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1. INTRODUCTION

Fix numbers ugy, Uy, ..., 4 _;, and for every n > 0, define u,,, by means of
the m preceding terms with the rule

Upyew = Kilhyono1 — =<+ - kyu, = 0, with k, # 0. (1.1)

In this note, we wish to present two formulas for these numbers u, satisfying
the above m-th order linear recurrence (Sections 2 and 3).

These results are probably known to some readers; however, since from time
to time we happen to see in the literature special cases of these formulas, it
may be worthwhile to present them once and for all.

Note that form = 2, k; =k, =1, uy = u; = 1, one is dealing with the Fi-
bonacci numbers, which have been extensively studied by many authors (see, for
instance, [13], [5], and [3]), and which were used by Matijasevi¢ [9] in his
notorious proof that Hilbert's tenth problem is recursively unsolvable.

2. GENERATING FUNCTION AND BINET'S FORMULA

Using the m-th order linear recurrence
+ k,u + 0+ ku,, Ky # 0, (2.1)

u = Kyt pn “2Umin-2

m+n
(with the k;'s in Z for instance, or in a given field), we easily obtain

) m-1 .
<n§ounxn>(l - le -t T kam) - igovixl’

where the Ui's’ functions of the initial conditions on Ugs Uys eoes Uy 15 are
defined by
7
U’L = —jg:ou,’:_jkj, (2‘2)

(with k,= -1 throughout this article). Associated with that recursive sequence
is the following polynomial,

FOO = X" =k X" o s — kX m Ky = (X - a) (X = ay) cee (X = ),
whose roots we assume distinct (and nonzero, since k, # 0).
Then we have

e m=1
vy + v X+ +v, X

§321 x" =
n=o " 1 - kX ~ kX2 = oo = kX"
1 2
(continued)
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) LAY m_l
vy + U X + + v, X

(1 =0, X)L = a,X) « --- ¢ (1 - a,X)
_ -1 J
= @, tv X+ ety XTHA +p1X+~--+pJ.X + o),

where p; stands for the sum of all symmetric functions of weight j in Ojs Oy,
«+s O,; in other words [2], p. is the '"sum of the homogeneous products of J
dimensions" of the m symbols @, ..., ap.

Let us recall from Volume 1 of [2, p. 178] that

m=1+4
m oci
.= 7 with =1
pJ igl 7@, with p, s
and that p_, =p_ cee=p_. = 0 (which follows from Example 4 of p. 172).

We therefore obtaln for the m- th number u, what can be called

=1
BINET'S FORMULA: |u, = 3 v;p,
i=0

EXAMPLES: (1) Let vy = vy = »++ = v,_, = 0, v,_, = 1; then, as in Formula 9 of

(71,

It

af o) on

u, = = + O L

n = Benel T F @y T FT@,) 7o
(2) For m = 2, m = 3, we recover Binet's formulas of [3] and [11].
(3) For n€ N= {0, 1, 2, ...}, define s, by

= n n e o n
s, =of +aj + + ar.

As is well known (see [2]), Newton's formulas state that:
m if n=20

k, ifn=1

n .
kis,., tkys, ,+ - +k s +rnk, if2€<n<m-1
ks, i *kys,_, + 0 + kps, if n 2 m.
In particular, if u, = s,, then {u,} satisfies (2.1).
Thus, using the fact that ko = -1, we find that (2.2) gives:
vy =m = -mkg
v, =8, —mk; = ~(m - 1)k,
v, =s, - s;k, —mk, = ~(m - 2)k,
Upo1 = 8poy T SpKy = Sp_gKy = e = 80K,y mmK, o= -1k
In short, for j = 0,1, ..., m - 1, v; =-(m - j)kj, and Binet's formula becomes

m=1 )
s, = —j=20(m - J)Z(J.pn_'7
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3. ANOTHER FORMULA

We can also use the multinomial theorem to obtain a formula for u, that is
a function of (i.e., the elementary symmetric functions of) kl, k,» ey Kppe
Here we no longer require that the roots of f be distinct. Within a certain
radius of convergence, we find that

¢ -1
oo vy o X+ s 0 _1Xm
z:uan - . m
n=0 L= (RyX + kX" + -0 + k, X™)
= Wy + VX +eee + Um‘le—l)['zo(le R T b kam)JJ
J=
= Wy + v X+ + Um_le'1)< E:A(i)Xi>,
=0
where - (t]_ + tz 4 e 4 tm)! _— .
A@@) = X k'R, e K

t e, e !
the last sum being taken over all m—-tuples (£,, tys ..., &,) of N” such that
ty +2t, + =0 +mt, = 1.

Defining A(Z) to be 0 for Z < 0, we therefore conclude:

m-1
u, = L v AMm - 4y |. (3.1)
i=0
EXAMPLES: (1) If vy =1, v, =v, = «+- =v__, =0, then
u, =4n).

(2) Let s, = af'+ aly +cc + ug.‘ Replacing v; by -(m- J)k;, and mak-
ing in the j-th summation (J = 1, ...,m — 1) of (3.1) the change
of variable t; + ¢t; - 1, we obtain after a few calculations what
is called in [2] Waring's formula for s,:

n(ty + b, + bt - DL
s, = ) kiky? oo K.

i 1 ]
t1+2t2+"'+mtm=n tl'tZ' e tm
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