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PROBLEMS PROPOSED IN THIS ISSUE 

H-392 Proposed by Piero Filipponi, Rome, Italy 

It is known [1], [2], [3], [4] that every positive integer n can be repre-
sented uniquely as a finite sum of F-addends (distinct nonconsecutive Fibonacci 
numbers). Denoting by f(n) the number of F-addends the sum of which represents 
the integer n and denoting by [x] the greatest integer not exceeding x, prove 
that: 

(i) f([Fk/2]) = [fe/3], (fe = 3, 4, . . . ) ; 

([fc/4] + 1, for [Zc/4] = 1 (mod 2) and k = 3 (mod 4) 
(ii) f([Fk/3]) =^ (fc = 4, 5, ...) 

([fc/4], otherwise. 

Find (if any) a closed expression for fiFj, /p) with p a prime and k such 
that Fk = 0 (mod p). 
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H-393 Proposed by M. Wachtel, Zurich, Switzerland 

Consider the triangle below: 
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A-n 
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A-3 

1 

19 

45 

79 
121 

171 

A-2 

-1 

11 

31 

59 

95 
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A-! 
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A, 

= m2 
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A2 
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59 
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A3 

61 

99 
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A, 

101 

149 

205 

269 

151 
209 211 

275 279 

An 

281 

This triangle shows two types of sequences: 

a) with primes5 or with composite terms with no divisors congruent to 3 or 
7 modulo 10; 

b) as described in a), and* in addition, terms with divisors congruent to 
(3 or 7 modulo 10)2fe. 

In the above triangle, let: 

A 0, m m2 (m odd) 

the terms on the left of AQ m 

the terms on the right of AQ } 

1. Establish general formulas for the sequences of every row, every column, 
and every diagonal. 

2. Establish formulas: 

a) for the sequences showing terms that either are primes, or else compos-
ite integers with no divisors congruent to 3 or 7 modulo 10; 

b) for the sequences with terms as described in a) and also with composite 
terms showing periodically also divisors congruent to 

(3 or 7 modulo 10) 2k 

Remarks: Apart from the formulas 

C - N2 + rN 

for the finite sequences, and 

C + mN2 + rN 

for the infinite sequences, there exist other construction rules. 

Some examples of relationships which can easily be established are: 
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Column A_2 Down Diag. A2 Down Left 

- 1 = -1 • 2 + 1 
11 = 1 - 2 + 3 
31 = 3 - 2 + 5 
59 = 5 - 2 + 7 

31 = -2 • 9 + 7 
55 = - 1 • 9 + 8 
81 = 0 • 9 + 9 

109 = 1 - 9 + 10 

Every term plus 5 = (m + l)2 

Columns A_h and ̂ 4 Down 

Every term plus 5 • 22 = (jn + 2)2 

According to what is stated in 2 above, the following rule holds true: 

^n,/n+5(a + a) + 1 = b + b, with infinitely many solutions 
whereby a and 2? are F/L numbers. 

Example: A^ 11 and ^_2 l3 = 139 

F - l + 6 n + l L - l + S n + l 

*•' 5r 2 + £n ? ^ 2 + 6 

L - 1 L + 1 
l + 6 n n ^ „ - l + 6 n 

I 3 : - F 6 + 6 n + 2 1 0 F 3 + 6n ~ 2 

F r + 1 L + 1 
l + 6n l + 6 n 

I I I . 5 F u + 6 n ^ 5 L 4+6n 2 

t - 1 L + 1 
l + 6 n n ^ ^ l + 6n I V - ^ e + S n + 2 1 0 F 5 + 6n 2 

Special Properties: All sequences emerging out of this triangle show the fol-
lowing property: 

Ak • Afc + £ + B yield either a square or, alternately, a product 
of two consecutive integers. For brevity, example and formula 
are omitted. 

Then there are combinations of different sequences, but it would take too much 
space to pursue the many things involved in this triangle. 

SOLUTIONS 

AB Surd 

H-367 Proposed by M. Wachtel, Zurich, Switzerland 
(Vol. 22, no. 1, February 1984) 

Problem A 

Prove the identity: 

V(L2n - £2_2) • (L2n + , - ID + 30 = 5F2n - 3(-l)n 

Problem B 

Prove the identities: 
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fan Z~p ) . (F2 ^~F ) 
v n + 1 2 n + 3 y v n + 3 2n+l} 

/ ( F 2 T~^ ) - (F2 ^~F ) \ = F F or F 2 + (-1)" 
v v n+3 2n+5' v n+5 2n+3; ( n+2 n+h n + 3 \ ; 

J (F2 - F ) • (F2 - F 7 
vyMn + k r2n+6J v n + 6 2n+10J 

Solution by the proposer. 

