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I

Let the arbitrary real numbers a, b, ¢, and d be given. Construct two se-
quences {o;},_, and {B;};_, for which

=0 =0
ay =a, o =c¢, B, =b, B, =d
&, L, = Bn+1 + B,, n2> (1)
nez = Oy T 0, 120

Clearly, if we set ¢ = b and ¢ = d, then the sequences {a;};., and {B;}7.,
will coincide with each other and with the sequence {F;(a, d)}:zo. The first
ten terms of the sequences defined in (1) are:

n . Oy B,

0 a b

1 c d

2 b+ d a+ e

3 a+c+d b+ c+d

4 a+ b+ 2+ d a+ b+ ¢+ 2d
5 a+ 2b + 2¢ + 3d 2a + b + 3¢ + 24
6 3a + 2b + 4e + 4d 2a + 3b + 4e + 4d
7 ba + 4b + Te + 6d ba + 4b + 6¢ + 7d
8 6a + 7b + 10c + 114 7a + 6b + 1lc + 10d
9 1la + 10b + 17¢ + 17d 10a + 116 + 17¢ + 17d

A careful examination of the corresponding terms in each column leads one
immediately to
Theorem 1.1

(a) a,, + By =8, tag, n2=0

(b)  0gypy * By = Byypr F Oy, 720

(€) gpyn T 0 + 0y = By T By + B, 120

Proof of (a): The statement is obviously true if n = 0. Assume the state-
ment is true for some integer n = 1. Then

Ognes + B = Bansa + Bagyy + By by (1)

(continued)
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= Ogny1 0y, ¥ B0 T B by (1)
= Qgup1 t By, + Bayr T 0 by induction hypothesis
= Q541 Oy, 0 by (1)
= By,43 T Qg by (1).

Hence, the statement is true for all integers n 2 0. Similar proofs can be
given for parts (b) and (c).

Adding the first n terms of each sequence {o;} and {B;} yields a result
similar to that obtained by adding the first » Fibonacci numbers. That is,

Theorem 1.2. For all integers k =2 0, we have:

3% 3%

(@) oy =.§: B; + B, (d) By, = }: o; +ay
=0 =0
3k+1 3%+ 1

(b) Ogpps = 24 0 + By (e) Byys = .2: By + oy
=0 =0
3k+2 3k4-2

(€) gy = 20 By + oy (f) Bagaw = 2 0y + By
=0 =0

Because the proofs of each part are very similar, we give only a proof of
part (e).
Proof of (e): If k = 0 the statement is obviously true, since
1
2: B, +a;, =B, +B8, +tao, =a, +a, =B,.

1=0

Assume (e) is true for some integer kK 2 1, then

Bakss = Qagas T Ogpyy by (1)
= Bakan t Bagys T Oy by (1)
3k+1
= Bypan T '2: B, +a, + B, ,, +B,,, by induction hypothesis
t=0 and (1)
3k+ 4
= 2: B; + 0y,
i=0

Hence, (e) is true for all integers k = 0.

Adding the first 7 terms with even or odd subscripts for each sequence {a;}
and {B;}, we obtain more results which are similar to those obtained when one
adds the first 7 terms of the Fibonacci sequence with even or odd subscripts.
That is,

Theorem 1.3. TFor all integers k = 0, we have:

3k+ 2 3k+3

(@) Oggys = _2: Baz — Qg + By (€) Qgryr = 25 Byy = Bo + oy
=0 1=0
3k+3 3k+ 4

(b) agrss = 2 Baso1 + 0 (d) agrss = _El Bai_1 + By
i=1 i=
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3k+ 4
(e) gpyq = _Z_:O Bar = By + By

3k+ 5
(f) Ogrero = '21 Bagoy T 0g oy = By
i

3k+ 2

(9) Beras = iZ_:O Ogg = By + 0y
3k+3

(h) Berse = Gp;_1 F By
i=1
3k+ 3

(i) Bexs7 = ~ Opg = Qg + By
3k+ 4

(J) Bexss = E Cog_p + 0
=1
3k+ 4

(k) B6k+9 = 12;)a2i T 0y oy
3k+ 5

(1) Bersro = ;;a Op;_1 F By —ay + B4

Proof of (g): If ¥k = 0 the statement is obviously true, since
2
igooczi—Bo+oc1=0t0+oc2+oah—Bo+al=2a+b+3@+2d=85.

Assume (g) is true for some integer k =2 1, then

Bersr11 = %exe10 T Yerao by (1)
= Ogri10 T Bersg T2 - By by Theorem 1.1, part (a)
= OO0 T Ogrug T Oguy T 05 = B by (1)

3k+ 2
Ogrr10 t Oexyp T Borys T '}:6 Qy; + 0y + o, - 28,
=

by (1) and induction hypothesis

3k+ 3
= Ogry1o + Ogpag T 2o Opy + 0y = By by Theorem 1.1, part (a)
i=0
3k+ 5
= 2 Oy +op - By
i=0

Hence, (g) is true for all integers kX 2 0. A similar proof can be given for
each of the remaining eleven parts of the theorem.

