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In a recent paper [1], Somer uses the second-order linear recursion rela-
tion
s

= g8 + bs,, a, belZ, ¢))

to generate higher~order linear recurrences. The purpose of this note is to
extend Somer's results. In what follows, the notation in [1] is used without
further comment.

We assume of # 0, o/B not a root of unity, and ask under what conditions

the rational sequence
{Enbneo = {enn/5a}nug 2

satisfies a linear recursion relation of minimal order k.

Somer gives the solution {s,} = {u,}, where u, = 0, u; = 1. We can argue
similarly for {s,} = {v,}, where Vg =2, v; =a, and v, = o + B", in the case
when k is odd. Then

n+2 n+1

V1 nk nk k=1 . ..
t, = Unk _ o™ + B7° 2:(fk'1-¢”%_1)78Ln
Un a” + B” i=0

is a rational integer, and {t,} clearly satisfies the same k'™ -order linear
recursion relation as {w,} = {u,x/u,}. The proof of the minimality runs as for
{w,}: In the first matrix factor of D, (w,,0), we just change the sign of every
odd-numbered column.

The general solution s, # su, of (1) may be written as

_ Ao™ + BR™
i oy
if we "normalize" to s, = l. The above result for {v,} then follows from the
fact that -B/4 = -1 is a primitive square root of unity. In general, put -B/4
= p, where p is a primitive mth root of unity, and assume that
k=1 (mod m).
Then

Snk _ ank - ppnk _ atk (QB”)R =7§a(k—1—i)npi8in
8, a” - an a” - an =

The question of minimality is settled as above: To obtain Dy(%¢,, 0), we
multiply the successive columns of the first matrix factor of Dk(wn, 0) by 1,
s} pz, ceny pk'l, respectively.

For m > 2, however, the rationality of {s,} imposes severe conditions. In
particular,

s = Ao + BB _ o - PB

1 A+ B 1 -p
should be rational, showing that p = V1 must be a quadratic irrationality, so
m = 3,4, or 6. But even in these cases, we get conditions on the coefficients

a and b.
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We illustrate the method in the case m = 4, p = *#7. With
_a+ VD _a-VD
o = ~——; B = ——"

> 5 D = a® + 4b,
this gives s, = (a * iVD)/2, which is rational if and only if D = -¢?, c e Z.
Then
_ate Vitouy _ Pptoeu,
sy = 5 = 5 and s, = — s = 1}.

To get b integral, both ¢ and ¢ must be even. To get of # 0 and o/B not a root
of unity, we must have ac # 0 and a # *c. Consequently, we have shown that if

2 2
_52_5;:2_, 2|la, 2|e, ac # 0, a # te,

- v, + CU,) e
{sn}n=0 _{ 2 }n:O
has the property (2) when k¥ = 1 (mod 4).
We only state the corresponding results for m = 3 and m = 6. Let

a’® + 3¢?
-0
a and ¢ be of the same parity, ac# 0, a# *¢, *3¢c. Then the following integral
sequences have the property (2):

w v, + CU,N® . _
{Sn} 0 ={'—2—} if k 1 (mod 3),

ecelZ, b=

then the integral sequence

celZ, b=

I

n= n=0
w v, + 3cu,\” . _
{8”}n=0 = {_——_Er__—}n=o if Kk =1 (mod 6).
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