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DEFINITIONS
The Fibonacci numbers F, and the Lucas numbers [, satisfy

Fopy=F, +F,F =0, F =1

n+2 n+1 0 1
and
Lyvo =Ly t L, Ly =2,L, =1

PROBLEMS PROPOSED IN THIS ISSUE
B-580 Proposed by Valentina Bakinova, Rondout Valley, NY

What are the three smallest positive integers d such that no Lucas number
L, is an integral multiple of d?

B-581 Proposed by Antal Bege, University of Cluj, Romania

Prove that, for every positive integer n, there are at least [n/2] ordered
6-tuples (a, b, ¢, x, y, 2) such that

F, = ax® + by® - cz?
and each of a, b, ¢, , y, 2 is a Fibonacci number. Here [t] is the greatest

integer in t.
B-582 pProposed by Piero Filipponi, Fond. U. Boidoni, Roma, Italy

It is known that every positive integer NV can be represented uniquely as a
sum of distinct nonconsecutive positive Fibonacci numbers. Let f(IV) be the
number of Fibonacci addends in this representation, a = (1 + ﬁg)/Z, and [x] be
the greatest integer in x. Prove that

flaF?]) = [(n + 1)/2] forn =1, 2, ...
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B-583 Proposed by Dorin Andrica, University of Cluj-Napoca, Romania

For positive integers »n and s, let
n
n
Suo = Z (5)%"
k=1
Prove that S, 41 =n(S, 4~ Sy_1,4)-

B-58L4 Proposed by Dorin Andrica, University of Cluj-Napoca, Romania

Using the notation of B-583, prove that

s
S
Srn+n,s = kg()(k)sm,ksn,s—k'

B-585 Proposed by Constantin Gonciulea & Nicolae Gonciulea, Trian College,
Drobeta Turnu-Severin, Romania

For each subset 4 of X = {1, 2, ..., n}, let r(4) be the number of j such
that {j, J + 1} C 4. Show that

r(4) _
Agxz - F2n +1°

SOLUTIONS

Pattern for Squares

B-556 Proposed by Valentina Bakinova, Rondout Valley, NY

State and prove the general result illustrated by

4> = 16, 34% = 1156, 334% = 111556, 33342 = 11115556.
Solution by Thomas M. Green, Contra Costa College, San Pablo, CA

Let D, = 1 + 10 + 102 + --- + 10""!. The general result
(3D, + 1)% = 10"D, + 5D, + 1

is proved by expanding the left member and observing that 9D, = 10" - 1.
Note: The quantity D, has several other interesting properties:

(i) D, 111...111 (n ones)

(i1) D = 123...n...321 (n =1, ..., 9)
(iii) D9/9 = 123456789

(iv) B - 1D, = b" - 1 (b is your number base)

]

(v) The sequence Dg, D;, Dg, e D:, is Pascal's triangle (with suitable
restrictions on carrying) and the sequences Dﬁ, D;, Di, s D;, are
Pascal-like triangles where each entry is the sum of the »n entries above
it.

Also solved by Paul S. Bruckman, Ldszlo Cseh, L.A.G. Dresel, Piero Filipponi,
J. Foster, Herta T. Freitag, Hans Kappus, H. Klauser, L. Kuipers, Graham Lord,
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Imre Merényi, Bob Prielipp, Sahib Singh, Lawrence Somer, J. Suck, and the pro-
poser.

Not True Any Year

B-557 Proposed by Imre Merényi, Cluj, Romania

Prove that there is no integer »n 2 2 such that

- 8
Fanefan-slsnsafanee = Ty ofy 1B 1By, = 19857 + 1.

Solution by J. Suck, Essen, Germany

Since Fyp = 2F, (mod 3) [see, e.g., B-182, The Fibonacci @Quarterly 8 (Dec.
1970), for the more general Fpy = FpFy (mod p), p a prime], the left-hand side
is congruent to (2q - D)F, _,F, F,4+.F,.,, hence to 0. But the right-hand side
is not whatever the year may be: if y = 0,1, 2, then y8 +1=1, 2, 2, respec-—
tively, mod 3.

Also solved by Paul S. Bruckman, Laszlé Cseh, L.A. G. Dresel, Piero Filipponi,
J. Foster, L. Kuipers, Sahib Singh, M. Wachtel, and the proposer.

Impossible Equation

B-558 Proposed by Imre Merényi, Cluj, Romania

Prove that there are no positive integers m and »n such that

2 =
B, = Fa, - 4 = 0.

