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In this paper we extend some results on Fibonacci binary trees to Fibonacci
k-ary trees, K 2 2. The multinomial coefficients and higher-order Fibonacci
numbers are used in our study.

For any integer k > 2, let {Fj, n > 0} be a sequence of integers defined by

Fk=0, FF =1, for 1 <n <k
0 > tn s ’
and
for n 2 k + 1.

k k k e k
Fn Fn—l +Fn-—2 + +Fn-—k’
The sequence {F2, n > 0} is thus the ordinary Fibonacci sequence. For k > 3,
the sequence {FX, n > 0} is different from the Fibonacci sequence {V#, n =0}

of order k, which is defined by

Vi =0, V=1, VF=2""2, for 2 <n<k,
and
vEk=vEk 4 VE, 4+ oo + VR, for n >k + 1.

We also need the following integer sequence. For any integer kK = 2 and
1 <m<k, let {Ff’m, n = -k} be a sequence defined by

Fl™ =0, for n <0,

Fnk,m gn-1

, for 1 <n<m,
and ) . '
sm - pk,m > m . s m
Fom = FoT+ FOT 4+ + F2%, form2m+ 1.
It is easy to see that, for any integer kK = 1, the sequence {Fﬁ’l, n 2 0} is
precisely the Fibonacci sequence of order k,i.e., Ff’l = Kf. By induction, it
can be shown that, for any k < 7,

For any fixed k 22 and #n 2 0, one can obtain multinomial coefficients
cﬁsj, 0<gJ< (k- 1n+ 1, by expanding the expression

2 4 ... +xk-—1)n’

(1l +x+x
and obtain the corresponding (generalized) Pascal triangle (see [4], [5], and
[6]). For convenience, we set cﬁ’j =0, for < -land § 2 (k - 1)n + 2. For
k

= 2, one has binary cogfficients and the Pascal triangle. For k =3, one has

trinomial coefficients ¢, ; and the corresponding generalized Pascal triangle,

as shown in Figure 1.

One can draw diagonals in the triangle, and see that the sums of numbers
between parallel lines are precisely the 3rd-order Fibonacci numbers Zf, just
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as in the case kK = 2 [1, p. 245]. 1In general, by an argument similar to that
in [1, p.246], one has the following relation between Fibonacci numbers Vf and

multinomial coefficients cf gt

X ln-n/k} '
Vavy = .E: Crn-j. 3>
j=0

where | | indicates the largest integer function.

1

7 6 3 1

16 19 16 10 4 1

30 45 51 45 30 15 5 1

Figure 1. Generalized Pascal Triangle

For any fixed integer X 2 2, we now define the Fibonacci trees Tﬁ of order
n, nm > 1, inductively on n. For 1 < n < k, TX consists of only a root node.
For n 2 k + 1, T# consists of a root node with k ordered sons Tﬁ_l, Tf_z, v
Tﬁ_k from left to right. For kX = 2, one has the ordinary Fibomnacci trees [2].
For k¥ = 3, one has the Fibonacci ternary trees.

3 3 3 3
T1 T2 T3 Tl‘
[ ] @ ®
r q p /N
p q r
T?l T3

Figure 2. TFibonacci Ternary Trees

In Figure 2, every terminal node of TS is labelled by p, g, or r. TFor each
m > 5, the tree T can be obtained from Ti—l by replacing all the labels » and
g in T¥_, by q and p, respectively, and replacing all the terminal nodes in
Tg_l with label p by Ti, This is a simple rule to grow a Fibonmacci tree to a
higher order, similar to that given in [3] for Fibonacci binary trees. One can
also set a similar rule to grow the trees TX with any fixed k > 3, where, in-
stead of using only three labels, k labels——pl, Pos weeo pk——are needed.
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For any Kk = 2, a k-ary tree is a tree with each internal node containing
exactly k ordered sons. We now specify branch costs of a k-ary tree. We will
assume that each left-most branch has unit cost 1, each second-to-the-left
branch has cost 2, ..., and each right-most branch has cost k. The cost a; of
a node 7 is the sum of costs of the branches from the root to this node. If
the path from the root to a node has £ branches, the node is said to be at
level 2. The average cost of a tree T is defined by

m
s =23 a;/m,

i=1

where m is the number of terminal nodes in T, and the summation is over all the
terminal nodes in T. As in the case k = 2 (see [2]), one can see that if a k-
ary tree has #n internal nodes, then it has (k - 1)n + 1 terminal nodes. It is
easy to verify the following lemma.

Lemma 1: 1In a k-ary tree, let a; be the cost of the terminal node %, and let
b; be the cost of the internal node j. Then

(k- Dn+1 n
}: a; (k - 1) bj + nk(k + 1)/2
i=1 J=1

(k- Dn +1 (k - 1yn+1

As was stated in [7], one can construct an optimal k-ary tree in the sense
of minimum average cost as follows: Suppose that an optimal k-ary tree with
(k = 1)(n - 1) + 1 terminal nodes is given. To obtain an optimal k-ary tree
with (kK - 1)n + 1 terminal nodes, one can split a terminal node of minimum cost
in T to produce k new terminal nodes. This can be verified by using Lemma 1,
just as was done in the case kK = 2 in [2].

