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1. INTRODUCTION 

Let {Un(p, q)} be the sequence of fundamental functions defined by Lucas 
[2] as follows: 

Un+2 = PUn+1 ~ qUn (n > 0) 

with initial values U0 = 0 , U1 = 1. Further, let {Sn(x)} and {Tn(x)} denote 
the Chebychev polynomial sequences of the first and second kind, respectively. 
In [5], formulas were obtained for 

„̂ o On + j) ! ' n% On + j) I ' a n d M On + j) ! ' 3 u> i. ^ 

As mentioned in [5, Remark 4], we generalize the above formulas in this paper 
to obtain 

„?o (nr+j)l ' 3 = °' U •••' p - l' 

and similar formulas for {Sn(x)} and {Tn(x)}. 

2. PRELIMINARIES 

The generalized circular functions are defined as follows. For any posi-
tive integer r, 

and 

Note that Mlf0(£) = £_t> M2f0(£) = c o s t, M2>l(t) = sin t, and #lf0(£) = e*, 
^2 o(^) = c o s n »̂ ^2,o(^) = s i n n t. 

The notation and some of the results presented here are found in Pethe and 
Sharma [4]. 

Following Barakat [1] and Walton [7], we define generalized trigonometric 
and hyperbolic functions of any square matrix X by 

and 
*,.,<*> - E , \"J+i ) ! » i-0, 1. .... r- 1, 

j rn + J 
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Lemma 1. Let X be a 2 x 2 matrix given by 

CI -] -i CL -I p 

'2 1 ^22 

Let tr J = p and det X = q. Then, for any integer n, 

Xn = UnX - qUn,1Is 

where Un is the nth fundamental function and I the unit matrix of order 2. 

This is proved in [1], 

Lemma 2. We have,for a positive integer P and j = 0, 1, ..., p - 1, 

J 2*- 1 

k=0 k=j+l 

This is proved in [3]. 

Lemma 3• Let p be a positive integer, and j = 0, 1, ..., P - 1. Then: 

a. For even p, 

• ^ r . j ^ ) + M r , j ( - ^ ) 

and 

Mr>j(x) - Mr>J-(-x) 

2MVij (x), J even 

0, J odd, 

0, j even 

2Mrfj(x), j odd. 

(2.1) 

(2.2) 

b. For odd P, 

MVij(x) + MPjJ.(-^) 

and 

2N2r,j (x) » .i even 

-2/l/2P)P+J-(^) , J odd, 

~ M 2 r , r + j ^ ) ' <7 e v e n 

2N2r,j (̂ )» J o d d-

Proof: We prove (2.1) and (2.4). The proofs of (2.2) and (2.3) are simi-

Mr)j(x) - Mrtj(-x) 

(2.3) 

(2.4) 

lar. 
Let P be even. Now, 

Mr}j(x) +MVt.(-x) =£Q±-V*d)l (1 + (-1)-^). 

Since p is even, (-l)nr+J' = (~1)J . Hence (2.5) becomes 

Mr>i(x) + M r ; , ( -x ) =z%l>+
x

J}l (i + (- i) ': 
n4"0 (nr + j) ! ' 

( 2 . 5 ) 

j even 

0, J odd, 
(con t inued) 
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2AfPj • (x) , j even 

0, J odd, 

which proves (2.1). 
Now, let v be odd. Then 

Mr>J.(x) - Mr>J-(-x) = to
 (^+ J ) 7 ( 1 - (-D"r+J'). (2.6) 

Since z> i s odd, ( - l ) ^ + i = ( - l ) ^ 1 " - « + " + j = ( - 1 ) " + J'; t h e r e f o r e , (2 .6) becomes 

» 2(-l)"x^+J 
Z_, —7 i—7\~i—> J even 

n-173, . . . (nr + j ) ! 

f. 2 ( - l ) " x " r + J ' . , . 
„ - < & . . . <™" + ^ ' J ° d d ' 

2nr+r + J 

n^0 (2nr + r + j)\ 

2nr + j 

n=o (2nr + j ) ! 5 

-,_ j even 

j odd, 

~2N2r,r+j(x^ > J e v e n 

2N2r,j O ) 3 J odd, 

which proves ( 2 . 4 ) . 

Lemma k. We have for j = 0, 1, . . . , 2 P - 1 and i = V^l, 

( - l ) j 7 2 M2r j (x) , P even 
M2r j (£K) = { (2 .7 ) 

( - l )^ ' / 2 / l / 2 j J s J - (x ) , r odd, 

(-l)J'/2N2r j (x) , v even 
N2rsj(ix) = { ' (2 .8) 

( - l ) j / 2 M 2 r j J - ( x ) , r odd. 

Proof: By d e f i n i t i o n , 

/ n n -inr + j 2nr + j 
M -(ix) = F C j %— . (2 .9) 
^ z r . j C ^ ^ (2np + j ) ! 

Now 

ak)h"lr~1\i)2nWd, r odd, 

so t h a t 
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j/2 

(i) 2nr+ J 
(-1) **"• , v even 

(-l)n+j72
J r odd. 

