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1. INTRODUCTION

Pell polynomials P, (x) and Pell-Lucas polynomials &, (x) are defined in [7],
[9], and [10] by the recurrence relations

P o.(x) = 2xP, ., (x) + P,(x), Pylx) =0, P(x) =1, (1.1
and
Qn+2<3~7) = ZxQn-g.l(x) + Qn('x)s Qo(x) =2, Ql(x) = 2%, (1.2)
with integer » unrestricted.
Equation (l.l) may be written in the form
Pp(.’L‘) = {Pr+1(x) - Pp..l(x)}/zx' (1.1)’
Binet forms are
P (x) = (@" - 8™ /(a - B) (1.3)
and
q,(x) = a + g", (1.4)

where o and B are the roots of the characteristic equation of (1.1) and (1.2),
namely,

t2 -2t -1 =0 (1.5)
so that
o =x+Ve? +1
with o + 8 = 2x, af = -1, o - B = 2Vx?2 + 1. (1.6)
B=uox-vx2 +1

Explicit summation representations for F, (x) and €,(x), and relations among
them, are established in [7], [9], and [10].

Emphasis in this paper will be given to matrix methods so we introduce the
matrix P which generates Pell polynomials and many of their properties ([7],
[9]). Historical dinformation about the background of this matrix is provided
in {97.

Let

P = (1.7)

so that, by induction,
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P @ P(x)

n+1

pr = (1.8)
P,(x) B _, (x
Hence,
By @ 1
= p" (1.9)
P, (x) 0
and so
1
P,(x) = [1 o]p*? . (1.10)
0

From [7, (2.1)], we deduce

@41 (@) 22
=Pp" (1.11)
Q, (x) 2
and
2x
Q,(x) =[1 o0]p» . (1.12)
2

Although some summation formulas for P,(x) and ¢, (x) are recorded in [7],
it is thought desirable to investigate the summation problem more fully. Ini-
tially, some well-established techniques are utilized to produce simple summa-
tions. More complicated techniques are derived to achieve a higher degree of
completeness.

As an example of the usage of the matrix (and determinant) approach, we
demonstrate the Simson formula for Pell polynomials, [7, (2.5)], namely,

P, @B, _,(x) - Pi(z) = (-1", (1.13)

which may, of course, be established by means of the Binet form (1.3).
More generally in the first instance, consider

Pn (.’L‘) Pn+r(x)
P2(x) - P, ()P, _,.(x) = (1.14)
P, _.(x) P,(x)

Pr(x) Pr_l(x) . 1 3 P, (x) Pp_l(x) . 1
= P . P
0 1 (VI 0 1 0

. by (1.8), [7, (3.14)]

1 Pr+l(x)
s by (1.9), = (-1)* 7P (x).

0 P,(x)
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Putting r» = 1 in this generalized Simson formula, we obtain the Pell-analogue
(1.13) of the Simson formula for Fibonacci numbers.

Because of its importance and subsequent use, we append the difference
equation [7, (3.28)]

Py (x)Q(n— 1)m+r(x) + (—l)mp(n -2)m+ (&)
Posn@) = (1.15)

mn m-=1
(O Fy 1y n(®) + (1) an—z)m+r(x)
and the Pell-Lucas analogue [7, (3.29)]
Dy o(2) = Q@) G,y () + (F1)"THQ (). (1.16)

A result needed in Section 8, which is not specifically given in [7], is
q,(@)q,,, (@) - 4@z* + NP, ()P, ,(x) = 4x(-1)", (1.17)

which may be proved by using (1.3) and (1.4).

2. SOME SUMMATION TECHNIQUES

A. Consider the series of matrices [cf. (1.8)]

A =T +P+4+P% 4 oo £ pt-24 pn-1

Then
PA=P+DP?>+pP 4 «r 4+ P14 pn
whence
(P-4 =P -1
A= (P -DIDrt@"-D
1 1 P (x) -1 P (x)
=_21_x_ nt1 * ] by (1.8)
L1 1 - 2x||P,(x) P, (@ -1
L [Prpi@ +P@) -1 B +B, (@) -1
2 | p@) + P _ (@) -1 P, (@) +P,_ (@ +2-1]
Now
n 1
LP.(x)=[1 o0]4 , by (1.10).
r=1 0
Hence
rgle(x) = (B,,, @) + B, (x) - 1)/2x. (2.1)

B. Using the Binet form (l.4), we have

$a,@ = ¥ (@r + 89
r=1 r=1
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which, with the application of the summation formula for a geometric series and
the properties of o and B, reduces to

};162,,(96) = (@ (@ + @, (x) - 2x - 2)/2x. (2.2)

Clearly, the matrix technique A could be used here also.

