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1 . INTRODUCTION 

L. B. Redei [7] proved an o p e r a t i o n a l i d e n t i t y for the Laguerre polynomials 
t h a t was l a t e r g e n e r a l i z e d by Viskov [ 9 ] . V i s k o v ' s main r e s u l t s were as f o l -
lows: i f D = d/dxy then for n - 0, 1, 2 , . . . , we have 

L(*\x) = ^~f- ex{{a + 1 + xD)D}ne~x = ^f- exBne~x ( 1 .1 ) 

and 

L(*\x) = -\{(l + a - x + xD)(l - D)}n • 1, (1 .2 ) 

where L (x) is the nth Laguerre polynomial. 
A third formula of a similar nature was given earlier by Garlitz [2]: 

L(
n
a\x) = - \ O (xD - x + a + k) • 1. (1.3) 

n- k = 1 

Recently, there has been renewed interest in ̂ -identities and operators as 
well as in the ̂ -Laguerre polynomial (see, e.g., [3], [5], [6]). Therefore, we 
felt it would also be interesting to discuss ^-generalizations of the identities 
(1-1)—(1.3). In the following, we shall assume always that \q\ < 1. 

We first introduce the following notation: 

[a]0 = (a; q)0 = 1; 

[a]n = (a; q)n = (1 - a) (I - aq) ... (1 - aq71'1) {n = 1, 2, 3, . . . ) . 

Also, we shall use [a]m = (a; q)m to mean the convergent product 

fid- aqk). 
k = 0 

It is well known that [a]ro is a ̂ -analog of the exponential function. Thus, we 
have 

lim (-(1 - q)x; q)Z1 = e~x. 

For this reason, the more suggestive notation 

fe; q)Z1 = eq(x) 
is used for a ̂ -analog of the exponential function. 

The ̂ -derivatives of a function f(x) is given by 

v<*> -f(x} lf(xq) • 
so whenever f has a derivative at x, we have 

lim __ Dqf(x) = f'(x). 
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We shall also use the substitution operator n : r\f(x) = f(qx) . It is related 
to the ^-derivative by means of xDq = I - r\, where I is the identity operator. 
Note that x and Dq do not commute. 

We recall that the ^-Laguerre polynomials [6] are defined by 

W*\*> - ^r1 z lq ]q
 +1 *k d - 4 ) 

lqin k = ° [q]klqa+llk 
so that 

lim L(
n
a\(l - q)x\q) = L{*\x), n = 05 1,2, ... . 

These polynomials, which are orthogonal and belong to an indetermined Stieltjes 
moment problem ([3] and [6]), were known to W. Hahn [5]. They have, among other 
properties, a Rodrigues formula: 

Cigler [4] gave the representation 

L^\x\q) = - ^ - ( n - Dq)n + axn = (_i)"a.-»-Jr(T1 - Dq)nxn + a. (1.6) 

Representations (1.5) and (1.6) are both of the same nature—the nth iterate of 
the operator (Dq or rj - Dq, respectively) acts on a function that depends on n 
also. In some applications, this is a drawback. This is why (1.1) and (1.2) 
are interesting. 

2. A ̂ -ANALOG OF THE REDEI-VISKOV OPERATOR 

Put 
Bq = {(1 - qa+1)I + qa + 1xDq}Dq. (2.1) 

Thus, formally, we have 
Bq 

lim -p. -rjf(x) = (a + 1 + xD)Df(x) = Bf(x), 

which is the operator that appears in the right-hand side of (1.1). 
It is easy to see that 

Bqxn = (1 - qn)(l - qn + a)xn-\ (2.2) 

from which we can verify another representation for the Bq operator, namely, 

Bq = (I - qa+1T))Bq (2.3) 
and 

: Bq = x-aDqxa + 1Dq = D^^DgX*. (2.4) 

The latter representation shows that the operator Bq is.also a q-analog of 
the Bessel operator (see [10]): 

B = x~a ~ xa + 1 4~-ax ax 

From the relation Dq (1 - qa + 1r\) = (1 - qa + 2r\)Dq9 we get, by induction, 
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B« = { A ( 1 "" q*+kj])}Di (n = °' l> 2> •• ° ' (2,5) 

It is easy to see that Dq{eq(-x)f(x)} = eq(-x)(Dq - r\)f(x). Thus, we have, 
for any formal power series F(x), 

F(Dq){eq(~x)f(x)} = eq(-x)F(Dq - r))f(x). (2.6) 

Using mathematical induction and noting that 

(Dq - n)(J - ̂ (l + x)r\) = (J - qu+1(l + x)r))(Dq - n), 

we get 

Bqieq(-x)f(x)} = eq(-x){(I - qa + 1(l + x)r\) (Dq - r\)}n • /(a;) 

= eq(-a?){ fl (1 - <7a+/c(l + *)n)} (^ - n) n ' /(a?) 

