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0. INTRODUCTION 

Using elementary properties of algebraic numbers of certain finite exten-
sions of |, L. Bernstein obtained in [1], [2], [3], [4], and [5] some combina-
torial identities. In this paper, we want to give a clear and quick matrix 
treatment of Bernsteinfs techniques from which it will be seen that his combi-
natorial identities are in fact determinants. 

In Section 1, writing the powers of an algebraic number oo of degree m over 
f as 

we give9 in (1.4) and (1.5), the tf?th-order linear recurrences satisfied by the 
numbers 

rjn , n € Z9 j = 1, 2, ..., m. 

Let us note that L. Bernstein is always considering the case where J = 1 and oo 
is a unit of (t(a)): see [3]; as far as [1], [2], [4], and [5] are concerned, L. 
Bernstein deals with the case m = 3. 

In Section 2S Eulerfs generating functions are calculated in two ways: one 
with the help of the sums pt of all symmetric functions of weight t; the other 
using the multinomial theorem. The second method is used by L. Bernstein, but 
the concluding remark of the last paragraph still applies. 

A very general procedure combining the properties of the norm of an alge-
braic integer and Cramerfs rule Is described in Section 3S which leads to what 
can be called combinatorial identities. 

In Section 4S we conclude this paper by giving a formula for rjn involving 
the determinant of a Vandermonde matrix and the determinant of a matrix that 
is "almost" of the Vandermonde type. 

1. RECURRENCE RELATIONS 

Let CO be a root of the polynomial 

f(X) = Xm + kiX™-1 + ... + km-iX + km = (X - ax) (J - a2) ... (X - a J 
irreducible over Q, with m distinct (nonzero) roots a1 =oos a2* ..., 0im* whence 
the field (1(a)) is of degree m over f. Let us consider the (positive, negatives 
zero) powers of a). 

^Professor L. Bernstein died on March 12, 1984, of a cerebral hemorrhage. 
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For n G 1L, let 

In ' x In^ 

with coefficients in (R. Since 
,,ffl _. 7, , .171- 1 

we obtain the equality 
" K-l® ~ km> 

"km*mn + (rin ~ km-irmn^ + (P2n km_2Pm)o) + 

which leads to the system 

r l , n + l = ° P m + 0r2n + 

P 2 ,n + 1 = 1 P ln + 0r2n + 

P 3 , n + 1 = ° P ln + 1P2n + 

P = Qp + OP + 

Define the matrices 

+ fr.-M " K^rrm^ 

+ OP k P 

+ OP , - & P , 

+ IP k P . ± rnn 

( i . i ) 

c = 

0 

1 

0 

0 

0 

1 

0 
0 

0 

-k 

-k 

~k 

0 0 

r l n 

r 2 n 

r 3 n 

^Frnn _ 

fi = [1 0) 032 Identity matrix, 

of dimension m x m9 m x ls 1 x m9 m x m, respectively. 

Hence, we have U)n = !w!i?n and 

from which we conclude 

and 

Rn = CnRQ with i?0 = [1 0 ... O r , 

p. = (j, 1) element of Cn* (1.2) 

It is worth noting that system (1.1) leads to the following matrix, which 
is that it st 

ficients of Udni 
means that it suffices to have a formula for rlt in order to know all the coef™ 
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R„ 

m - l 

1. n-1 km m 

^. .. . -•— T .— v. 
m - 2 

_j _ p 
1. n-2 fcOT l,n-l fc In 

m-1 

r H—= r + 
1, n + l-m K, 1, n + 2-m 

+ •=— r 
km in 

It is well known that the characteristic equation of C is 

\m + k^'1 + ... + km_±X + km9 

whereupon the eigenvalues of C are a13 a2, ...9 am. Since 

(7 = -A^C - .•" - km_1C - kmIm , 

we deduce 

^n + m = & Rn
 = "klRn+m-l ~ ~ km-lRn+l ~ ̂m^n» 

from which we conclude (with 1 ̂ j ̂  m)i 
vgn ~ ~^i pj s«-i - ••• - km_ 1rJ-3n _m + l - kmrjyn_m. (1.3) 

In particular we obtain, for the coefficients of ix)t and co with t ̂  m9 the two 
following ??7th -order linear recurrences (with 1 ̂  j ^ rri) i 

rjt ~ k i r j , t - i km-irj,t-m + l ^mrj,t-m9 

LJ, -t + 1 V rj, -t+m-l 

with the initial conditions for 0 ̂  i- ̂  m - 1 being 

(J, 1) element of Cl - {\ " J' f ' + l ' w (0 elsewhere, 

fem
 rj,-t+m> 

P- _£ = (j, 1) element of C~ . 

(1.4) 

(1.5) 

(1.6) 

(1.7) 

Note that for the rest of this article, as opposed to [1], [2], [3], [4], 
and [5], we do not restrict ourselves to the case j = 1. 

