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The number of steps in Euclid's algorithm for the natural number pair (a, b)
with @ > b is discussed. If the number of steps is k, then the least possible
value for a is Fy,,. If the number of steps exceeds k, then a > Fy, ;. 1If the
number of steps is k and @ = Fy,,,then b = F,,. If b = F, ., and the number of
steps 1s k, then q = F, + wnFy,; where »n is any natural number. (F, is the Kkt
Fibonacci number.)

Given two natural numbers a, b, Euclid’s algorithm produces the greatest
common divisor of a and b. The Fibonacci numbers are defined by the recurrence
relation F,,, = F,,, + F, where n is a natural number,with F, = F, = 1. Vari-
ous interesting properties of these numbers can be found in the literature. In
the following, we shall demonstrate an extremal property of the Fibonacci num-
bers in relation to Euclid's algorithm.

If the nt® quotient and #n'" remainder in Fuclid's algorithm are ¢, and r,,
respectively, and the algorithm consists of at least k steps, then the sequence
of steps up to and including the kth step can be written algebraically as fol-
lows:

r,_, = qur,_, +r,, n=1, 2,3, ..., k;}

where r_, = a, ry = b.

(D

Further, all the quantities »r, _,, 7, ., ¥,, ¢, are natural numbers except
7, which may also be zero.

Therefore, given any two natural numbers a, b with a > b, there is a unique
natural number e(a, b) associated with them where e(a, b) is the number of
operations in Euclid's algorithm for the greatest common divisor of a and b.
We have, for example, e(a, 1) = 1 for all natural numbers a (> 1).

Given any natural number X, it is possible to determine a pair of natural
numbers a, b with a > b such that e(a, b) = k. This is not obvious for all %k,
but will be seen in a little while to be true. As special cases—e(2, 1) =1,
e(3, 2) =2, e(5, 3) = 3, and e(8, 5) = 4—and it can be shown that all these
number pairs are consecutive Fibonacci numbers. As a generalization, it fol-
lows that

e(Fryps Froa) = K. (2)

Given k, the number of pairs (a, b) such that e(a, b) = k is nonfinite be-
cause, for all natural numbers n, e(a + nb, b) = e(a, b). As a special conse-
quence, we also have

e(Fk+3’ Fk+l) = k. (3)

It now follows that, given a natural number X,
{ale(a, b) = k for some natural number b < a}

is not bounded above, but being a subset of the set of natural numbers should
have a least element. It is convenient to denote this least element by e(k + 2)
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with e(l) = e(2)=1. We will also call e(k) the Euclid number of k. The main
result that justifies the title of this note is:

"The Euclid number of the natural number k is the k™" Fibonacci number."

Before proving this result, we need an equation that we shall be using over
and over again. We multiply the equation in (1) corresponding to each value of
n by F, and sum over all the values of n. This yields

k k k
ntn-2 % nn=-11n ntne
2 F,r 2 F,r, 1q, + L Fur
n=1 n=1

n=1

k-2 k-2
Lo Fa+ Fob o+ Jgaﬁk+zrn = bq, + Ega5%+1rhqn+1 + B 19

k-2
+ Fr, + F, 17,1 + Fr, if k > 3.
n=1
That is,
k-2

a=>b(qg, - 1) + n=1£¥+lr%(q”+l - 1)+ Fr,_.q tF_r

1Tro1 T BTy

where we have used the fact that F, =F

‘o wy1 T F, whenm =1, 2, ..., k- 2.

k-2
La-F, =blg -1+ E:IF%+1Pn(qn+1 - D
e

+ Py 1qy T P (v, - 1)+ Fk(rk - 1)

k-1
. a=- Fypy =Db(g, - D+ E:IF%+1Tn(Qn+1 -1
e

+ F%+1(Pk—1 -1+ Fr. (4)

Equation (4) has been obtained only when k > 3. However, it is easily veri-
fied to be true even when k = 2.

Property 1

If the number of steps in Euclid's algorithm for the pair of natural num-
bers a, b, where a > b, is exactly k, then

azF

k+2°

The case when k = 1 is trivial. When k 2 2, we have r, =0 and q; > 2.
Also, g, 21, n=1, 2, ..., k-1, and r, 21, n=1, 2, ..., k- 1. Hence,
by equation (4),

Thus, the least value of g is F,,, = e(k + 2). This proves the main result as
stated earlier.

Property 2

If the number of steps in Euclid's algorithm for the pair of natural num-
bers a, b, where a > b, is greater than k, then g > Fryge

178 [May



EUCLID'S ALGORITHM AND THE FIBONACC! NUMBERS

Here again, the case when X = 1 is trivial. When k > 2, we have 7y > 1 and
ro_y 2 2. Also, q,>1, n=1, 2, ..., k. Equation (4) now gives

a=Fy 2 F v o= B,
a2 Fyyon + Fryy
= Fk+3'
Property 3

If the number of steps in Euclid's algorithm for the pair of natural num-

bers F,,, b, where F, , > b, is exactly k, then

Here again, the case k = 1 is trivial. When k 2> 2,
qy 2 2, whereas q, 2 1 and r, 2 1 when n =1, 2, ..., k
gives

I Q

=Fk+2’ Pk =O, and
1. Equation (4) now

k-2
0= bq, - D 4-22%_F%+1rn(qn+l D+ R - D

+ Fk[rk_l(qk - 1) -1] if k =2 2,
with obvious modifications if k = 1. Since this is the sum of a number of

terms, each of which is nonnegative, each term should be zero.

“q,=1l,n=1,2, ..., k=-1; »r _, =1 and g, =2

Equation set (1) now reduces to
r, , =7, tr,n=1,2, ..., k-1,

ry_, = 2, (5
Frop = r_y.
This set of equations has a unique solution with

o= Fuieqopp n=-1, 0, 1, «oo, k= 2.

n

In particular, r, = E%+1'
Property 4

If the number of steps in Euclid's algorithm for the pair a, Fy,,, where

a> Fi,.» is k, then a = F, + nFy, ,, where n is any natural number.

Here, too, the case when k = 1 is trivial. When k 2 2, we can use Eq. set
(1) directly. Leaving the equation corresponding to n = 1 out for the moment,
the other X - 1 equations would correspond to a (k - l)-step Euclid algorithm
for the number pair F,,,, r,, where r; < F .

By an application of Property 3, r, = F,.

a=bg, +r,
= F, + q,F;,,, where g, is any natural number.

This proves the result.
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