C. Next, we use difference equations derived from the recurrence relation
(1.1), namely,

1]

2P, () P,(x) - P,(x)

P,(x) - P,(x)

........... @ec e o s eec e s en0 00

2xP,, 1 (x) = P,,(x) = Py, _,(x)

g
S|

D

~
I

whence, on addition and simplification,
n

zP,. @ =P, (x)/2. (2.3)

r=1

Summation formulas for

Z_:lpzr (x), ‘éleP_l(x), and E=1er(x)

are given in [9], as indeed are (2.1), (2.2), and (2.3).

D. Fourthly, we utilize an extension of technique C. In this method, our aim
is to find sums of series of Pell polynomials with subscripts in arithmetic

progression.
Let
" 14
Sl = Epim(x)’sz = z:Pim—l(m)’
i=1 i=1
n n
SS =i§lpim—2(x)’ cevs Sp =i¥lpim— (m—l)(x)' (2.4)

Then, the set of equations connecting the members of {S;} in (2.4) may be
shown to be:

[ 205, + 5, ceeiii i S = Py vy (®) = Py (@)
S 2L, F S, eeeriaaiiiaaiiaiaaanas =0
{ =S, + 2, H Sy eeeriiiiiiiiiais =0
e e S,y + 289y 1+ Sy =0
[ S veveevenennnnnnennes ceveness =8, o+ 225, = E%m(x) - Po(x)
(2.5)

Next, write:
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2] 1] 0] (-1
-1 2% 1 0
0 -1 22
& = . 6, = 0 & = 3 P
. . 0
. . 1
L L] L OJ L OJ | 2|
(2.6)
(P, 1 (x) - P (x)
0
F = 0 ,
0
L Py (@) = Py ()
where &; and & are m x 1 matrices.
Denote by e;; the element in the 7" row of &;.
Matrices in (2.6) are then defined by:

e;; = 2x for 2 =1, 2, ..., m

€1m = -1

€m1 = 1 '

ei,i+1 = 1 for 2 =1, 2, ..., m -1 (2.6)

e;-1,; = -1 for 2 =2, 3, ..., m

e;; = 0 otherwise.

All the entries in &%, except those in the first and last rows, are zero.
Write

Un() = | 6, g &, é t g Em |- (2.7)

Designate by wi?(x) the determinant obtained from Y,(x) in (2.7) by replac-
ing the %M column by & in (2.6).
Cramer's Rule then gives the solution of the system of equations (2.5) as

()

St =9 @

(2.8)

Comparing this result with (2.10) below leads us to the identity [compare
(3.15, (3.16)]

Y@ = @,x) - 1+ (D)7, (2.9)

which may be proved by induction.

One may use whichever of the above techniques, A-D, is most appropriate to
the occasion.

This brief illustration of four simple techniques is by no means exhaus-
tive. Other methods will be suggested later.
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More generally, let

P = Pm+k(x) + P2m+k(x) + P3m+k(x) + oot Prrm-rk(x)'

-Q,@)P = =@, (x)P,, 1 (x) = @ (©)P, , ,(x) = @, (x)Py,, (@) - ---
v = Q,@P L (@)
CD'P = (-1)"P,  + (DB, (@) + (-1)"Py, (@) + -
v+ (=1)P,, (@)

Add and use equation (1.15) to obtain, with care,

" D"B @) = Po@)} = {B 1y 2(2) = Py (@)}
me+k(x) _ 7 k k ( 1)+ k k .
r=1 1 =@, (x) + (-1)"

(2.10)
Similarly,

(—l)m{erm+k(x) - Qk(x)} - {Qm(n+ 1)+k(x)_ Qm+k(x)}

z er+k(x) =
r=1

L= @@ + (-D)" 211

Results (2.10) and (2.11) could be obtained laboriously by other means,
e.g., by using the Binet form or the matrix P.

Various specializations of (2.10) and (2.11) appearing in [9] are of inter-
est, as, e.g.,

z_‘,lpsp (@) = {P,,, (@) + P, (x) - P(x)}/Q,(x). (2.12)

Several interesting simplifications arise when m = 4a and m = 4a+ 2, e.g.,
after manipulation,

7
z_:lpuayurk(x) = Pza(n+ 1) +k(x)P2an () /Pza (@) . (2.13)

Details are given in [9].

3. DETERMINANTAL GENERATION

Following the ideas and notation in [7], let us define the determinants of
order n below, where dij is the entry in row 7 and column j:

dii =Qm(x) 7:=l, 2, cees N
L ldi i =1 =1, 2, vees n ~ 1
brm@ a0 2 =2, (3.1)
dij =0 otherwise.