2. GENERATING FUNCTIONS 

Using the 777th-order linear recurrence given in (1.4) and the known values 
of v.. in (1.6) we obtain, for j = 1, ..., m, " Jv 

C?o^41 + V + ••• + K-i^'1 + KX"1) = X"7'"1 +kix* + • • • + km •X"'-1. 
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So 

Y,rjnXn 
n = 0 

X^1 + H i + - 0 .X171-1 

1 rn-j 

1 + k x + . . . + k X"1 + K*m 
1 m - 1 m 

1 m - j 

(1 - a ^ d - a2J) . . . (1 - amX) 

= (^''Hlc^' + ••• + km_J.X;7?-1)(l + p1X+p2X2 + •••+?**+•••)» 

where p stands for the sum of all symmetric functions of weight t in a1, ..., 
am. Hence, we conclude A 

m- j 

0 if 0 < n < j - 1, 
(2.1) 

where, as stated in [6], 

a"-1+t 

P = E TFF7 \~> With p = fc = 1, D = p = - . . = 

S i m i l a r l y , u s i n g ( 1 . 5 ) , ( 1 . 3 ) , and then ( 1 . 6 ) , we o b t a i n 

p = 0 . 
-OT + l 

X + ••• + ^ c ^ " 1 + Xm) 

= L3? , n + kr, nX + fer». . X2 + • • • + kr m x j o m j , - 1 77T J , - 2 w j , - m + 2 X
m~2 + kmr 'rn j , -m+i 

+ **-l*\fO* + fcrn-l*/.-!*2 + • • ' + fc».l^.-w + s ^ " 2 + *m-l*\f.-W+2*W"1 

+ k 0 r , n X 2 + . . . + k m _„r , 772-2 JO 'w- 2 J , -m + 1t + K_0r HI-2 j , - m + 3 

+ V j o ^ " 1 

^ 3 ? . X - r , „X2 
w J O j , m - . l j , m - 2 r ^ X 7 " " 2 - p,nX; 

" J 2 J l 

- K*j.m-2* - V i i m - 3 ^ " • • ' " M j l ^ " " 2 

K-3rj'2X " ^ - 3 P j l Z 

^m-2Pjl^ 

= ^ (X) , 

where the polynomial Z^ (X) i s def ined by: 
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Ki (X) 
~K-m-jX km-j-1% 

if J = 1, 

kQXm-j+1 if 2 < j < m. 
(2.2) 

Thus5 

Zjj,-«xn = 
K.{X) 

n = 0 km(l - a-^Kl - a^Z) ... (1 - a"1!) 

For i = 1, ...9 m9 let k* denote the £th elementary symmetric functions in 
a^1, ...j a^x5 so that 

as is well known. Now, let p* stand for the sum of all symmetric functions of 
weight £ in a"1, . .., a"1; letting 

F(Y) = Ym + 
1 1 

Km Km 

(J - a"1)(J - a"1) ... (T - a;1), 

we have 

P ^ - E — . 

and p* = p* 
1 L -2 r-m + l 

We conclude that 

0. 

n = 0 

and this leads to 

J, -n 

L ^ . . / " = k-m%{x){i + p*x + v\x2 + ••• + p** + •••), 

P* if J - 1. 

7- Zkm_d_tpU^ if J - 2, 
(2.3) 

Instead of using p, (resp. p*)s one can also use the multinomial theorem 
from [7] to find rg-n (resp. z9^ _„). For example, as in [10], we have (within 
an irrelevant radius of convergence) 

n • 0 

= O^'-1 + k JJ' + ••• + k. 

{X3'1 + kYX3 + ••- + 

m ,xm-^\ ti-iy'ikj + ... + v ^ ' 1 + V)J1 
^ Lj = 0 J 

where 

4(i) =E("D 
(£.+£, + •"•+£-.)! 

i; V * 2 ! ... tm! 
Kx i ' * * m s 
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the last sum being taken over all m-tuples (t±, £ , . .., tm) of Nm such that 

tx + 2t2 + ••• + mtm = i; 

therefore, 
m-3 

rjn = E M(w - J + 1 - * ) , (2.4) 

with the convention k0 = 1, and A(i) = 0 for £ a negative integer. 

Similarly, for j = 2, ..., w?, we have 

„£>,•.-»*" = ( - V / - W i * 2 v™~J'+1>(£0
B<^). 

where 

(-l)*1 + ̂ + - + *-(ti+t2 + ... +tm)! t 

Km v1\v2i ... rmi 

the last sum being taken over all 77Z-tuples (t , £ , ..., tm) such that 

tx + 2t2 + - • + mtm = £. 

Defining B{jJ) to be 0 for £ < 0, we therefore obtain 

kmB(n) if j = 1, 

p. 
J, -w "E K-i-tB(n - I - t) if j = 2, ..., 77?. 

t=0 

(2.5) 

Although formulas (2.4) and (2.5) with J = 1 may look different from Bern-
stein's formulas (1.14) and (1.14a) in [3], they are in fact equivalent. 