1. These a r e p a r t i c u l a r i n s t a n c e s of the more g e n e r a l i d e n t i t i e s : 
A^ 

A) ^L2n + m - L2_2+m) • (L2n + , + m - L2
 + m) + 5 [ L , . m - ( - l ) ^ T 

"~ 2n + 2 + ffi n-2+m n + m 

B) / ( F ^ T 2 ) • (F ' - -F2 ) - ( - l ) m ( F , - 1) 
J v 2n + m n - 2 + m7 2n+h+m n + m' \ / \ ^ _ ̂  

= F — F F 
2 n + 2 + m cn-2+mEn+m 

n, m = 0 ± 1, 29 3, ... . 

2. Squaring both sides of 1 and making use of the following identities on the 
left-hand side3 we obtain (with these identities the congruence of both 
sides is established): 

A) 1 " ^2n+m^2n+h+m ~ ^2n+2+m + ->^~J-J 

(de r ived from L2nL2n + k E L2
2n + 2+ 5) 

TT T T2 - T T T - ^(-]^n + rnT F 
LL' ij2n + mljn + m ~ Lj2n+2 + mun-2 + m n + m J^ } nn+m£n + 2 

[de r ived from L2nLn = L2n+2Ln_2 - 5(-l)nFn+2 

a n d £j2n+mLn+m - ^J
2n+2 + mLjn-2 + m ~ ~* ^~ ' "~ n + 2 J 

I I 1 , ^2n+h+m^n-2+m ~ ^h-m ~ ^2n+2+rn^n-2+m^n+m + 5 ( - l ) Ln+mFn+2 

(similarly derived as I and II) 

B) I . F F = F2 - (-l)m 

' 2n + m 2n+h + m 2n+2 + m 
I I F F 2 = F F F + (-l)n + mF F 

2n + m n + m 2n+2+m n-2+m n + m x ' n + m n+2 

I I I F Fz + (-l)mF = F F F - (-lf + mF F 
•LJ-J-' 2n+h + m n-Z + m v J m-h 2n+2+m n-2 + m n + m v y n + m n + 2 

(similarly derived as A) 

3. By establishing the values of 

A' = 5[Lh_m - ( - l ) m ] and B' = -(-l)m(Fm_h - 1) 

we o b t a i n : 
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0 
1 
2 
3 
4 
5 
6 

30 
25 
10 
10 
5 
0 

10 

0 
1 
2 
3 
4 
5 
6 

4 
1 
2 
0 
1 
0 
0 

By application of the the formula 1 and the values 3S we find: 

A) mj^ V(L2n ~ L 2 . 2 ) . (L2n+lk - L 2 ) + 30 - L2n+2 - Ln_2L 

= 5F2n - 3 ( - l ) n 

B) 7w = 3 V(F0 ^ o - F2 J • (Fo „ - F 2
 a ) = F c - F F 

2 n + 3 n+l' 2n + 7 n+3 2n+5 n+1 n+3 

m = 5 V(F^^K - F 2 ) • (F - F 2 ) = F - F F 
x 2n+5 n + 3 ' x 2rc + 9 n + 5 2n + 7 n + 3 n + 5 

m = 6 / ( F - F 2 ) . (F - F 2 ) = F - F F 
llL - v u 2 n + 6 rn + h} K£2n + 1Q » + 6 ' r 2 n + 8 % + / « + ( 

* = all three versions identical to -(-l)mF .nF , , 9 
v ' n+2 n+h 

which had to be shown. 

5. Some special properties of the sequences (each sequence shows its own dis-
tinct characteristics, depending on rri) : 

A) rn Sequence 

1 ^(F ^n + F 2
+ 1 ) , which implies: No integral divisor of any 

term is congruent to 3 or 7 modulo 10. 

2, 6 sequences identical, but with phase difference 

4 unique term for any ni -3(-l)n 

B) 1, 49 7 ^r^r + i + ^r+2» w i t n phase differences. No integral divivor 
of any term is congruent to 3 or 7 modulo 10. 

3, 5, 6 sequences identical (see 4B) 

... etc. 

