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A new perspective to the generalization of the Fibonacci sequence was in-
troduced in [1]. Here, we take another step in the same direction. In [1] we
studied the sequences {a }:=0 and {8 }i=0 defined by

&O = a, BO =b, a, = C, Bl =d,
0,y = Bay + Brs (n > 0) (1)

2 = Opyr T 04

where_a, b, ¢, and d are fixed real numbers. We also utilized the generaliza-
tion {#,(a, b)}:to, where

FO(a’ b) = Q
F.as b) =D (n > 0)
F _ ,(a, b) =F (a, b) +F (a, b)

so that F, = F,(0, 1), where {Fi}fzo is the Fibonacci sequence.
We shall study here the properties of the sequences for the scheme,

OLO = A Bo = bs Ay = C» 61 = d;
Optp = Opyy + Bys (n=>0) (2)
B71+2 = Bn+1 + Ops

where a, b, ¢, and d are fixed real numbers, and will conclude with a theorem,
similar to [1]. Since the proofs of the results in this paper are similar to
those in [1], we shall only list the results and eliminate the proofs.

Obviously when ¢ = b and ¢ = d, the schemes from (2), as well as from (1),
coincide with the Fibonacci sequence {F;(a, b)}:_.,. The first few terms of the
sequences from (2) are:

n Cn Bn

0 a b

1 c d

2 b+ c a+ d

3 b+ec+d a+c+d

4 a+b+ec+ 24 a+ b+ 2¢ +d

5 2a + b + 2¢ + 34 a+ 2b + 3¢ + 2d
6 3a + 2b + 4e + 4d 2a + 3b + he + 4d
7 ba + 4b + Tc + 6d ba + 4b + 6c + 7d
8 6a + 7b + lle + 104 Ja + 6b + 10c + 114
9 10g + 11h + 17¢ + 17d 1lg + 10b + 17¢ + 17d

Lemma 1: For every k = 0:
(a) agp + By = Bgx + 03

362 [Nov.



ON A SECOND NEW GENERALIZATION OF THE FIBONACC!| SEQUENCE

) Qgper + By = Bersr + 053
) Oggyn * 0 + By = Bersz2 T By + 053
) Ogras + 0p = Begys t+ Bys
) Ogray F O = Beryy By

e
) Ogras * By + 0y = Bgys + oo, + By
Lemma 2: For every »n = 0:
n 7
(@) o, = };)Bi + a3 (b) B, =,z%ai + B,
i= iz

Lemma 3: TFor every »n = 0:

6k
() X (ag - B) =a; - By
i0
6+ 1
(b) ¥ (o; =By =0, =By +o, = Bj;
)
6k+ 2
(¢) ¥ (o; - B;) = 20, - 2B;;
=0
6k+3
(d) T (0 = By) = —ug + By + 20, - 28,3
P
6k + 4
(e) '2%)(ai - Bi) = -0, + By + oy - By
i<
6k+ 5

]
(@]

(f) X (a; - By)
i=0

Lemma 4: For every n = 0:

Q + B

n+2 =F (@ B +F (0 +B)).

n+2

As in [1], we express the members of the sequences {di}:=o and {Bi};=o when
n 2 0, as follows:

{an Yiea+ 2 b+l +yhed
Bp=0hca+82+b+ 8 cc+8y-d
It is interesting to note that Lemmas 5-7 have results identical to those

found in [1] for the sequences {Yi}:=o’ {Yi}:=0, etc., even though they are
different sequences.

Lemma 5: For every n = 0:

(@ v, + 65 ="F,_; (c) yi + 8 =F,;

(b) Y2+ 682 =F,_; (d) ! + 685 =F,.
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Lemma 6: For every n = 0
(@) vi+ v =65+ 82 (b) ¥2 + 1, =82+ 6.

Lemma 7: TFor every »n = 0:

(a) &% =72 (e) vy =7v2.s
(b) 8% =vr; (F) v = Ypyyes
(c) &% =vns (9) 8% =82,.5
(d) &3 =v3; (h) & = 6,4y

Let § be the integer function defined for every k 2 0 by:

T | U(6k + 1)
0 1
1 0
2 -1
3 -1
4 0
5 1

Obviously, for every n = 0,
Y(n + 3) = ). (3)

Using the definition of the function Y, the following are easily proved by
induction.

Lemma 8: For every n > 0:

(a) vn =85+ V() (c) v3=268%+y(mn+4);
(b) i =85+ V(n + 3); (d) v =% +ym + 1)

Lemma 9: TFor every »n = 0:

(@ Y, = Vi tYs v +3); (A Y2, =¥l LU+ D)
(b) Y2, =i +Y:+v(); (€) Ypyy = Ympyr * Yn UM+ 4);
(c) vy =i +vG0; (F) vy =7, + 0+ 4).

YL = 8% = 2(F,_, + V)

1
Vi = 85 = 5(F, 1 +V(n + 3));

FE, + Yn + &)

=
N w
]
o
+
]

Y4 = 8% = 2(F, + Yl + 1)),
Theorem: For every n > 0:
Oy = %{(Fn_l +ym)a + (F,_, + V(n + 3))b + (F, + V(n + 4))ec
+ (F, + v(n + 1))d}
364 [Nov.



ON A SECOND NEW GENERALIZATION OF THE FIBONACC! SEQUENCE

= H(@ + D)E,_, + (c + DF, + Y(ma + ¥(n + Hb
+yYn + 4)e + Y(n + 1)d}.

B ='%{(FZ- +y(m +3)a+ (F,_, + )b + (F, + Y(n + 1))ec

+ (F, + V(n + 4))d}

1

1
=5l@+B)F,_, + (c + DF, + Y(n + 3)a + YD
+ Y+ e + v(n + 4)d}.
On the basis of what has been done in [1] and in this paper, one could be

led to generalize and examine sequences of the following types

ay =a, By =Db, 0, =c, By =d,

Oppo =P Bupy T q° Baus (n=20)
=t-o,

+1 +t 8 Uns

oy, =a, By =b, a; =c¢c, B, =4d,

Oppy =P Opyy +q° B (n>0)
n+2 t.6n+l + 8 Oy

for the fixed real numbers p, g, ¢, and s.
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