To conclude this section, let us remark that if one wants a formula for the 
powers an for a = a± + a2w +••• + â oo772"1, one can use the characteristic poly-
nomial of a to write an equation of the form 

am + b ^ ' 1 + ••• + bm = 0, 

and apply the above procedure to get the powers of a as functions of the bj,'s. 

3. A GENERAL RESULT 
m 

If a = £ a i l ^ ~ 1 E Q.((JO) and if, for j = 1, ..., m, 
i = ± 

& " * • 

.0) i-1 

then #Q(LO)/m (a) = det 4, where A = [a^-]; see [11]. 

Let us consider the equality 

y = ag 
with 3 E OKo)) where, for j = 1, . . ., m, 
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13 

t a k i n g B = [bid]9 G = [g „ ] , fi = [1 GO . . . o / " * 1 ] , we have 

aft = QA9 $Q = ftB, y^ = ftc7 and (ag)Q = (ga)ft = Q(&4) = ft(4£), 
h e n c e , t he i d e n t i t y 

£ = AB = M . 
I f , fo r a m a t r i x M, we denote i t s j t h column by M, •), we conclude 

In p a r t i c u l a r , we o b t a i n AB^jj — G^^9 i . e . , 

anbn + a1 2fc2 1 + • • • + almbml = gn 

a2lbn + a22Z?21 +• . . - + almbml = # 2 1 

[ a w l £ u + am2b21 + . . . + a^b^ = gmV. 

Let a ^ 0; then ^(C^/Q (ot) = det A ^ 0, and the matrix A of the coefficients of 
the above system has det A £ 0. For £ = 1, . . „ 9 m9 Cramer's rule gives 

where cof (<2ti) is the cof actor of the (£, £) element of >4. 

Similarly, if $ ̂  0, we also have, for £ = 1, ..., m9 

a £gtl cof(bti). ( 3 .2 ) 
i i d e t B t = l 

In [2] Bernstein took m = 3, k± = 0, fc2 = g > 2, fc3 = -1, a = cos, 3 = aTs , 
Y = ls obtained recurrence relations for the rational coefficients of a and g, 
calculated the generating function of these coefficients, and then obtained his 
combinatorial identities, which turn out to be special cases of our formulas 
(3.1) and (3.2); see formulas (4.2) and (4.3) of [2], see also [1], [4], and 
[5]. The same was done in a lengthy way for arbitrary m in [3]. It turns out 
that in [3], Bernstein is considering a = o/""n+1, g = a"1, y = 1; nevertheless, 
he forgot to write a0 in front of the determinant appearing in his formula 
(2.3b), so formulas (2.4)-(2.7) must be modified accordingly [e.g., the power 
of a0 in (2.7) is m] . 

Let us observe that, from a linear algebra point of view, the equality G = 
AB with det A ^ 0 immediately implies that one can solve for the entries of B 
in terms of the entries of G and minors of A. 

k. VANDERMONDE MATR i X TREATMENT 

Consider the matrix G defined in Section 1, the Vandermonde matrix 7, and 
the diagonal matrix D shown on the following page: 
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m-l 
1 
m-l 
2 

a± 0 

0 a0 

0 0 

Since VC = DV, we have C = V^DV, and 

det 7 = |7| = O (aj - cu). 

It is possible to give an explicit formula for C in terms of det 7 and in terms 
of the determinant of a certain matrix that is almost of the Vandermonde type. 
Let us do it. 

For t = 1, ...,777-1, denote by kt(j) the tth elementary symmetric func-
tion in a , ..., a._ , ot. , ..., am, whence 

fet(j) = fct + / V i a j + 

With respect to 7, define 

7f = cofCa^1). 

Then it is well known that 

+ w + al- (4.1) 

1_ 

F| k1dn1 k1(2)V2 . k1(m)Vr 

(see for instance [9]). For a proof, call W the matrix |7|7~ , and show that 
WV - |7|Jm by comparing the (i,j) elements: if i = j, you obtain \v\; if j < i, 
you get 0, using (4.1); if j > i, you obtain 0, using the fact that 

ai^k .(£) = -k . ,a J-2 m - £ +1 ~ t m-t + 2 t 
J-3 -

m-l t 
Kai-1-1. 

By definition, for all n €: 2, let Hn be given by 

Hn = det 

m-2 

m-2 
'2 

X"1 
a j " 1 

as is easily verified, this determinant Hn satisfies the ?7?th-order linear re-
currence 

-Mn-l M»-2 KK-m-
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Keeping in mind formula (4.1), we find for the (j, t) element of Cn = V~lDnV 
(with 1 < j , t < rri): 

i rn-j 
U, t) element of Cn = - ^ .£ K _._ .Bn + t +. . 

So 9 for every n £ 2 , 

]_ m-j 
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