Sy,m(x) : as for A, ,(xr) except that d; ;,, = -1, di,i-l = -(-1)". (3.2)
A% (@) :as for A, ,(x) except that d,, = 2. (3.3)

Gi’m(x): as for &, ,(x) except that d,,

I

=-2. (3.4)
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Using the method of induction, we can establish that
Ay () = Z?n+1)m(m)/E%(x). (3.5)
When m = 1, (3.5) becomes equation (5.5) in [7]. For m = k + 1, we use

equation (1.15) to validate (3.5).
Similarly, we demonstrate with the aid of (1.16) that

S (@) = By 1y (@) /B (). (3.6)
In a similar vein, we may show that
By () = @, (x) (3.7

8% (%) = @, @) (3.8)

and

Suitable expansion down columns or along rows yields:
Do m(@®) = @ ()0, 1 (@) + (1) A,y (@) ; (3.9
Sy @) = @@ Spog, @) + (16,5 () s (3.10)

M @) = @ @a% (@) + (DAY, (@)

n-1l,m

Q@A g, () + 2(-1)"T10, 5 () (3.11)

6t’m(x)

]

Q@) 851, m@) + (-1, ()
Qm(x)sn—l,m(x) + 2(_1)m+16n—2,m(x)' (3.12)

Putting m = 1 in (3.5)-(3.8), and in (3.9) and (3.11), we readily obtain
the equations (5.5)-(5.8), and (5.9) and (5.10), respectively, in [7]. More-
over, Ap,1(1) = 8,,1(1) = B,,; and A% (1) = &% (1) = @,, where P,,, and &,
are Pell numbers and Pell-Lucas numbers, respectively, occurring when x = 1.

Variations, though small, of the determinants (3.1)-(3.4) above and of their
specializations when m = 1, as given in [7], are used in [9] to obtain (3.5)-
(3.12). Mahon, in [9], conceived these determinants with some complex entries
as extensions of a determinant utilized in [2] and [8].

Next, consider the determinant w,,,(x) of order n defined by

dig = Qu(x) i=1,2, ... n
dg,i41 = -1 m 2 =1, 2, ..., n~1
d. L= (-1 C a3
Wy, (@) 2 d;;l L (El); ‘ " (3.13)
dy, =1
dy; =0 otherwise.

Careful evaluation of this determinant, with appeal to (3.8) and (3.12)
gives us

Wy (X)) = @y (@ + (1) + (=D, (3.14)

Wy, 1{x), we get:

I

In particular, when m = 1, and writing w,(x)

W) = @, (x) -~ 1 + (-1)"*1; (3.15)
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U)Zn_]_(x) = an_l(&'); (3.16)
w,, (@) = 4(x* + 1)PZ, (x), by equation (2.18) in [7]; (3.17)
wlm+2(x) = Q§n+l(x); (3-18)

where, to obtain (3.18), we may use result (3.25) in [7] in which # and » are
both replaced by 2n + 1 [@,(x) = 2].

Observe that -wp,(x) in (3.15) is precisely the form of the denominator in
(2.10) and (2.11). [Cf. (2.9).] Indeed, it was in this context that the need
to investigate the determinants w,(x) arose.

4. ALTERNATING AND RELATED SERIES

To avoid tedium and to save some space, we will as a rule hereafter merely
give the results of the more important summations which we desire to record.
Some of the proofs are quite difficult.

551%;(x) = [nxP,, (@) + {(n - Dz - 1}P, () - P, _,(x) + 11/2x%. (4.1)
1

p=
Proving this is straightforward. From (l.1)', we have
22P, (x) = P,y(x) = Py(x).

Multiply this by 2, 3, ..., # in turn, add, and use (2.1). Then (4.1) results.
Similarly, we establish

T 10, (x) = [nw@,, (@) + {(n - Da - 130, - @, @ + 21/22%; (4.2)

r=1

1 M=

(-1)7rP, (2) = [(-1)"mxP, , () + (-)""'P, (@) {(n - Dz + 1}
' + (-D)"P,_ (x) - 11/22%; (4.3)

r

[(-1)"nxQ,,, @) + (-1)""1Q, (@) {(n - Dz + 1}
+ (-1)"Q,_ ;@) - @ (@) + @) (1 + z)1/2x7. (4.4)

2 (-D)7rq, ()
r=1

More generally, suppose we write

F(n, x, Y) Pops e @YT (4.5)

]
M=
-

and

]
M=

G(n, x5 y) Qs 1Y T (4.6)

r=1

Now use (1.15) and (1.16) for P, ;(x)s Pyypyr(x), eoes Praz () and @,y (),
Qom+x(@)s « o5 @m+x(x)s add and obtain explicit expressions for F(n, x, y) and
G(ns x> y). Details of these calculations are left to the reader. If we then
put y = 1, we derive formulas for

le,,,H x(x) and 2 Qi ()
r= r=1
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On the other hand, y = -1 leads to formulas for

rg;;—1>rz;r+k<x> and rg%(—l)erp+k(x>.