Also solved by P. Bruckman, L. Dresel, P. Filipponi, L. Kuipers, B. Prielipp, 
and H. Seiffert. 

Sum Formula 

H-368 (Corrected) Proposed by Andreas N. Phllippou, Patras, Greece 
(Vol. 22, no. 2f May 1984) 

For any fixed integers k > 1 and r > 19 set 

f(» m V (ni + '~+nk+r- 1\ n > Q 

n x + 2n2 + • • • + knk » w 
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Show that 

?(&) _ V -pM -POC) fK } = E :T ' fW
 s n> 0, r> 2. (*) 

The problem includes as special cases (r = 2) the following: 

For any fixed integer k > 25 

„ £ ft + • • •+ n
n

k Y ) = i f ^ C \ en>°> ^ 
n1,...,nk \ nl9 . . . , Tlk9 i / £ = Q SL + 1 n+l-SL 

nx + 2n2+ • • • + knk = n 
where /„<« are the Fibonacci numbers of order k [1]9 [2]. 

In particulars for k = 2s 
[w/2] 

The problem also includes as a special case (fe = 1, r ~& 2) the following: 

Eo(n + 1 - *>(" , *) = S / t + 1f +1.t. » > 0. (A.l) 

/n + r - 1\ ^ (n - I + r - 2\ ^ . ^ 0 
( r - 1 ) = ,? 0 ( r - 2 ). « > 0 , r > 2 . (B) 

References 
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Solution by the proposer. 

For any fixed x E (09 °°) and k and r as in the problem9 set 

' C\r&- D (^+," + " k + ; : l W - + ^ « > o i CD 
n + 1 ^ « ! , . . . , nk 3 \ n x , . . . s nk9 r - 1/ 

" i + 2n2+ . . -+n^ = n 
We shall establish the more general result 

f{k) 0*0 = E /(/C) (aO/00 0*0, O 0 , P ) 2 . (2) 
• / n + l , r v y *-*> * / £ + l , l v y > /n + l - £ , r - 1 v J ' v y 

£ = 0 
To do so, we consider random variables X1s ..., Xv (r ^ 2) which are inde-

pendent and identically distributed as ^ ( 8 ; p) (0 < p < 1) (see [3]). Then 
Jx + ••• + Xv is distributed as NBk(°; r9 p) and X2 + ••• + Xr is distributed 
as NBk(»; r - 1, p) [3]. Therefore, 

Ai.rr:, £k9 V^i* ••*» ^ / x P ' 
(3) 

H1+ 2l2+ • •• + klk = 1 

P[XX + -" + Xv = n + kr] 

n1 + 2n2+ . . . + knk = n 

and 
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P[X2 + ••• + Xr = n + k(r - 1) - £] 
n + ... + n 

pn+k(r- l)-£ 

nx + 2n2 + • • • + fenk = n -• I 

Next, fo r n > 0 and n > 2 , 

[X-L + • • • + Xp = n + fcr] = U {[X = £ + &] Pi [X2 + • • • + XT = n + fc(r- 1) - £ ] } , 

with *-°  <6> 

{[*! = £ + k] n [X2 + ••• + Xr = n + k{r - 1) - £]} D { [Zx = £' + k] 

H [J2 + ••- + Xr = n + k(r - 1) - £']} = 0 (0 < £' < n) , 
and 

[X± = £ + fc], 

[J2 + ""• + Xr = n + /c(r - 1) - £] are independent events (0 < £ < ri) . Hence, 
for n > 0 and p > 2, 

Ptfi +••• + Jr = n + kr] = f) p[^i = & + k]P[X2 +••• + XP =n + fc(r- 1) - £] . (7) 
£ = 0 

Set (1 - p)/p = x9 so that a: E (0, °°). Then relation (7) implies (2), by means 
of (1) and (3)-(5). Q.E.D. 

For x = 1, relation (2) shows the proposed problem. In order to appreciate 
its generality, it is instructive to note the special cases (A), (A.l), and (B) . 
(A) follows from (*) for r = 2, by means of the definition of f^-' and the 
formula of [1] and [2]: n+i9r 

f(k\ = £ ( * i + • • • + * * } , n>0. 
n1 + 2n2 + • • • + knk = n 

(A.l) follows directly from (A), and (B) is a simple consequence of (*) and the 
definition of f^\ 

Jn+ 1, r 
References 
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Also solved by P. Bruckman. 
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