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1. INTRODUCTION

In 1966, L. Carlitz [1] employed a technique based on a generating function to
solve completely the second-order difference equation

o (@ = (@ +2n+p+ 1f,, @ - 0 +pn+f,(x), (n=0,1,2, ...),
with the initial conditions

Fo(®) =0, fi(@ =1,
and p, g are parameters subject only to the restriction

p? - 4q # 0.

The polynomials f,(x) are known to be orthogonal on the real line with respect
to some weight function.

Though the difference equation considered by Carlitz is of a special form,
by studying Carlitz's proof, it is evident that his technique can also be used
to solve analogous difference equations of higher order. It is our purpose
here to illustrate this by way of solving completely the following third-order
difference equation:

= 2 ; 2.2
Fors@ = (x" + 3pn + @Ff,, @ + {-3p"n* + 3p? - 2ppdn + r}f, (x)
+ {pn® + (=3p® + p?Pn? + (2p° - p?q - prIn + s}f,(x),
(n=20,1,2, ...), (D
with the initial conditions
Fol@) = fi(@ =0, f(x) =1, (2)
and p, g, r, s are arbitrary parameters subject to the following three restric-
tions:
I. p#0,

II. all three roots Kl, A A, of the equation

22 "3
P+ (3p - PPNt + (20 - pP’g - pP)XA - 5 =0
are distinct and none is a nonpositive integer,

III. ©both roots Hy and U, of the equation ’
piu? + Gap® + 3p% - pPPu + (3% + 61 + Dpd- (22X + p2qg - pr = 0,

where X denotes any one of X;, A
integers.

;s OT Xa from II, are nonpositive
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2. THE METHOD

Let
F8) s = B¢, @) = 3 f, (@5 3)
n=0 :

be a generating function for f;(x). From (1), (2), and (3) we get

(1 = pt)*F"(t) - q(1 - pt)2F"(t) - v(1l - pt)F'(t) - sF(t) = x2F"(L).
We remark here that, save the right-hand side, this differential equation re-
sembles the well-known Euler linear differential equation (see,e.g., Ince [2],
pp. 141-143).

Next, we define an operator

A:= (1 - pt)®D® - q(1 - pt)?D* - »(1 - pt)D - s, (D = d/dt).
Then our differential equation becomes

AF(t) = x?F"(t).

We expect three independent solutions of this differential equation to be of
the form

G(t, A) i = ¢(t, A, x) = ff T xk(l - pt) A7k,
k=0

where A is any one of Ays Ays Ay. Thus, we must compute Tp = T ().
By direct computation, we get

A1 - pt) ATk

—— = QA+ RO +Ek+ DO+ k+ 2)p’

1 -pb) SO+ +k+ Dp2g - (A + Kpr - s.
Equating the coefficients of xk(l - pt)“x'k for kK 2 2 in
Ap(E, N) = x22¢"(E, A), (4)
we get
A+ k=-2)(A+ k+ 1)p?
T T

k= -
A+ A+k+ D) A+ k+2)p% = A+ k) A+ k+ Dp°g- (A+k)pr- s

Making use of restriction II that )\ is a (nonpositive integer) root of
p*A° + (3p® - PPN+ (° - pP’q - pr))k - e =0,

we have

(A+k-2)(A+ k- 1)p?
= T
k
: kIp3k?+ (3p3 +3p° - p2q)k+ {(3A2+ 61+ 2)p® - (27 + 1)p?q - pr}]

T -
Also, making use of condition III that both roots u of

pu? + (3p + 3p® - pPQu + {(3A% + 61 + 2)p® - (21 + 1)p®q - pr} =0
are nonpositive integers, we arrive at the fact that

O+ k-2 + k-1
kT TR(K - ) (K - WP

T Ty 5
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is well defined. Consequently,

)G +72),

e - ), - ),

s (22 - 24+ 0@ -1+
To = Top 11 ( =

ae1 28020 - upd (20 - uy) 0’

where (y), =y(y +1) *+* (y +k-1), and
(X 4 LY (2
2 k!(z + Z)k 5+ 1)k
2k+1 T 1°
3 My /3 Wy
k - - 2 - =
pr(2k + 1)!( 7 >k(2 3 )k