= ~ eq(-x) ft (1 - ̂ a+?c-n(l + ar)n)(l - <7^n(l + a?)n) • /(«). 

Now, to obtain operational representations for the g-Laguerre polynomials, 
we first calculate 

Bfai-x) = Bn
q±±=^-k 

X* 

_ » (.1 - qk) (l - qk~X) ... (1 - qk-n+1) (1 - qk+a) ... (l-qk-n+a+1)(-x)k-n 

- [qa+n+1]k 
= (~Dn[qa+1]n E (-*»*• 

k-° lq]k[qa+1]k 

Andrews [1] gave a ̂ -analog of Kummerfs Theorem, i.e., 

- [e]k[a]v(-l)^ik(k"^,wvfc [*]. - [Y/Bk[a] \T) = rar^ [dm, x (2,8) 

Putting a = 0 in this formula, replacing x by -x, and then taking y = qa + 1, 
3 = <7~n, we get that 

w-*o rar~k?0 w; xk= [^i- £- ("k)-
Together with (2.7), this formula gives the following three representations: 

4a)(^k) =-^-{e?(-^)}"Xn{e?(-x)}; (2.9) 

= -rjr- II (J - ?a+fcd + ar)n) • 1; (2.10) 

= - ^ - { ( 1 - qa + 1(l +x^)(Dq - T))}" ' 1. (2.11) 
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If we let q -»• 1, then (2.9), after suitable normalization by (1 - q), re-
duces to (1.1); (2.11) reduces to (1.2) ; and (2.10) reduces to Carlitz's formula 
(1.3). 

Using (2.2) and (1.4), we get, for m = 0, 1, 2, ..., 

m (a) I m 

BqLn (x\q) = (-1) 
lq* 

lqa 
qmim + a)L^_(q2mx\q), (2.12) 

rW, Notice that the operation on Ln (x\q) by Bq reduces the degree by one without 
changing the value of the parameter a. 

There is another ^-analog of the exponential function e~x , namely, 

M*> = E l r„i *fc = n (i - ̂ J ) . 

If we repeat the above calculation, we can show that 

Bn
qEq{X) - ( - D - r 1 ^ ^ " 1 ^ 1 ^ — k * j ' -

Once again we can transform the right-hand side of this formula by using (2.8) 
(with a = 0, cf + n + 1

9 y = qa + 1, and x -> xq2n) , to obtain 

Comparison formulas to this ares 

and 
^n(n - 1) r (a), 2n - 1 | - 1 > 

ff,(-B,){x»} = (-l)"t<7]B?'"tB"Wir(Vl"1k"1) 

(2.13) 

(2.14) 

(2.15) 

Both formulas (2.14) and (2.15) reduce in the case q -*- 1 to the new formula for 
the ordinary Laguerre polynomials: 

e-Bxn = (_i)«n!z^° V) („ = 0, 1, 2, . . . ) . 

On the other hand, formula (2.13) reduces to (1.1). 
If we calculate the right-hand side of (2.9) directly, we get 

Bn
qeq{-x) = (-1)" fl (1 " qa+1r\)eq(-x) 

(2.16) 

(2.17) 
fc-i 

£ C-Dn+J' 
J-0 

n 

= eq(~x)Y* (-D q ^ ' + 1 ) + ^ ' [ ^ ] J . . n + j 

J=0 

n 
L/J 

The second equality is due to the Euler identity 

n (i - qk-xx) = z ( -D J 

k = l j = o 

^ I J O ' - D ^ 
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stands for the ^-binomial coefficient, i.e., for 1 if j = 0 and for 

(1 - <7)(1 - q"-1) ... (1 - qn-j+1)/(l - q)(l - q2) ... (1 - qi) 

if j ^ 1. Combining (2.9) and (2.17), we obtain another expansion for the q-
Laguerre polynomial: 

[*c]dqiW + 1) + ai. ( 2 > 1 8 ) 
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