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1. INTRODUCTION

Horadam [1] has generalized two theorems of Subba Rao [3] which deal with
some asymptotic properties of Fibonacci numbers. Horadam defined a sequence

@n = .
Wi} = {v, wy, wys Pyys Py,)1
which satisfies the second-order recurrence relation

n n
21021 T 45,05,

W,ip = Py, q — Pyw,, withw, =4
2 =
where Q,,s O,, are the roots of x° - P,,x + P,, = 0. We shall let

d =

Horadam established two theorems for {w,}:

Ogp = Opy-

I. The number of terms of {w,} not exceeding I is asymptotic to

log(Nd/(P22w0 = OyqWq)) -
II. The range, within which the rank n of w, lies, is given by

log w, + log(X - d)/x <n + 1 < log w,+log(¥ - d)/x,

where

=y/(w., +20), Y =y/(w_, - 2x),

S Wy T Oy s Y T W T 0,00 s
and in which log stands for logarithm to the base a,,; r = 2 in this
case.

These were generalizations of two theorems which Subba Rao had proved for
{fn} : fn = wn(]-: ]-; 1’ _1)9

the ordinary Fibonacci numbers.

It is proposed here to explore generalizations of the Horadam-Subba Rao
theorems to sequences, the elements of which satisfy linear recurrence rela-
tions of artitrary order. To this end, we define {wS”}:

r

wl) = 'El(—l)JJ'lPrj WP, n >0, (1.1)
i=
with suitable initial values w%”, n=0,1, ..., » = 1, and where the zyj are

arbitrary integers. Thus, {w{?} represents Horadam's generalized sequence of
integers.
We can suppose then that

r

()

Wy = 20 A0, (1.2)
i=1
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in which the A,; depend on the initial values of {w{”}, and the 0,; are the
roots (assumed distinct) of

x? - f: (-17*'B, 2777 = 0. (1.3)
i=1
In fact, 4,; = d;/d, where
r
d= i,5.1=1 (uri - OLrj)
>4
is the Vandermonde of the roots a,;, and d; is obtained from d on replacement
of its 2tM column by the »r initial terms of {w(n")} (Jarden [2]).

2. ASYMPTOTIC BEHAVIOR

Where convenient in this section, we follow the reasoning of Horadam or of
Subba Rao.

Theorem A

The number of terms of {w{"”} not exceeding N is asymptotic to

log(N/A ,,0,,) -
Proof: Suppose wﬁf) << wr(l’;)l. (2.1)

Then the left-hand side yields

r
wﬁf) = .21‘41'.7'0‘25 <.
Fm

Suppose further that lO(.Pll > |0Lr2| > ¢+ > |opm]| > 0, so that for m > 1,

(Ocm/OLrl)” + 0 as n > »,

and
Apy S N/ojy.
Hence,
n log 0, + log A,; < log N
and

n < log(N/4,,). (2.2)
The right-hand side of the first inequality (2.1) yields
r

n+l,
v < ZlArjOLPj ;
#~

n+ 12> log(N/A,). (2.3)
Thus, from inequalities (2.2) and (2.3):
n-1<log(N/h,) - 1<mn,

whence

or
n ~ log(N/A,,0,,) as required.

This is a generalization of Theorem I of Horadam, because when r = 2 and
(2) _ @ - p
Wy a, wy s
4510,y = dy0y,y/d = (a0,, = D)y, /d=(aP,, = @,,D)/d),

which agrees with Horadam.
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3. RANK

To obtain a partial generalization of Theorem II of Horadam and the corre-
sponding proposition of Subba Rao, we first define {U,(f)}, a fundamental sequence
of order r; we illustrate its fundamental nature by showing that any linear
recursive sequence of order r can be expressed in terms of {U$}.

