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A Fibonacci binary sequence of degree k is defined as a {0, 1}-sequence
such that no X + 1 1's are consecutive. For k = 1, we have ordinary Fibonacci
sequences [2]. Let G(k, n) denote the number of Fibonacci binary sequences of
degree k and length n. As was given in [2], it can be easily verified that for
k =1, we have G(1, 1) =2 =F,, G(1, 2) =3 =F,, and G(1, n) = G(1, n ~ 1) +
G(l, n-2)=F for n 2 3, where F, is the nth Fibonaceci number. In general,

n+1
we have
G(k, n) = 2" for 1 <n <k, (la)
k+1
Gk, n) = 3 Gk, n - gy forn=k+ 1. (1b)
J=1

Thus, for any k > 1, the sequence {F;,, = G(k, n = 1), n > 0} is the k*P-order
Fibonacci sequence, where we set G(k, -1) = G(k, 0) = 1 for convenience.

Let W(k, n) denote the total number of 1l's in all binary sequences of de-
gree k and length »n. Then,

Wik, n) = n2""1 for 0 < n <k, (2a)
k

Wik, n) = 2 Wk, n = - 1) + 3Gk, n -4 -1)] forn=2k+ 1. (2b)
Ji=0

The ratio q(k, n) = W(k, n)/nG(k, n) gives the proportion of 1's in all the
binary sequences of degree k and length n. It was proved in [2] that the limit

g(k) = lim q(k, n),

which is the asymptotic proportion of 1's in Fibonacci binary sequences of de-
gree k, exists for kK = 1, and actually the limit is g(l) = (5 - v5)/10. It is
interesting to extend this result and solve the problem for all integers k = 1.

Let {4(n), n > -(k + 1)} be a sequence of numbers with A(j) =0 for
~(k + 1) < j < -1. If we define a sequence

B(n) = A(n) - An -1) = «++» - A(n -k - 1) forn =0,
similar to the result in the case k¥ = 1, we have the inverse relation

k
A(n) = Gk, § - DB(n - ) for n 2 0, (3)
=0

J

where the sequence {G(k, n), n = -1} is defined above. From (2), we obtain

k k
T mek, n-m-1) = Wk, n) - 3, W(k, n—-j-1) forn=k + 1.
m=0 Jj=0

The inverse relation (3) then implies that

. n k
Wk, n) = 2 (G(k, J- 1)[2 mG (K n-j-—m—l)}) forn2k+ 1, (4)

J=0 m=0
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where we set G(k, n) = 0 for n < -2 for convenience.
The characteristic equation for the recursion (1) is

h(x) = ak*1 - gk - .. -2 - 1 = 0. (5)
Let r;, «.., 13, , be its solution. We have the expression
k+1
Gk, n) = ¥ cjr;, for n 2 0, (6)
j=1

where ¢; are constants [1]. It is known that (5) has exactly one solution, say
r,;, whose norm is not less than 1 [3]. Using Cramer's rule, we obtain an ex-
plicit form for ¢, from (6):

(2 - rz)(z - ra)... (2 - yk+1)(r2 - ra) e (rk - I%+1)

€1 = (r, - r,)(r, - 7)) ... (, - r%+l)(r2 -r) ... (r, -7,
) (2 - rz) ce. (2 - I%+1) ~ 1
(r,-7) «o. (2, -1, ) T2 - rl)h'(rl)'

From the equality (4), we get

n k+1 k k+1 .
= -1 n-Jg-m-1
Wk, n) jz=:o [( lgl e, rd )<mz=:1 m (pgloprp ))]

Since |rg] <1 for2<2<n+1 and Gk, n) = O(PZ), we have

n . .
J-1 n-Jg-m-1
2 cyry Tmepry,
Jg=0
{mcchrglr;m'l(rg+l - rz+1)(rp - rl)’l = o(nG(k, n)) for r, # r,
nmclcprf'”‘z = o(nG(k, n)) for r, =r, # r.
Thus, .
g Wk, n) . 2 -1 n-g-m-1
= lim —~>—* = lim c,r? e ptd ne. rl
q (k) n-rE Gk, n) e 1% 171 mglm 171 1
k m=-2
=c, Lmr" %
m=1

We have established the rollowing result.

Theorem: Let r be the solution of (5) in the interval (1, 2). Then

. k .
o - (Yo - o o - 0]
i=1 i=1

Finally, three numerical examples are presented below.

For k = 2, » = 1.83929, g(2) = 0.38158.

For k = 3, » = 1.92756, q(3) = 0.43366.

For k = 4, » = 1.96595, q(4) = 0.46207.
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