It is obvious that each tree Tf is a k-ary tree, and that it has FX termi-
nal nodes. As in the case k = 2 in [2], we have the following lemma.

Lemma 2: Each Fibonacci tree Tﬁ, n 2 k + 1, has exactly Ffji terminal nodes of
cost n - J, where 1 S < k<n- 1.

Proof: The proof is by induction on #. The tree T;;l has k terminal nodes, and
it has exactly 1 (= Ff’g) terminal node of cost kX + 1 - j, where 1 € j < k.
Now, we assume that the Lemma holds for all n, XK + 1 < n < NV, where N =2k + 1
is a fixed integer. The tree Tﬁ+1 has k subtrees T¥, Zﬁil, cees 7#—k+1’ from
left to right. The number of terminal nodes of cost N + 1 - J in Z#+1 is, for
kz2jg2N+1-k,

I A e o A B L L

V-k N-k-1
_ ol-k _ mk,J
=2 = Z;}V+1-k’
and for j < N+ 1 - k, the number is
kyd ks Jd k,J - pksd
*%-k*'%-k-1+ +Eb-%+1 %+1—V

This completes the proof.

With the branch costs specified as above, for any fixed k 2 2, we have the
following theorem.
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a

Theorem 1: The average cost of a Fibonacci tree TS of order n is

k
- ; ko d
=@n-1) +[;§%@ ‘l)ﬂbi]/éf’

and it is optimal among k-ary trees for each n = k + 1.

Proof: By Lemma 2, for n =2 k + 1,

1]

K ‘
. Kk,
sp= 2 (n- J)Fn_i/Ffj

j=1

n

k . k
n-1nY% Fj;%//pj - ¥ (- DER J//Fk
i=1 i=1

I

(n-1) - E (- 1>F’<’J/F’<

Jg=2

If kX = 2, one has
- _ 2,2 g2 _ 2 _ 2 2 _ _ 2 2
= (n 1) Fn—z/Fn = (n 2) + (Fn Fn—l)/Fn = (n 2) + Fn—z/Fn’

as was shown in Theorem 3 of [2].

For the second assertion, by the rule for constructing optimal k-ary trees
mentioned above, we need to show that, by splitting all the terminal nodes of
cost (n - k) in Tﬁ, we can obtain Tf+l. As in the proof in [2], we proceed by
induction on 7. The claim clearly holds for = kK + 1. We assume it holds for
all n, k+1<n<NVN-1, where N2 k + 2 is a fixed integer. Since the left-
most subtree of Tﬁ is T;_l, by the induction hypothesis, after splitting all
the terminal nodes of cost (N - k) in this subtree, we obtaln Tk A similar
argument applies to all the remaining (k - 1) subtrees of T Therefore, the
resulting tree has k ordered subtrees T s Ty s v ;Lk+1’ and so it is Ty, ;-
This completes the proof.

Our next result generalizes a result in [3] which deals with the number of
terminal nodes at each level of a Fibonacci tree.

Theorem 2: At level & in a Fibonacci tree T;, n 2k + 1, there are ck neFmt
nodes with label p,, and @%—1, n-k-g F c}_l, mek—go1 T et cé_l,n_k ;—(k 7
nodes with label p., 2 <J <k

Proof: The assertion holds for #n = k + 1. We assume that it holds for some
n 2 k + 1, and then prove it for n + 1. By hypothesis, there are

k
Cr-1, n-k-2+1

nodes with label p  in T: at level £ -~ 1, and

ce k
+ +oef |

ck
-1, n-k-g n-k-2-(k-2)

nodes with label p, in T} at level %. Thus, the number of nodes with label p,
in T at level Q is

k L ok .. k = ok
Co-1, m-k-241 T %1, nox-a T T, ke -k-2) = L mt1-k-g"
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Similarly, one can compute the number of nodes with label p s, J 22, in T at
level 2. This completes the proof.

One can see from Theorem 2 that the number of terminal nodes at level % in
the tree Tf is

E:JO L-1, n-2k-2+g°
i=1

and since Tﬁ has Ff terminal nodes,

n-k

b 2: Jek . for n = k + 1.
¥ 151 Jl 1, n-2k=-2+g

k

Finally, one can see that the trees Tk and T2 have average costs sk and si,
respectively. Since the characterlstlc equations of the recurrence relatlons
for the sequences {F , n =0} and {Fk I, n >0} are the same, and have exactly
one root x, satlsfylng |x1|> 1, and 31nce the coefficients of the nth power of
x, in the expressions of F and F > d are clearly nonzero, the ratio Fk J/Fk
converges to a finite limit as n -+ «. Using Theorem 1, one has the llmlt

k.2
sn/sn + 1 as n » o,

On the other hand, the trees Tf and Tﬁ have Ff and Fi terminal nodes, respec-
tively. For any k > 3, one has the limit

Ff/Fs > ® as n -+ o,
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