Differentiating with respect to y in (4.5) and (4.6) gives

n

T Px @ =y 2, 1), 4.7)
Pi%meH44x) =¢'n, = 1), (4.8)
rg:l(-l)”"IPP,,,M;((:'G) =F'(n, z, -1), (4.9)
\ ff(-l)”'lerr+k(x) = G'(n, x, -1), (4.10)

r=1

in which the prime denotes the derivative with respect to y. When m = 1, k =
0 in (4.7)-(4.10), (4.1)-(4.4) occur.

Next, consider P;(x) ={P,(x) - Py(x)}/2x from the recurrence (l.1)’. Mul-
tiply this equation by 22, 3%, ..., 7»? in turn, add, and use (4.1). Then

férﬂf;(x) = [2n%2%P,, ,(x) + 2(n - Da{(n - Da - 2}P, (x)
Tt - 4{(n - Dz - 1}B,_ () + 4P, _,(x) - 4]/4x>. (4.11)

Similarly,

ﬁi r2Q,.(x) = [anszn+l(x)4-2(n - Dx{(n - Dx - Z}Qn(x)
- -4l - Dz - 13, (@) + 4@, , (@) - bx? - 8]/4x?,  (4.12)

ﬁi(-l)rrzPr(x) [(-D)"22%n%P  (x) + (-)" '2c(n - )P, (@) {z(n - 1) + 2}
r=1
+4(-D"72P, (@) {1+ (n-2)x} + 4(-1)""1P,_, (%) - 4]/4x°,

(4.13)

[(-1)"227°Q, (@) + (-1)" "2z (n - 1@, (@) {z(n - 1) +2}
+4(-1)"7%g, L@ {1+ (n - 2)x} + 4(-1)"7Q,_, (@)
+ 4x® + 81/42®.  (4.14)

;l(—l)”er,,(x)

Other methods for obtaining the above results in this section are avail-
able, for example the difference equation technique employed in [9], although
this involves a great deal of complicated algebraic manipulation. Of the vari-
ous approaches open to us for obtaining the summations, perhaps the most power-
ful and most appealing procedure is that using difference equations. Indeed,
by employing one such difference equation, Mahon [9] has found formulas involv-
ing the generalized summations

n 7n
le”thr+ % (@) and Elr'tQm,+ k(x) s
r= r=

but the results are not a pretty sight!.
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To give a flavor for these difference equations, we record one used in the
construction of the formula (4.11) by this method, namely,
(r + 2B 1y 4 1&) = @)% (@) + D@ = 1)?P 1y 4 1(0)
= 2rP, (2) Q4 (X)) + @, ()P, 4 ().
Many similar complicated results are given in [9].

To conclude this section, we append some sums of cubes of P,(x) and Qn(x)
obtained with the aid of the Binet formulas (1.3) and (1.4).

1§?5?<x> =[P, @ +P, (@ - 302+ 3){ED"@, @ - P, @}
+8(x? + D1/4(x" + 1@, (). (4.16)

‘glezi(w = [Qy,4:@) + @y, (@ - Q) - @u(x) + 3(4x? + 3){(-1)"Q,,, (@)
- @, @) - @ (@) +Q (x)}]1/¢,(®). (4.17)

M=

(-1)"P3 (x)
1

[(-1)"{Py,, (@) - Py, (@)} = Py(x) - 3(4x® + 3){P,, ()
+ Py(x) = 1}1/4@x? + 1)@, (@) . (4.18)

r

T DTQ@) = (1)@, 5 @) - G5, @} = (8,(@) - ¢, (@)}
r=1

+ 3x? + 3){Q,,, (@) + @, - @, (@ - @,x®)}]/Q,(x).

(4.19)
5. SERIES OF SQUARES AND PRODUCTS OF Pn(x) AND Qn(x)
Multiply both sides of (1.1)’ by P,(x) and add. Then
n
L Pi(x) = P, (x)P, (x) /2. (5.1)
r=1
Similarly,
n
ZiQi(x) = {g,,,@®q, (@ - 4x}/2. (5.2)
r=

Again, in this development, the method of difference equations has general
applicability. For instance, after much algebraic maneuvering, one can obtain
the difference equation appropriate to (5.1), namely,

P2, (@) - (4x® + 2)Pi(x) + P;_ () = 2(-1)". (5.1a)

More generally, difference equations can be applied to find formulas for

n

r‘,:“,lp,,fy,+k(x) and Ele,m+k(x)-

For the former summation, for instance, the difference equation is

Pleny+ 1@ = @, (P (£) + B_1y,x(@) = 2P2(x) (-1)™ K, (5.1b)
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which reduces to the simpler form (5.la) whenm = 1, k = 0 (and r is replaced
by n).