Using (2.10) in (2.9), we obtain 

M2r,j (ix^ 

00 f i\n^2nr+J 

^ i; n^0 (2np + j)! ' 

XJ72 v* (-D2^ (-DJ/2 E —, v odd, 
n^0 (2nr + j) 

which proves (2.7). We can prove (2.8) in a similar manner. 

3. SUMMATION FORMULAS FOR LUCAS FUNDAMENTAL FUNCTIONS 

We shall now prove 

Theorem 1. a. For even v and J = 0, 1, . . . , r - 1, 

n~i> (nr + J ) ! 
J _2 

6 
E Mrt2k+m(p/2)Mr}a(6/2) 

h(r~ 2) 
E Mr92k + mip/2)MP,r + a(&/2) 

k= IhU+D] 

b. For odd r and j = 0, 1, . . . , r - 1, 

( - D U nr + j 

n=o ( n r + J ) ! 6 
E Mrt2k+m(p/2)N2rtOL(6/2) 

a = j - 2k - m, 6 = j - 2k + m, and m = 

(2 .10) 

(3 .1) 

k(r- 3) + m 
E Mr}2k + 1_m(p/2)N2r>r + ^1(6/2) < 3 ' 2 ) 

fc = o 
hip- 1) -m 

+ E ^ , 2 f e + w ( p / 2 ) / V 2 P j 2 p + a ( 6 / 2 ) 

where , in both (a) and (b) above and in Theorems 2 and 3 below, 

1, j even 

0, j odd. 

Further, [5] = the greatest integer ^ S and 6 as defined below. 

Proof: By Sylvester's matrix interpolation formula (see [6]), we have 

where Xl9 X2 are distinct eigenvalues of X as defined in Lemma 1. It is easy 
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to see that A1 = (p + 6)/2, A2 = (p - 6)/2, where 6 = /(p2 - 4<?) • Now 

^j(^i) " ̂ ,fJ-(X2) = ̂ ( ^ ) - MPiJ(E-^y (3.4) 

Using Lemma 2, (3.4) becomes 

^fJ-(*i) -Mr,j(-^) = Eo^^(p/2)[Mp>i_^(6/2) - MPjJ..fe(-6/2)] 

" E Mr k(p/2)(Mr,r+j-k(S/2) ~ Mrsr+j_k(-S/2))e 

Let v and J both be even. Breaking the summation on the right side of (3.5) 
into even and odd values of k and then using (2.2), we obtain 

J- l 

î., j(*i> " Mr.j&i) = 2 E Mrtk(p/2)MrfJ._k(6/2) 
fe--l,3, ... 

p- 1 
- 2 E Mrtk(p/2)Mrsr+j_k(8/2). 

k=j+l,j + 3, . . . 

Changing k to 2k + 1, because fc takes only odd values, we obtain 

^r.j(^l) -^r,j(^2) = 2 E r̂,2fe + l(p/2)^J-_2fe_1(6/2) fe = 0 

JsO-2) 
2 E ^rs2fe + l (p /2 )M P , r + J -_ 2 f e _ 1 (6 /2 ) , 

fc-j72 

(3 .6 ) 

Now, by definition of Mr AX) and Lemma 1, we have 

Mr, J W = t o (£?]•) iWnr + J* " «Unr+j - l^ • < 3 - 7 > 

Equating the coefficients of X in (3.7) and (3.3) and then making use of (3.6), 
we get (3.1) for even j. For odd j, (3.1) and (3.2) are similarly proved. 

4. SUMMATION FORMULAS FOR Sn(x) 

For Chebychev polynomials Sn(x) of the first kind, we prove the following 
theorem. Let x = cos 9 and y = sin 0. 

Theorem 2. a. Let r be such that v/2 is even, and j = 0, 1, . . . , r - 1. Then 

rc=-0 

E ("if % . 2*+»-(*)«,.. r + a0/>> • 

b. Let r be such that r/2 is odd, and j = 0, 1, . . . , r - 1. Then 
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r0 (nr + j) i y \ kh Mr,2k + m(x)Nr>aW 

ig(r- 2) x 

fc-[Js(j+l)] 

c. Let? be odd, .7=0, 1, ...,r - 1. Then 

„ (-1)"5 .(X) (>s(r-3)+m 

+ £ (-ir Ka^w^.aW 

y ( * = o 

ikU- D] 

E 
fc = 0 

JfiCr- 1 ) - 777 

E + E (- l )^2^0"1^. r,2*+m(*)^2r, 2 r + a ( ^ -

Proof: If we write x = cos 6 and let p = 2x and q = l9 then Un(p, q) are 
the Chebychev polynomials of the first kind, i.e., 

Un(2x, 1) = £„(*) = (n> 0), 

where 

Sn + 2 = 2xSn + 1 - Sn, wi th 5 0 = 0 and S1 = 1. 