3n

Solution by L.A. G. Dresel, University of Reading, England

Since F; = 2 and Fg = 8, we have F3,, = 2 (mod 4) when »n is odd, and F,,, = 0
when » is even. Now consider the equation F;; = F3 + 4. Clearly »n cannot be
odd, since F2= 2 (mod 4) is not possible. However, if »n is even, F:; = 4 (mod
8) and this implies F,, = *2 (mod 8). Hence F,, 1is even, so that m = 3k, where
k is an integer, and therefore F,, = F,,;, which is divisible by 8. This con-
tradicts F,, = *2 (mod 8). Hence there are no integers m and n such that Fj; -
F. -4 =0.

o We note that the above argument actually proves the slightly stronger re-
sult that there are no integers m and »n such that F;; -F,, -4 =0.

Also solved by Paul S. Bruckman, Laszlo Cseh, Piero Filipponi, L. Kuipers, Sahib
Singh, Lawrence Somer, M. Wachtel, and the proposer.

Golden Mean ldentity

B-559 Proposed by Laszlo Cseh, Cluj, Romania

Let a = (1 + V5)/2. For positive integers n, prove that
[a+ .51 + [a® + .5] + +++ + [a" + .5] =1 ., -2,

where [x] denotes the greatest integer in zx.
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Solution by J. Foster, Weber State College, Ogden, UT

Since L, = ak + B¥ and, for k = 2, [.5 - BX] =0,

I

3 [ok + .51 2L, - 8%+ .51 = X (&, + [.5~8%D)
k=1 k=1 k=1

n
kgoLk—Lo-l-[.S—B]=(Ln+2—1)—2+1=Ln+2—2.

Also solved by Paul S. Bruckman, L.A. G. Dresel, Piero Filipponi, C. Georghiou,
Hans Kappus, L. Kuipers, Graham Lord, Imre Merényi, Bob Prielipp, Sahib Singh,
Lawrence Somer, J. Suck, and the proposer.

Another Greatest Integer ldentity

B-560 Proposed by Laszlé Cseh, Cluj, Romania

Let a and [x] be as in B-559. Prove that
[aF, + .5] + [a‘ZF2 + .5] + «++ + [a"F, + .5]

is always a Fibonacci number.
Solution by C. Georghiou, University of Patras, Greece

We have
P - St 3 § L il G DX
n

V5 o /5

and since

s -
5

the given sum becomes

I
PNy

—
S N
\V4 I
= —

0,

F,+1+F, +F, + -+« +F, =F

2n 2n+1°

Also solved by Paul S. Bruckman, L. A. G. Dresel, Piero Filipponi, J. Foster,
Hans Kappus, L. Kuipers, Imre Merényi, Bob Prielipp, Sahib Singh, Lawrence Somer,
J. Suck, and the proposer.

@-Matrix ldentity

B-561 Proposed by Piero Filipponi, Fond. U. Bordoni, Roma, Italy

1 1
(i) Let @ be the matrix . For all integers »n, show that
1 0
1 0
Q"+ (-1)'Q™" = L,I, where I =
0 1

(ii) Find a square root of @, i.e., a matrix 4 with 42 = Q.
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Solution by Sahib Singh, Clarion University, Clarion, PA

(i) If n =0, then @° + (°)™% = 2T = T.

For n 2 1, it follows by mathematical induction that:

" Fn+1 Fn
Q =
Fﬂ n-1
F ~-F
n-1 n
Q" = (-1)"
_Fn Fn+1
L, 0
Thus, Q" + (-=1)"Q™ " = =I,I for all n > 1.
0 L,

Changing n to -n, the above equation becomes:

Q"+ (-1)7"Q"=L_ I or (-D"[Q"+ (-1)"Q7"] = (-1)'L,T,
so that

Q"+ (-1)"Q@™ =L,T for n < -1.

Thus, the result holds for all integers.
a b
(ii) Let a square root of @ be denoted by S where S = . Then S%=¢@
yields c d

a2+ be=1; (a+d)b =1; (a + de =1; be + 42

]
(@)

Solving these equations, we conclude that

1+ b2 1 - p? o
a==—>p 5 ¢= b; d = 53 where b satisfies
5p% - 2b%2 4+ 1 = 0.
2
léib b
Thus, a square root of @ is 1 - p2|°
2b

where b is a complex number satisfying 5b% -~ 2b% + 1 = 0, which can
be solved by the quadratic formula using x = p2.

Also solved by Paul S. Bruckman, Laszlé Cseh, L. A. G. Dresel, J. Foster, C.
Georghiou, Hans Kappus, L. Kuipers, Bob Prielipp, Lawrence Somer, J. Suck, and

the proposer.
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