If we multiply both sides of (1.1) by P,_,(x) and add, then, by Simson's
formula (1.14),

PglPI,_l(x)P,,(x) = {Pi(x) - %(1 - (-1)")}/2x. (5.3)
Similarly,
L4, @0, @ = Q2@ - 4+ 26" + DU - (-DM)}/2, (5.4)

Alternating series may be summed using (1.1)’. First, write
n n
D= ¥ (-D'P2(x), E=% (-D""P _ (2)P,(x).
r=1 r=1 r-1
Then, multiplying both sides of (1.1)' by (-1)"P,(x) and adding gives
22D - 2E = (-1)"P (2)P,, (&) «euiinnnn. (1).
Next, multiplying both sides of (1.1)' by (—l)r'lfz_l(x) and adding gives
2D + 2xE = (=1)"P2(x) =7 veiiiiniiiann (ii).

Solve (i) and (ii), and use (2.1) and (2.3) in [7] to obtain

L CDTPH@) = (-1, (@)P, @) - 2n}/4(" + 1) (5.5)
and B
2 (DT, (@P,(x) = {(-1)"'P, (x) - 2nx}/4(z® + 1). (5.6)
r=1
Similarly,
>f:1<—1>rézi(x> = -D"Q,(@P,, @ + 2(n - 1) (5.7)
and "
LD, @0, (@) = 2w + (-D"HE, (@) (5.8)
r=1

Now multiply both sides of (1.1)' by (—I)PTPP(x) and sum. Write

D, = f)(-l)”ppf, and E = i (-7 @2r - P, (@)P,(x).
r=1 r=1

Then
20D, + B, = n(-1)"P,(x)P,, (@) «eiuiinnnnn. (iii),
4D, - 22E, = (-1)"(2n + DPL(x) - n® ...... (iv),

where, in (iv), we have multiplied both sides of (1.1)' by
-1 12r - l)E;_l(x)

and summed.
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Solve (iii) and (iv) to obtain

;(—1)%13,%@) = [(-D)"P, (@) {nQ,,, (@) + P, (@)} - n?1/4(x?® + 1) (5.9)

and
n

2 (-D@r - DB, @)P, (x) = [2(-1)"P, (x) (xP, (x) - n@,(x))

r=1
- 2n%x]/4(x® + 1). (5.10)
Similarly,

L D@ = (DR, @)F, (@) + Bi@)] + (5.11)

n+1l
and
S EDTTREr - D, @)@, (@) = 2(-1)"P, (x) [xP, (x) - nQ,(x)] + 2n’x.

r=1
(5.12)
Formulas for

DR @ ad 3 D0, @

may be established by employing appropriate difference equations, e.g., (5.1b)
in the first case.

6. COMBINATORIAL SUMMATION IDENTITIES FOR P, (x) AND @, (x)

Binomial coefficient factors associated with summations involving P, (x) and
@, (x) may be introduced to yield some useful formulas. The techniques for de-
riving these formulas are varied. Some approaches are indicated below.

Binet formulas (1.3) and (1.4) may be used to derive the following, for
which proofs may be found in [9]:

kgo(in)zpkzw(x) = TN DT, @) (6.1)
:Z;@n)%w(x) =40+ DT, @) (6.2)
k%éo<2nk+ DB ;@) = 4@+ )P, @ (6.3)
ﬁo(zn; 1>Q§+j(x) = 4"t (22 + 1)”+1P2n+2j+l(x)_ (6.4)

A considerable number of combinatorial identities relating to P, (x) and
@,(x) may be determined. Among these are the general explicit expressions
(developments of ideas for Fibonacci numbers in [8]—see also [3]).

[(n-1)/2]
Py (@) ={ ORGPt A (x)} P, (x) (6.5)
k=0 r
and
0 (@) = % (DD (m = Kygnesk ), g 6.6
@ = B L e,

Proofs of (6.5) and (6.6) are by the method of mathematical induction.
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Putting » = 1 in (6.5) and (6.6), we deduce the explicit expressions for
P,(x) and @,(x) given in [7] as equations (2.15) and (2.16), respectively.
Other summation formulas for P,(x) are given in [9], where, further, combina-
torial expressions are obtained for P(2i+1)r+k(x)’ Pyinsr ()5 Q(2i+1)r+k(x)’ and
inr+k(x)'

Bergum and Hoggatt, in [1], found expressions for sums of numbers of recur-
rence sequences as products of these sequences. It is possible to apply their
methods to polynomials.

