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1. INTRODUCTION

L. B. Rédei [7] proved an operational identity for the Laguerre polynomials
that was later generalized by Viskov [9]. Viskov's main results were as fol-
lows: if D = d/dx, then for » =0, 1, 2, ..., we have

Lgn(m) = S%%Xi e®{(a + 1 + xD)D}'e™ = 15%%Z-ex8”e'x (1.1)
and
Lﬁﬂ(x) = ;%{(1 +a-x+xD)(1 -D)}" -1, (1.2)

where [ (x) is the nt" Laguerre polynomial.
A third formula of a similar nature was given earlier by Carlitz [2]:

LM@) = —n}!—kf:]l(xu -~z +a+k) - 1. (1.3)

Recently, there has been renewed interest in g-identities and operators as
well as in the g-Laguerre polynomial (see, e.g., [3], [5], [6]). Therefore, we
felt it would also be interesting to discuss g-generalizations of the identities
(1.1)-(1.3). 1In the following, we shall assume always that ‘ql <1.

We first introduce the following notation:

lalo = (a5 @) = 135
lal, =(a; @n = 1 -a)(l -aq) ... (1 - aq

Also, we shall use [a], = (a; ¢), to mean the convergent product

[

=y m=1, 2, 3, ...).

Ma-agh.
k=0

It is well known that [al], is a g-analog of the exponential function. Thus, we
have

lin_ (-(1 - @)z; @)t = e™".
q>1-
For this reason, the more suggestive notation
(z; @)t = eq (@)

is used for a g-analog of the exponential function.
The g-derivatives of a function f(x) is given by

- L&) - fxg)
qu(x) - X ]
so whenever f has a derivative at x, we have

. 1 '
%1?'TT_:_57 D f(x) = f'(x).
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We shall also use the substitution operator n: nf(x) = flgx). Tt is related
to the g-derivative by means of xD, = T - n, where I is the identity operator.
Note that x and D; do not commute.

We recall that the g-Laguerre polynomials [6] are defined by

[qa+1]n n [q_n] q%k(k+1)+k(n+a)
[q]n k=0

L¥(x|q) = xk (1.4)

Ot+1]

lql, lg %

so that
lin L - pxlg) = 1P@), n=0, 1, 2,
These polynomials, which are orthogonal and belong to an indetermined Stieltjes

moment problem ([3]and [6]), were known to W. Hahn [5]. They have, among other
properties, a Rodrigues formula:

) B x—a[—x]m afxotn
L7 (x|q) = [l Dq{[_x]m}. (1.5)

Cigler [4] gave the representation

Li&)(xlq) = (["q]-]) (n _ Dq)”+ax" = (‘Dniﬁ:aﬁm _ Dq)”x”+°‘. (1-6)

Representations (1.5) and (1.6) are both of the same nature—the nth iterate of
the operator (Dq or n - Dy, respectively) acts on a function that depends on n
also. In some applications, this is a drawback. This is why (l.1) and (1.2)
are interesting. ‘

2. A g-ANALOG OF THE REDEI-VISKOV OPERATOR

Put
By = {(1 - ¢**HI + q* aDg}D,. (2.1)

Thus, formally, we have

. Bq - =
%11? mf(x) = (a + 1 + xD)Df(x) = Bf(x),

which is the operator that appears in the right-hand side of (1.1).
It is easy to see that

By = (1 - g™ (1 - q"*a" 7Y, (2.2)
from which we can verify another representation for the B; operator, namely,
By = (I - ¢**'m)D, (2.3)
and
Bg = x “Dax®*'Dg = Doz “Dyx®. (2.4)

The latter representation shows that the operator B, is also a g-analog of
the Bessel operator (see [10]):

o d d

= U a+l =
B =x gz x Iz

From the relation D, (1 - g**n) = (1 - ¢**?n)Dy, we get, by induction,
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no_ " _ otk n = .
B, {kI}l(l q T’])}Dq (n 0, 1, 2, ...). (2.5)

It is easy to see that Dq{eq(—ﬂc)f'(x)} = eq(~2x)(Dg - N)f(x). Thus, we have,
for any formal power series F(x),

F(Dg){eq(-x)f(x)} = eq(-x)F(Dg ~ n)f(x). (2.6)

Using mathematical induction and noting that
(Dg - M - g¥l +x)N) = (I - g"" A + 2@ - M)

we get

Bgle, (=) f(x)}

il

eq(—x){(l— - q““(l + x2)n) (Dq -n }n < f(x)

eq () { kﬁ (1 - go+*(1 + x)n)} D, - " - F)

=1
- eq(--x>k1’i11<1 - @R+ ) (1 - gFo(L + ) - ().