We define {U{"} by means of

1 () S= nk/, ki
an; =% Un kng /wk, n>o0,

(3.1)
=0, n <0.
ro
where D = mJocrj, in which w = exp(2mZ/r) and 0,; satisfies (1.3).
i=1
It follows that
@) _ 1%, dn S
U, D Zw O s n =0, (3.2
j=1

r . r r .
Proof: Zluﬂoc;j = % U,(f)klekzw(l‘k)J = % v,
— -

= ji=1
which gives the result, since

roo.
Y w™ = 8;,, the Kronecker delta.
i=1

N

For example, when r = 2, w = -1, and we get, from (3.2), that
P =p -1+ 1) =0,
ul® = pmi(-a,, +a
us? = p7i(-a,, + a

=1,
=P

22)
22) 21°

so that U,(Lz) = u,_, defined in (1.8) of Horadam, because, for n > 1, U,(lr) satis-
fies the recurrence relation (l.1).

Proof: The right-hand side of this recurrence relation is

zr: 1)3+1p o zr: X (-1)3*1p  p-lgn-duk
j-l(—- vjn=d - A B g Ork

1 & L 1)7+1p r-j\ n-r k

=D J_Z_:l(' )T By O )% W

1 & n-r
=5 2, On O Wk
k=1
e

Our next result is quite important in that it justifies our finding the
rank of US™” instead of that of w{" because every v can be expressed in terms

of the fundamental US".
To prove this, we look first at the set

P =P(P,ys Ppys «ovs Prp)

of all sequences of order r which satisfy
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r
J (r) = =

ro

P is closed with respect to "addition'" and "scalar multiplication" and

vy epr, k<n+1,
so we may seek to express the elements of P as a linear combination of the fun-
damental sequence:

r-1
(r) - ()
W'’ -Eobkyn_kﬂ, n > 0. (3.3)

The first » of these relations (3.3) may be considered as a system of simul-
taneous equations in the b, as unknowns; since the determinant of the system is

v 0 L..o0

v v o0 | =1, 0= 1),
() ()

AR/  /

the solution always exists, is unique, and can be expressed easily in determi-
nant form. To obtain a simpler expression, we calculate for n < r that

r—-

n . n 1
Z J (r) _ j (r)
j:o(_l) Prjwn-—j - jz=0 0(_1)Jpr'jkan—j—k+1

k=

by

LS j e
=Y b Y (-1p,.U .
k=0 kj=o vy Tn-k-g+1

= ~b,,

since

n .
r
Z (_I)Jprj n-k-g+1°- Pro 6nk’
Ji=0
where §,; is again the Kronecker delta; this follows from the facts that

v =0 if n<o0,

r .
Y 0ip U, =0 if n> o0,
and J=0 )
v = 1.
Thus,
@ & ielp () ()
w,” == 2 2:(‘1) By W s Un ri1
k=0 72=0
Pil I'Z-l k-j+1 (» )
= - [CSD M - TP / Ak w'™,
j=0(k=j ryk-j"n-k+1
That is, wSO depends on the initial values wﬁ”, wgm, cees wﬁ?l, and Uﬁrl and so

the properties of wi” depend on the Uﬁw.

We now seek the rank of Uﬁm instead of w%r); this will be a generalization

of Subba Rao rather than Horadam. From Eq. (3.1), we have that
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1 (s~ %
no _
oy, = = Uy kglp /wk.

So
1 (5~ ok -
oy > % U, kz—:lD 3k -k
and
1 .S
al, <=0, kg:lp .
Thus,
r
n+ 1< log U,Er) (qPIZDk>/I’
k=1
and

r
n+ 1> log Uff) <OL1,1 ED%kw'k)/lﬂ,
k=1

which yield:
Theorem B

log UM 4+ 1 ok -k €] Sk

og U,”" + log OLle};lD w r)<n+1<1log U, "+ log OLMZD rl,
and this gives the range within which the rank n of Uim lies.

For example, when r = 2, D =d, d*> =5, w = -1, P,, =-P,, =1, O,y =1.6,

Oy, = -0.6, we get for the Fibonacci number Fg” = 2 that

log 2 log 2.9 log 2 log 5.8
105&1.6 F et <3+ 1< 10gg1.6 + 102 T or 3.7<5<5.3.

This is not quite as good as Subba Rao's result, because there is just one
number in the corresponding range for his result, but we do have an acceptable
range.

Thus, in Theorem A we have generalized Horadam's result, and in Theorem B
we have generalized Subba Rao's result; we have also established a link between
the more generalized sequence in Theorem A and the fundamental generalized se-
quence in Theorem B.
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