Two examples of this type of result are herewith given, while many others
are derived in [9].

27-1 J

L i @ =Py @ 110, @ (k> D), (6.7)
29 -1 i-1

EOQ“(%_l)k(x) = Q@i @ I Qs @ (K even). (6.8)

To establish (6.7), we need equation (3.22) in [7], whereas (6.8) requires
(3.23) in [7] together with the result for §,(x) corresponding to (6.7) for
P, (x), namely, (6.7) with P, (x) replaced by Qn(x).

7. MATRIX SUMMATION METHODS

In Section 1, the matrix P was used to obtain sums of series in which the
terms contain Pell polynomials of degree one. Since the particular methods
employed there were not especially convenient, we turn our attention to a more
fruitful matrix approach, developing an idea expounded in [6]. Applying the
Cayley-Hamilton theorem to the matrix P in (l1.7), we have

P?2 = 22P + T (7.1)
whence . .
p2td = (2zP + I)'PY. (7.2)

Equating appropriate elements on both sides with the aid of (1.8), we ob-
tain the combinatorial summations

P, (@) = ,,EZ:0<Z> (22)7B,, ;@) [22 = P, ()] (7.3)
and
Py @) = r};o(ﬁ) (20)B,, ,, (). (7.4)

Post-multiplying both sides of (7.2) by the column vector [2x 217 (the
transpose of the corresponding row vector), and appealing to (l1.11), we find,
on equating appropriate elements, that

Qs @ = T (1) 22) 0 @) (7.5)
and r=0
n n »
Oy 4 ) =P}=:O(I,)<2x> Oy s 2 (7.6)

Next, consider
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2n m

Ry (7)p2rre = pre® + 2

=0
= pP{2(xP + I)}*" by (7.1)
= 22"pT(x?P?2 4+ 22P + I)"
= 22" (x? + 1)tpAtT by (7.1) again,

whence
i‘% 2”)P (z) = 27" (x* + )P (x) (7.7
k=0(k 2k+p \E) T x o E) .7

Likewise, from (1.11),

2 (3 ssan® = 2@ + DG, @ (7.8)
x=0 k 2k+r 2n+2r M .
Similarly,
n+1
2n + 1
k=0(\ k >P2k+1"(x) =277 + l)nQ2n+r+1(x) (7.9)
and ,
ntli0, 4+ 1 _
k=0 ( n7< )Q2k+r(x) = 2202 (@ + )P, L g a() (7.10)

From (7.1) it follows, since P,(x) = 2z, P,(x) = 4xz? + 1, that
P = P ()P + P, ()1, (7.11)

whence, after calculation,

Py () =r§0(Z)Pz‘l"(x)P;(x)Pn_r+j(x). (7.12)
Since
m+il2z]| _ <~ (n\pn-7 » n-r+i[2¢
PrilY) - (0)E e Y, .13
then
Vo 52 =r§0(Z)P:-r(x)P;(x)Qn—r-é-j(x)' (7.14)

Note in (7.12) and (7.14) the emergence of extra terms in the summation, a
fact which was hidden in (7.3) and (7.5) by P,(x) = l.
More generally, one can show that

Py (@) = rzf:O(Z)P,j‘”(x)Pk”_l(x)Pn_Hj(x) (7.15)

and h
Vs ;@ = T (7)) BT @B 2 (008, ) - (7.16)

r=0

Special cases of (7.15) and (7.16) occurring when kX = 2 are given in (7.3)
and (7.5), respectively, in equivalent forms.
From (7.11) we deduce

P,(x)P = P? - P,(2)T, (7.17)
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whence
PI(@)P" 9 = (P? - P, (@)D" P, (7.18)

from which it follows that

Z n
PY(x)P,, ;(x) = Ti\:()(_l)r(I’)%(”‘”*j(x)P;(x)' (7.19)
Similarly,
n
P@)Q, , () =P§O(—1)1”(2)Qa(n_r)+j(x)P2”(x). (7.20)
More generally,
n
Blx)B, , ;(2) = rgo(—l)l"(z)%(n_r)+j(x)Pkr_l(x) (7.21)
and
L n
Bl @) = B D7) 8y, @B @) (7.22)
By (1.8) and (1.15), we may prove
Pmr+k - Qm(x)Pm(r—l)k_ (_l)um(r-2)+k. (7.23)
Hence
plr+in _ P{m(r—2)+k}n(Qm(x)pﬂ7_ (-1H"nr. (7.24)
Equating appropriate elements yields
14
_ INE(m+1) [T n-1
P(mr+k)n () _igo (-1 (i)P{m(r—1)+k}n—mi (x)Qm (). (7.25)

Putting kK = 0 in (7.25) produces a formula for P, ().
Again using (1.15), three times now, we obtain another form of (7.23):

Ptk = g (z)Pnr- Dtk _pmr-a)+k, (7.26)

Following the reasoning outlined in (7.24) and (7.25), we derive alterna-
tive formulas for Pup.yyy,(®) and Ppg,. (x) which closely resembly (7.24) and
(7.25).

