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In a r e c e n t paper [ 1 ] , Somer u s e s t h e second-o rde r l i n e a r r e c u r s i o n r e l a -
t i o n 

Sn + 2 = aSn+l + hsn> °>> h E Z> C1) 
to generate higher-order linear recurrences. The purpose of this note is to 
extend Somer?s results. In what follows, the notation in [1] is used without 
further comment. 

We assume a3 ^ 0, a/3 not a root of unity, and ask under what conditions 
the rational sequence 

{**L0 - {«»*/«»};.„ (2) 
satisfies a linear recursion relation of minimal order k, 

Somer gives the solution {sn} = {un}, where u0 = 0, u1 = 1. We can argue 
similarly for {sn} = {vn}3 where VQ = 2, v± = a, and vn = an + 3n

9 in the case 
when k is odd. Then 

+ - Vnk - <*** + $nk - ^ Sk-l-i)n{ iy-^n 
vn a

n + 3n 
i = 0 

is a rational integer, and {tn} clearly satisfies the same kth-order linear 
recursion relation as {wn} = {uny_lun~\. The proof of the minimality runs as for 
{wn}: In the first matrix factor of Dk(wn, 0 ) , we just change the sign of every 
odd-numbered column. 

The general solution sn 4 sxw„ of (1) may be written as 

= Aan + B$n 
sn A + B > 

if we "normalize" to s0 == 1. The above result for {vn} then follows from the 
fact that -B/A = -1 is a primitive square root of unity. In general, put -B/A 
= p, where p is a primitive 772th root of unity, and assume that 

k = 1 (mod 777) . 
Then 

t - snk _ ank - P$nk _ ank - (p3n)fe _ ky ^k-i-Vn i»in 
sn an - p3 n an - p3 n /r 0 

The question of minimality is settled as above: To obtain Z^(tn, 0 ) , we 
multiply the successive columns of the first matrix factor of Dk(wnS 0) by 1, 
p, p 2, ..., pk"1, respectively. 

For 777 > 2, however, the rationality of {sn} imposes severe conditions. In 
particular, 

= Aa + B$ = ex - P3 
Si A + B 1 - p 

should be rational, showing that p = \/T must be a quadratic irrationality, so 
m = 3, 4, or 6. But even in these cases, we get conditions on the coefficients 
a and b. 
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We illustrate the method in the case m = 4, p = ±i. With 

™ - a + J® Q a - y/T) ^ 2 , ,T. 

this gives s± = (a ± iV3)/2s which is rational if and only if D = -o2, e e Z. 
Then 

T" = 1 Va n d S°  = 2 = l)' 
To get 2? integral, both a and e must be even. To get a3 ^ 0 and a/g not a root 
of unity, we must have ao $ 0 and a + ±o. Consequently, we have shown that if 

2 2 

c e Z, b = - a • ° , 2|a, 2|e, ao ± 09 a ± to, 

then the integral sequence 

has the property (2) when & = 1 (mod 4). 
We only state the corresponding results for m = 3 and m = 6. Let 

r, -, a2 + 3c2 

C £ Z s £ = T s 

a and o be of the same parity, ao^O, a^±o9 ±3o. Then the following integral 
sequences have the property (2): 

{«„}»-<> = l — 2 — ; „ . o i f & E * ( m o d 3 )-
/• i o o (vn + 3oun)m 

K U * { 2 Lo " &E1 ( m ° d 6 ) -
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