The following result is an interesting relationship which follows immedi-
ately from Theorems 1.1 and 1.2. Therefore, the proofs are omitted.

Theorem 1.4. If k¥ > 0, then
3k
(@) X (o - By =0, - B,
=0
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3k+1
(b) X (a; - By) =8, -q,
=0
3k+ 2
(C) Z (OLI: - S'L) = 0.
=0

As one might suspect, there should be a relationship between the new se-
quence and the Fibonacci numbers. The next theorem establishes one of these
relationships.

Theorem 1.5. If n» > 0, then
Opypo ¥ Buyo = Fuyi(og + Bg) + Fpyy(ay + By).

Proof: The statement is obviously true if # = 0 and n = 1. Assume that the
statement is true for all integers less than or equal to some n 2 2. Then

Ocn+3 + Bn+3 = Bn+2 + Bn+1 + OLn+2 + OC‘rz+1 by (1)
= ooy 8 + F (0 + B+ Pl + By
+F  (a + Bl) by induction hypothesis

= Fo(ay + Bg) + Fpygay + By).

Hence, the statement is true for all integers n 2 0.

At this point, one could continue to establish properties for the two
sequences {o;} and {B;} which are similar to those of the Fibonacci sequence.
However, we have chosen another route.

I1
Express the members of the sequences {a;};_, and {B;};_,, when n > 0, as
follows:
A, =Tra+TZb+ Tic+ T} d
(2)
B, = 6ra+ 82b+ S3c+ s¥d

In this way we obtain the eight sequences {Tz}z=0, {63}:=0, (= 1,2,3,4).
The purpose of this section is to show how these eight sequences are related to
each other and to the Fibonacci numbers with the major intent of finding a di-
rect formula for calculating o, and B, for any #.

Theorem 2.1 establishes a relationship between these eight sequences and
the Fibonacci numbers.

Theorem 2.1

() Ty+6,=F,_,, nz0 () T2+83=F,, n>0
(b) T, +82="rF, ,, n>0 (d) Tp+ 82 =F, n=>0.

Proof of (a): This is obviously true if n = 0 and 1, since

o +68 =1+0=F and TI+ 681 =0+0=0-=F,.
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Assume this is true for all integers less than or equal to some integer n > 2.

Then

1
+ 6n+l

1—\1

n+1

and (a) is true for all integers n > O.

(c), and (d).

s+ 8t

n

1
I

+ It

n-

=F

1 n-1 +F

n=-2

F

n?

Similarly,

one can prove parts (b),

The next step is to show how the above eight sequences are related to each

other.

Theorem 2.2.

If ¥ 2 0, then

(@) T3 =685 +1
(b)) Tlhi1 = S5in
(c) 1—|§7<+2 = 6gk+2 -1
() T2, =62 -1
() T§k+1 = CS§k+1
() F§k+2 = 6§k+2 +1

Proof of (j):

n _ ol
F3k+3 CSsk+2
_ ok
- F3k+1

]

I
F3k+1

1]

and the statement is proved.

We now show
Theorem 2.3.
(a)

Proof of (a):

Iy + T2

all integers less than or equal to some integer n > 2.

2
+ 1—‘n-!-l

Fl

n+1l

It is obvious that
Assume the statement is true for some

SL+ 8

This is obviously true if n = 0 and n

1 1
8L + 6}
Ta

61

n+1

2
+ I
+

+ 63k+1

+ F:k + 5:k+1
Tiee1 + 83 + S5

+ F:k+2 = 62k+3

If » 2 0, then

2
n

2
a7t S,
1
+ T,
2
6n+1

by
by
by
by

+ §2

n-

2
+ Iy

Similarly, one can prove part (b).

(@) T3 = 6%
(h) i1 = 85ur + 1
(1) F§k+2 = 6:k+2 -1
(3) To = S5
(k) F;k+1 = 6§k+1 -1
(M F2k+2 = 6:k+2 +1

(j) is true if k = 0, since Tg

integer k 2 1. Then

(1
(1
induction hypothesis

(D

(b)

T3+ 10 =83+ 68}

= 1.
Then
1 by (1)
1 by induction hypothesis
by (1)

Before stating and proving our main result for this section,
following three theorems.

1985]

The remaining parts are proved in a similar way.

Assume true for

we need the
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Theorem 2.4.

(a)
(b)
(c)
(d)

Proof of (a):

s,

If n 2 0, then

(e) T} = Fj+1
(f) T, = I‘i+1
© -,
(h) 5; = 6i+1

The statement is trivially true for »n = 0, 1, 2, so assume

it is true for all integers less than or equal to »n where n 2 3. Then

61

n+l

2
+T2 +T

by (1)
by (1)
by induction hypothesis

Two applications of (1) will complete the proof of part (a) of the theorem.
The other parts are proved by similar arguments.