Equation (7.25) may be generalized further by extension of (7.26) to get

n
_ [(ms+1) (7 —q
P(mlr’+ k)yn (x) = E (_1)7' e < )Q:m 7’(‘,E)P{m(r— s)+kIn-msi (%) (7.27)

=0 z

with a corresponding simplification for P, (x) when k = 0.
Since, by (7.23),

Q, (a)P™*k = prm D AE(pm 4 (~1)"T) (7.28)

we may demonstrate that
"

QZ(‘T)P(ka)n () = 2 1" (Z‘)P{m(r+1)+k}n-2mi () (7.29)

=0
with a specialization when k = 0.
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Arguments similar to those used to obtain the general result (7.27) may be
utilized to prove that

7
n - _1ymsi (M
Qms (x)P(mr+k)n B Lgo( ) (i)P{m(r+ s) + k}n- 2msi () (7.30)
leading to the simpler form when k = 0.

8. THE MATRIX SEQUENCE {nV}

Ideas introduced in [5] for Fibonacci numbers are here expanded to apply to
Pell polynomials.
Now, a generalization of the matrix P is the matrix

0 0 1
S = 0 1 4o . (8.1)
1 2x ba?

Induction demonstrates that

P2 (@) P _, (@)P, (x) P2 (x)
8% = | 2P, 1 (@)P,(x) Pi(x) + P, _,(@)P,,,® 2P ()P, (x) (8.2)
Py () B, (2)P,, , (x) P2, (x)

The characteristic equation of S is
A% - (4x? + DA% - (4x® + DA+ 1 = 0. (8.3)

From the Cayley-Hamilton theorem applied to (8.3), we have the recursion
formula

SMS% - (4x? + 1)S(S + I) + I] = 0. (8.4)

Corresponding elements in S™*3, §"*2 S"*L. and S" must satisfy (8.4).
Therefore, from (8.2), we have the identities

| P2 . (x) = (4x® + DP?,  (x) - (4x® + P, (@) + Pr(x) =0 (8.5)
an
P, @P , () - (4 + DP , (@P, (@ - (4a® + )P, (2)P,,,(x)
+ P, (x)P, , (x) = 0. (8.6)

[Parenthetically, we remark that the Cayley-Hamilton theorem may be employed
with S to derive the sums given in (5.1) and (5.3).]

Again, after a little algebraic manipulation, the Cayley-Hamilton theorem
leads to

(S + )% = 4(x® + 1)S(S + I). (8.7)
Mathematical induction establishes
(S + D)2 = 4™ (x® + 1)"5™(S + I). (8.8)

Now multiply both sides of (8.8) by S7.
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Equate corresponding elements to obtain

2n+1

kzo (2nk+ 1) k+3(x) M (x? + 1)"P A 142 (x) by [7, (3.20)]. (8.9)
2n+1 ) ]

kZ% (2”éf l)P (@)F, k+ g (@) = 4% (x? + 1)nzan+2+2j(x)‘ 7 (8.10)

By [7, (2.8)] we have

2n+1
2n + 1 _ gntl n+1
z (> Ne@ =@+ 0,

(x),

while by (1.17) we have

n+1

kgo <2” i 1)Qk@c)czk“(sc) (@ + e, L (@)

with similar results to those in (8.9) and (8.10) when k is replaced by k
in (8.11) and (8.12). _
If, now, in (8.8) we multiply both sides by (5 + I)S7, we get

2n+2

k
and

nt200n + 2 n n
Z; ( ) k+J(x) k+J+1(x) =4 + 1) Q2n+2j+3

When use is made of [7, (2.8)], (1.17), and both sides of the formula
(8.8) multiplied by (5 + I)S7, we derive

2n+2

E: <2né+ 2) k+3(x) - 4n+1(x + 1)n+1

k=0 2n+23+2

and
2n+ 2

k=0
Extending the forms of the matrices P and S further, we have

0 0 1

0 1 6x
1 b 122
2x bi? 8x°

—_ O OO

for which the characteristic equation is

Yoo (8x® 4 4x)A - (lex" + 1222 + 2)X% + (8x% + 4x)N + I = 0, (8.

E% <2néf 2) k+J(x) CHCE 1)VLQ2n+2j+2(QC) (8.