T

N w

Thus,
¢(t, )\) = Z {Tzk-'L'Zk(l _ pt)—)\—?_k + T2k+1x2k+l(l — pt)—)\—Zk—l}.
k=0

Since the degree (in x) of f,(x) is even, we must choose T; = 0. Also, we have
to adjust the initial conditions; equating the coefficients of 20(1 - pt)_x'o
in (4) and using restriction II, we may take T; = 1. Thus,

o o o 7
66 D) = B Tpm? (- py M = P r,at 300w 200, 0
k=0 k=0 n=0 :

where A (A 1)
(2).5 +3),

T,, = . T (=0, 1,2, ).
(i - 7),00-F),

Let ¢,(A) : = ¢, (X, x) be the coefficient of t"/n! in ¢(¢, A). Then

(V) = 3 T (X + 2k), ptx?k.
k=0

Hence, we have the general solution to (1) as
Fo(x) =we, (x, X)) + wye (x, A, + wye (xs Ay,
where
wy =w (e, Ay, A,y Ay, (2 =1, 2, 3)
are to be chosen so that the initial conditions (2) are fulfilled, namely:
0= wlco(kl) + wye (A,) + wyeg(Ag);
0= wlcl(xl) + wzcl(xz) +vwscl(x3);
1 =wye,(A)) + wye,(h,) + wye,(Ag).
Solving this system of equations, we get
Dw, = co(kz)cl(Xg) - cO(As)cl(Az)
Dw, = co(Xa)cl(Xl) - cO(Xl)cl(Xa),
Dwy = co(X) ey (h,) = eg(A)e(Ay)s

where
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]
1]

D(x, Ays Ays Ag)
cO(Al) cO(Xz) cO(AS)
det | ¢, (Xy) e, (A,) e (Ay)
e, (Ay) c,(A,) 02(X3)

il

It can be verified ‘that D # 0. With these values,we have completely soclved our
difference equation.

3. AN EXAMPLE

In closing, we give a more specific example to our result. Take p =1, g = 4,
r =-3, s = 1. The difference equation (1) then becomes

Fes@ = (@ + 3n+ &)F, @ + (=317 - 5n - 3)f, (@
+ 0+ +n+ 1)F (2.

The three roots of

A2+ x-1=0
are

=1, A, =2 =V-1, Ay = -<.
The roots of

2+ 3 - DR+ (3A2 - 2x+1) =0

for the corresponding A are

Ay = 1liyy, = V2 exp(égl), Uy, = V2 exp(égi),
Ay =T U,q = V2 exp<1%3>, My, = V2 exp<§g3>,
Ay = =T iUy, = V2 exp(%%), Hyp = V2 exp(%?).
Also,
1
Tzk(kl) = Tzk(l) = X (Zk) H (k = 0, 1) 2’ )’
2Kkt TL 125 + 1)2 + 1]
i=1
. (2/2);
Top(Ay) = Ty (d) = ————,
k12k(1 + 2),
7 () =T, (D) Al
= ) = e—_—
TR TRk k12K - ),
hd k
6, (1) = cp(l) = % Qe+ mist 0,1, 2, ..,

k=0

k1, L . 2
2% TLL(25 + D2 + 1]
J=1
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cﬁ&)=au>=f(un“i+ﬁ”x“
k=0 R12K(1 + 1)y

5

= (=1/2)y (=1 + 2k), 22K
k=0 k12k(1 - 1), '
If we consider the case where x = 0, then we get
e, (A5 0) =nl, c,(X,, 0) = (2),,
c,(Ag, 0) = (-7),,, (n =0, 1, 2, ...),

and

en(hy) = 0, (=7) =

w =%u}=%@l+@,w =%4~iy
Hence,
Fu(0) = Fnl + F(-1 + D (D, + F(-1 = D) (=),

This solution can be directly checked via the differential equation
(1 = ©)PF™(t) - 4(1 = £)?F"(¢) + 3(L - t)F'(t) - F(¥) =0,

which is the familiar Euler linear differential equation.
The solution with initial conditions

f(0) = F(0) =0, f,(0) =F'(0) =0, f,(0) =F'(0) =1
is given by (see, e.g., Ince [2], pp. 140-141)

F(#) =21 = B+ 21+ D = 07+ 2(-1 = 41 = 1)

and it can be immediately verified that this agrees with the solution found
above.
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