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1. INTRODUCTION AND MAIN RESULT

In 1953, Fenton Stancliff [5] noted that

1

_ = S qn-(k+1)
89 .0112358 2: 10 Ek,

13 k=0
21

where Fj denotes the k™ Fibonacci number. Until recently, this expansion was
regarded as an anomalous numerical curiosity, possibly related to the fact that
89 is a Fibonacci number (see Remark in [5]), but not generalizing to other
fractions in an obvious manner.

In 1980, C. F. Winans [6] showed that the sums 2:104k+1)Fak approximate
1/71, 2/59, and 3/31 for o = 2, 3, and 4, respectively. Moreover, he showed
that the sums ¥ 107 2K*Dp approximate 1/9899, 1/9701, 2/9599, and 3/9301 for
a =1, 2, 3, and 4, respectively.

Since then, several authors proved general theorems on fractions that can
be represented as series involving Fibonacci numbers and general n-Bonacci num-—
bers [1, 2, 3, 4]. In the present paper we will prove a theorem which includes
as special cases all the earlier results. We introduce some notation in order
to state our theorem.

Let arbitrary complex numbers Ay, 43, -..5 4y Wos Wy ..., W,, and B be
given. Construct the sequence W, by the recursion

m
Wyptmer = 2 AeWysm-»p
r=0
for n 2 0 or, equivalently, by the formula
i n
W, = 3, Ap}
r=0
for any integer »n where w, (r = 0, 1, ..., m) are the zeros of the polynomial

m

Q(Z) = Zm+l_ ZATZW—P

r=0
and (Ay, Ay ..., Ap) is the unique solution of the system of m + 1 linear

equations

m
LAy = W, n=0,1, ..., m

72 [Feb.



B-POWER FRACTIONS AS SERIES OF GENERAL »-BONACCI NUMBERS

(see [2], p. 35). Finally, we introduce, for any integer o,
m
M@m) = I1 (B - wl).
r=0

Theorem: For integers o 2 1, B > 0, and any complex B satisfying

max Iwg/B[ <1,

oSr<m

we have the formula

3 m
Gm) + T B Wypg =B+ T Apwl » (B - w).
= r=0

I1
0Sk<m
k#r

Remark: 1In the above formula, M(m) and the right-hand side are in fact inte-
gers if B, Ay, Ays w5 Ays Wos Wys «..5 Wy are all integers.

Now we can comment on earlier results in more detail. 1In 1981, Hudson and
Winans [1] handled the case of the ordinary Fibonacci sequence with B = 0, B =
10". According to [3] and [4], their result can be written as

F

a

f 10k +Dp )
- o o’

k=1 102" - 10"L, - (-1)
where L, denote the Lucas numbers. Also in 1981, Long [4] treated the case of
the general Fibonacci sequence, i.e., m = 1 and arbitrary 4,, 4,, Wy, W,, and
B, with the restriction, however, to o =1, B = 0. In 1985, Kdhler [2] gave

the generalization for arbitrary m, Ay, Ays «ves Aps Wos Wis oe.s Wy, B, again
with the restriction to a = 1, B = 0. His result is

kile‘kwk_l = p(B)/q(B),

where p is a polynomial of degree m with explicitly given coefficients. Also
in 1985, Lee [3] discussed the cases m = 1 and m = 2 of general Fibonacci and
Tribonacci sequences with arbitrary a and B. The results of [3] will be deduced
from our Theorem in Examples 1 and 2 below. For this purpose, we introduce the
notation

m ©
Sy =r§_:0w¥, L(m) = M(m) 'kgoB_kWam B
Proof of Theorem: We have
) o m G.k"‘B
kEOB_kWuk+B = kZ B”"Z AWy

m o m
- T b (£ @ udb) =5 Dl —
r=0 K=0 r=0 B -

Convergence is guaranteed by the condition on B. In the same way, we obtain
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Multiplying with M(m) yields the Theorem.

Remark: Partial sums of the series in our Theorem can be expressed by these
series, according to the formula

o n ©
", “k _gn. & K
B kgoB Worrs = B" ZEOB Wor+ g +k§13 Wak + (an + 8)°

2. EXAMPLES

Example 1: The general Fibonacci sequence. Take m = 1.

Then we have

Woso = AoWyyr + A1W

no

M(1)

(B - w)B - wd) =B - BS, + (-4))°,

- -k _ +B o +B _
k};lB Wgewp = N7 (B = wi) + A wi™ 5B - w))}/M(L)

(Biyyg = (<A W) /M(1) 5

kZ_:OB'kWaHB = B(BWg - (=4,)"Wg_o)/M(1).

As to the partial sums, we get

n o
kX‘,OB”‘%<+B B L(1)/M(1) —k}: B * Wk s ans g

=1

n a
B'L(1) - BMun+1)+s +(—‘41) Mm+8

B? - BS, + (=41)°
These formulas are equal to Theorems 1-3 of [3].

Example 2: The general Tribonacci sequence. Take m = 2.

Then we obtain

Wnis = AgWyiy + A1Wpyr + 4,0,

3 2 a
M(2) = B® - B®Sy + BASS_y - 4,

©

k:lB—kW““B = (B%Wyyp + Blyyyg = Sylyyg) + AHg) /M(2),

o

kg:oB_kWame = B(B*Wg + B(Wyyp = SqWg) + A3Hg_ o) /M(2),

-k _ o~ -k
kz:an Wor+ 8 B"L(2)/M(2) _kng Wak+ an+ 8
(continued)
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B"L(2) - B%W,

+B(S, W, W

a
(m+ 1) +8 a(n+ 1)+8 q(n+2)+5> - ‘42WM+3

B® - B2S, + BASS_, - 4%

These formulas are equal to (9) and Theorems 7 and 8 in [3], and a misprint in
Theorem 7 in [3] is corrected.

Example 3: The general Tetranacci sequence. Take m = 3. Then we have

Woww = AoWpyps ¥ AW o + AW 0 + AW,
M(3) = B = B'Sq + B2(5; = 5,4)/2 = B(-A,)"5_, + (-4)%,

™
Sy
x
o~
X
+
™
|

- {B3Wa+3 + BZ(WZOH_B = SoWyyg)

+ B(=A3)* (S_oWg = Wg_o) = (=A3)*Wg}/M(3),

LB W e = B{B*Wg + B*(Wasp = SuWg) + B(2Wanyg = 25aHus g

+ (82 = Sy W) /2 = (=A,)%Wg_}/M(3),

™M=
sy
)
x
B
|

3 2
g = BLG3) = Bolyny1yie =B  Ulans )48 = Salagne 19+ 0)

= B(-A)" Sy W g = Wana 1)+ 8) + (~A3) Wy g3 /M(3) .

Formulas for m = 4 can be obtained in a similar manner.
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