From Theorems 2.1 and 2.4, we have the following.

Theorem 2.5

(a)
(b)

1
Il + 712

I2+7T) =

Finally, we have the following statement.

Theorem 2.6.

(a)
(b)
(c)
(d)
(e)
(f)

Proof of (a):
the statement true

1

n+1l

26

I'!l
n

1'-2_

n
Iy
r,
r,

I'3

n

If n 2 2, then

] -n+1

] -1

The statement is obviously true if »n equals 2 or 3. Assume
for all integers less than or equal to n = 4. Then

by (1) and Theorem 2.4, part (a)
by (1)
by Theorem 2.4, part (b)
(continued)
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= Ti - 3[%] +n -1+ Ti_l - 3[” ; l} +n - 2 by induction
L L " - 1 hypothesis

=Fn+I‘n_l+2n—3—3[§—] - 3[———3 ]

= 7l 1 S+ 1

= Fn + F?’L—l + 2n - 3 + 3[—3‘—] - 3n+ 3

_ 1 1 n+ 1

=TI + Fn_l + 3[ 3 ] -n-1 +1

(a) is proved.

(It can be shown that [(n+ 1)/3]1+ [n/3]1+ [(n-1)/3] =

Similarly, one can prove parts (b), (d), and (e).

The proof of part (c) above follows directly from part (a) of Theorem 2.6,

(1), and part (a) of Theorem 2.4.
argument.

The proof of part (f) follows by a similar

Adding the equations of part (a) of both Theorems 2.5 and 2.6, we have, for
n =0,
1 n+ 2
1 _ 1 _ p2 1 1 _ _
e2 = 2<Fn+1 I‘n+2 + I‘rL+l + T, + 3[ 3 ] " 1)
_ 1 2 1 n+ 2
—‘j(Fn+1 =T, 8, + 3[ 3 ] -n - 1) by (1)
_ 1 n+ 2
_-§<€n+1 + 3[ 3 ] -n - 1) by (a) of Theorem 2.4
= §2 by (a) of Theorem 2.4
n+2
Similarly, we have
2 _ 1 n+ 2 _ 1
Fn+2 = §<F”+l - 3[ 3 +n+ 1) = 6n+2
CR _ 3z - - gt
Fn+z - 2<Fn+2 3[3] tn 1) 6n+2
L 21 n _ <3
]“n+2 _iFn+2 + 3 §‘ -n+ 1) = 6n+2'

Substiting

BASIC THEOREM. 1If n 2 0, then

U o GURRE| o] I R GO
+n - 3[%] - 1>c + (Fn+2 + 3[%] +1 - n)d}

# (7

= %{(a + b)FrH-l

+ (¢ + AF +

these four equations into (2), we have our

+n+1—3[”

)
(2] - » - 1) - b)

n+2

+ <n - 3[%] - 2)(c - d)};

+n+ 1

{¢s

1
2

; [n
n+2 2
n

+<Fn+2 _3—

1985]

;2])1 + (Fn+1 +3
+3[ ] +1-n>c+<Fn+2+n—3[g] - 1>d}

ngz]—n—l)b

(continued)
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=-%{(a + D, L+ (c+DF,  + (3[” g 2] - - 1>(b - a)
| + (n - 3[%] - 1>(d - c)}.

[1I

The sequences {ai}:=o and {Bi}f can also be expressed as follows [simi-

larly to (1)]: eee

0y =a, o, =c¢, B, =Db, B, =d

= + 3
0Ln+2 OLn+1 qn } (n 2 0) ( )
Bn+2 = Bn+l + Bn
4y =a, o, =¢c, BO = b, 81 =d
Opyp = Byyr + 0y } >0 (4)
Buio = Opyr T By
Cﬂo=aa O(fl=c’ Bozb, B]_:d
Qppg = Opyy + B } (n > 0) (5
Brra = Buyr t Oy

The sequences (3) are actually two independent Fibonacci sequences of the
form {F; (a, c)}:=0 and {F; (b, d)}:=0. It is easily seen that the sequences (4)
can be expressed through the sequences {F;(a, d)};.,and {F;(b, ¢)};_,, namely,
Oop = Fop(as d)s Oppy1 = Fopy1(Bs )5 By = Fpp(by )5 Bypyy = Fla, d), n 2 1.

In the case of (5), two sequences are introduced whose members are related
similarly to those discussed in I and II. Therefore, we shall discuss them no
further here.

Numerous similar pairs of sequences can be constructed. However, the ones
introduced here stand most closely to the very spirit of the Fibonacci sequence
and its generalization rules.

We are deeply thankful to the referee for his thorough discussion.
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