(x). (8.

() (8.

v (2né+ 2) k+3(x)Qk+j+»Kx) 41+ (2 +~1)n+1;3n+23+3( ). (8.

+J

13)

14)

for

15)

16)

18)

From which are obtained (see [9]) forms for 7" and formulas for three cubic
expressions in Pell polynomials corresponding to the two quadratic ones in

(8.5) and (8.6), and an expression for
"
2 P (x)
r=1

which is a variation of (4.16).
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Matrices S and T are elements in a sequence of matrices {nV},
Vo= 1], L,V = s V=8, WV =T, ceiy Vs een, (8.19)

the order of ,V being r.

The element Vi of LV in the 4'" row and J'' column is

- Jg -1 ) i+j-r-1
»Vi; (j I (2x) . (8.20)

It is conjectured that the characteristic equation of .V is

r
¥ (~nEEEDI2 0 TR < o, (8.21)
k=0
where

r k r-k
{P’ k} = H]_{P’L (.’L‘)} ﬂ {PL((X:)]’ H{P,L(x)}s 0<k<w, (8.22)
i= =0 i=1

using the notation (extended) of [4]. That is, the symbol {r, k} represents a
generalization of a binomial coefficient. Following the ideas in [4], we note
the results:

{r, ¥} = {r, r - k} by (8.22); (8.23)
{r, v} =1 by (8.22); (8.24)
{r, 0} =1 by (8.23) and (8.24); (8.25)
{r, 1} ={r, r - 1} = P, () by (8.22) and (8.23). (8.26)

Next, we write

{r, K} = P, (@)C(x), (8.27)
whence
{r -1, k} = E}_k(x)C(x) (8.28)
and
{r -1, kK - 1} = P (x)C(x) . (8.29)
Further,

{r, k} = Pr_k+k(x)0(ac)
P, (@)PB (x)C(x) + B, (@P (x)C(x) by [7, (2.14)],

so, by (8.28) and (8.29),

{r, k} =P, @{r -1, k -1} + P ,@{r -1, Kk}, (8.30)
a type of Pascal triangle relationship.
Similarly,
{r, k} =P,_,_ @ {r -1, k - 1} + E%_l(x){r -1, k}. (8.31)

Adding (8.30 and (8.31), and invoking [7, (3.24)], we deduce
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2{r, k} =@, @ {r - 1, k - 1} + @, (@) {r - 1, k}. (8.32)

Going back to conjecture (8.21), we note that the expression for the sym-

bol {r, k} in (8.21) and (8.22) involves divisibility properties of the Pell
polynomials. Although these are not discussed here, they are investigated in
some detail in [9]. A key divisibility result proved in [9], for instance, is

P,(x)|B,(x) if and only if m|n. (8.33)

The polynomial expressions occurring as powers of A in (8.3) and (8.18), e.g.,
are {3, 1} and {3, 2}, and {4, 1}, {4, 2}, and {4, 3} = {4, 1}, respectively.

9. CONCLUDING REMARKS

Naturally the consequences of the use of matrix methods in developing com-—
binatorial number-theoretic properties of Pell and Pell-Lucas polynomials are
by no means exhausted in our brief account above.

Quite apart from pursuing the discovery of additional formulas by the
matrix techniques indicated, we can introduce different matrices to obtain new
results.

Another interesting set of problems is to derive the sum of series whose
terms are fractional and involve products of Pell or Pell-Lucas polynomials in
the denominator, e.g.,

n (-1)*
rgi Pr (x)Pl,,.,. 1 (x) °

Putting x = 1 in the expression and summing to infinity, we may deduce the in-
finite alternating series summation involving Pell numbers,

& (DT
b -13;13;»:—1_ =1~ \/E, (9.1)

r=1

but enough has been said on our general theme for the moment.
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LETTER TO THE EDITOR

July 1, 1986

Over the years, several articles have appeared in The Fibonacci Quarterly
relating the Fibonacci numbers to growth patterns in plants. Recently, Roger
V. Jean, Professor of Mathematics and research worker in biomathematics at the
University of Quebec has written the book Mathematical Approach to Pattern and
Form in Plant Growth (Wiley & Sons), which should interest many readers of the
Quarterly.

Dr. Jean addresses the mathematical problems raised by phyllotaxis, the
study of relative arrangements of similar parts of plants and of technical con-
cepts related to plant growth. He includes not only recent mathematical devel-
opments but also those that have appeared in specialized periodicals since
1830, listing well over 400 references. The book is written as a textbook for
an advanced course in plant biology and mathematics or as a reference for wor-
kers in biomathematics. Besides that, it is just plain interesting reading.

Sincerely,

Marjorie Bicknell-Johnson
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