s = -1 (mod p), which implies
that d = 2. However, this case is ruled out by hypothesis. Thus, (10) is
solvable. Now, by Lemma 7, we can find a PFLS u(a, b) such that r; + r, = a
(mod p) and r;/r, = s (mod p). Then

o(a, b, p) = ordp(rl/rz) = ordy(s) =d

and we are done.

THEOREM 15: Let p be an odd prime and a be any integer. Look at the collec-
tion
a-1l,a-2,a-3, ..., a- (p - 1).

~ Then there exists a PFLS u(a, b) such that b # 0 (mod p), (D/p) =1, and
u(a, b, p) = m, where m is any of the numbers

[ordp(a - r;), érdp(ri)], 1<r, <p-1,r, £ a/2 (mod p).

In particular, if p > 3, then, given any integer a, there exist at least
(¢(@-1))/2 PFLS's u(a, b) reduced modulo p such that b # 0 (mod p), (D/p) =
1, and u(a, b) has a maximal period modulo p of p - 1.

PROOF: This follows from the fact that r; + r, = a and from Lemmas 4(i) and
7. Note that by hypothesis, r; # r, (mod p), which is satisfied if and only
if r1 # a/2 (modp). The last assertion follows from the fact that there are
¢(p - 1) residues modulo p belonging to the exponent p - 1. Excluding the
residue a/2 modulo p leaves at least ¢(p - 1) - 1 residues remaining with a
maximal exponent of p- 1. Since p > 3, ¢(p - 1) - 1 is a positive odd inte-
ger. Since a PFLS u(a, b) might have both its characteristic roots r, and r,
with exponents of p - 1, these residues correspond to at least

(¢(p - 1) - 2)/2+1
distinct PFLS's u(a, b) modulo p. The result now follows.

The reason I was not able to obtain a more definitive result for Theorem
15 was that for a PFLS u(a, b), u(a, b, p) is determined by

[ordp(r1), ordp(ry)], where r; + r, = a.

However, I was not able to find any clear relationship between the exponents
of r; and a - r; modulo p, which limited the scope of the theorem.
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