Now, to obtain operational representations for the g-Laguerre polynomials,
we first calculate

TR N C D L
Bgeq(-2) qugo (a1, x
& U-gha-¢h - - gRr L (- gF T (ko
_kgn gy
- [qcx+n+l "
= (-D)"[¢**], L ——————(-m)k.
k=0 [q1 [q*" ],

Andrews [1] gave a g-analog of Kummer's Theorem, i.e.,

o [B1 (0], (-ykg* & D l©], = [Y/8], [a],
,z:o [q1, [v1, [wal, \_B_) T Twal, &y [l VT,

(2.8)

Putting o = 0 in this formula, replacing x by -x, and then taking Y = qo‘“,

B =g, we get that

Ik(k - D+ k(a+n+1)

) D", » [q7"]q D,
Bgeq(-x) = =30 k§0 [q]k rt = (=], Ly (xIQ)-
Together with (2.7), this formula gives the following three representations:
L;O‘)(xlq) = ([—ql]) {eq (—x)}-lB;{eq (—-’L‘)}; (2.9)
. In] (I - g%*%(1 + z)n) » 1; (2.10)
[q]n k=1
-L g - et s am e, -y L (2.11)
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If we let g > 1, then (2.9), after suitable normalization by (1 - q), re-
?uces to (1.1); (2.11) reduces to (1.2); and (2.10) reduces to Carlitz's formula
1.3).
Using (2.2) and (1.4), we get, form=0, 1, 2, ...,

a+1
Bin{ (z|q) = (-1)’”——“—1——”— gL (g% q). (2.12)

[g"" " 1om

Notice that the operation on L%”(x]q) by B; reduces the degree by one without
changing the value of the parameter a.
There is another g-analog of the exponential function e, namely,

e (~1) g¥E-D w
Eq () =2———-3————[ i ak = 1 (1 - 2q7).
k=0 q k Jj=0

If we repeat the above calculation, we can show that

Yacil .
17(F-1)+njy a+n+ly | )
K 1; x?,

n nr_a n(n- (-1 /
BjEq(x) = (-1)"[q***],q¥ "D 2 (g
i=0 lq1; g

a+l] X
J

Once again we can transform the right-hand side of this formula by using (2.8)
(with a = 0, B = ¢**"*!, v = ¢**!, and = » x¢®"), to obtain

B;{Eq(x)} - (_l)nq%n0r¢)+ankﬂnEb(xqzn)Lsn(_xqzn—llq—l)' (2.13)

Comparison formulas to this are:

eq (N 2B {x"} = (-1)"¢7"* V(q],1 " x| ) (2.14)
and .
By (-B){z™} = (-1)"[q1,¢" " V1P (@g? g ™). (2.15)

Both formulas (2.14) and (2.15) reduce in the case ¢ + 1 to the new formula for
the ordinary Laguerre polynomials:

eBxn = (-1)"nIL%@) m=0,1, 2, ...). (2.16)

n

On the other hand, formula (2.13) reduces to (l.1).
If we calculate the right-hand side of (2.9) directly, we get

Bzeq(-x) = (-1)" kli(l - ¢*"tn)eg (—w) (2.17)

n . er PR
> (—1)"”mq*”‘1’*‘“*1’Jnaeq<—x>
Jg=0

Z il | 125G+ +ag
eq (-x) 3, (-1) J q: [-x1;.
J=0

]

The second equality is due to the Euler identity

n ) . .
ﬁ (1 - qk_lx) =2 (—1)JB]q%J(J'1)x‘7,
k=1 i=o
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where [Z] stands for the g-binomial coefficient, i.e., for 1 if j = 0 and for

L-9@A-¢""Y ... A =-¢"*YH/1 - =g ... (A -qg%

if j 2 1. Combining (2.9) and (2.17), we obtain another expansion for the g-
Laguerre polynomial:

10.
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