We s h a l l prove (a) and ( b ) . Now 

» (-DnUnr+j = „ ( - l ) n ^ n r + J - ( ^ ) ^ „ (-l)ns±n(nr + j ) ( 
n t t ) (nr + j ) ! ^ o ( w + J) I n~0- (n r + j ) ! s i n 9 

6 _ „-i(nr+,j)d-( -1)" | y ( n r + j ) . _ g 

s i n 6 n ^ 0 (n r + j ) ! 2^ 

(-Dn 

Hence, 

V - rr- = —T~[A? • (tf + iy) - M' • (x - iy) ] , (4 .1 ) 

Now, by Lemma 2, 

M r , j ^ + ^ " Mr,j(X - £y) = E Mr^WWr.j-ktty) ~ Mr, j - ^ ' ^ 1 
k = Q 

r- 1 (4 .2 ) 

k = j+ l 
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First, let J be even. Breaking up the right-hand side of (4.2) into summations 
over even and odd values of k and making use of (2.2), we obtain 

J - l 
MVtj(x + iy) - MTij{x - iy) - £ 2Mr> k(x)Mr> , _k(iy) 

k= l , 3 , . . . 

v- 1 

£ 2MPtk(x)MPtr+;j_k(iy) 
k = j + 1 , j + 3 , . . . 

( 4 . 3 ) 

Now, s i n c e r i s even, r/2 i s an i n t e g e r t h a t i s e i t h e r even or odd. F i r s t , l e t 
r/2 be even. By ( 2 . 7 ) , (4 .3 ) then becomes 

MVtj(x + iy) - MPt.(x - iy) = 2 £ W' ~kMr>k(x)Mri j _k(y) E 
k= 1,3, ... 

- 2 
(4'4) 

k= j"+ 1, j + 3 , ... 

If r/2 is odd, then again making use of (2.7), (4.3) becomes 

J- l 
^r,j(X + ^ ) " Mr,j '^ ~ ̂  = ? ^r 7-(* + ty) - Mr .(x - iy) = 2 £ (i)^~k 

k = 1, 3, ... 

:M Ax)N . h(y) 
r t k K r , j - kK3 y 

(4.5) 
V - 1 

- 2 E ( i f + J ' -V , fc (^)^ ,p + J -_^(^) -
/c = j + 1, j + 3, . . . 

Note that the power of i in all the summations in (4.4) and (4.5) is odd, 
so that when we substitute (4.4) and (4.5) in (4.1) and cancel i from the num-
erator and denominator, the remaining power of i will be an even integer. Then 
(4.1) becomes 

f ("1)W^^(g) 1 
J^o (nr + j) ! y 

when r/2 is even, and 

J E (-l)hU-k-l\tk(x)Mr9j_k{y) 
k= 1, 3, ... 

r- 1 

E 
fe = J + 1, j + 3, ... 

(-l)^^'"""1^,^^,,,^--^) 

(4.6) 

j - i 

E (-i) 
fc» 1,3, ... 

v- 1 

E 
/c= j + 1, j + 3 , 

hU-k- 1) Mp,fe^)^,j-fe(2/) 

(-l^^^'W.feW^.r+j-fcd/) 

(4.7) 

when r/2 is odd. 
Replacing k by 2fc+ 1 in the right-hand side of (4.6) and (4.7), we finally 

get (a) and (b) for even j . By adopting similar techniques, we get (a) and (b) 
for odd j and (c) . 
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5. SUMMATION FORMULAS FOR Tn(x) 

Theorem 3« For the Chebychev polynomials Tn(x) of the second kind, the follow-
ing summation formulas hold. 

a. Let r be such that r/2 is even and J = 0, 1, ..., r - 1. Then 

n = 0 Kni T < " • fe = 0 
Jg(p- 2) 

E (-1)^P+ 6" 'V, 2* + i -mWMPtP+ 6_ 20/) • 
fe-[W+2)] 

b. Let r be such that r/2 is odd, J = 0, 1, . . . , r - 1. Then 

„ (-D'^j.W [.72] 

n=0 V J ;' fe=0 

E (-0 ^^fc + l-m^^.r+B-lCi/)-
fc- [>5(j+2)] 

c. Let r be odd, j = 0, 1, . .., r - 1. Then 

- i-l)nTnr+Ax) u/2] 
E ,nv + /) • = S (-D'<B X,2. + 1-m(^2,,6-i(y) 

lg(r- l)-m 

fc = 0 

^(r-3) + m 

*- [W+2)] 

Proof: The proof follows the same technique as in Theorem 2 and is there-
fore omitted. Notice that the power of (-1) in each of the above summations is 
an integer. 

Remark. Since 

Sy,(x) = — : 5- and T (x) = cos H0, 
n sin t) n 

summation formulas in Theorems 2 and 3 also give those for 

T* (-l)nsin(nr + j) 0 ^ (-l)ncos(nr + j)0 
„rb (** + «/)! n=0 < n p + « ? > ! 

For example, formula (a) in Theorem 2 can be expressed as 

^ (-l)nsin(nr + j)Q ih(j^l)] .M*-DM , fiW , . fl, 
i- (YIV + ̂  , = L (-1) ^ , 2 H m ( c o s 6)MPja(sm 0) 

h(r- 2) 
E (-D^^-'^^^Ccos 0)Mp>r + a(sin 0). 
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