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INTRODUCTION 

A natural bisection between the class of lattice paths from (09 0) to (2/7?, 
2m) having the property that, for each (x 9 y) in the path, (2m - x9 2m - y) is 
also on the path and the class of partitions of 2m2 into at most 2m parts, each 
part < 2m and the parts which are strictly less than 2m can be paired such that 
the sum of each pair is 2m, is shown. 

1. DEFINITION AND THE MAIN RESULT 

Describing the n-reflected lattice paths [paths from (0, 0) to (n9 ri) hav-
ing the property that, for each (x 9 y) in the path, (n - y, n - x) is also on 
the path] of the paper "Hook Differences and Lattice Paths" [1] as n(y 9 x)-
reflected, we define here n(x9 y)-reflected lattice paths as follows: 

Definition: A lattice path from (0, 0) to (n, ri) is said to be n(x9 y)-reflec-
ted if, for each (x9 y) in the path, (n - x9 n - y) is also on the path. 

Example: The two 2(x9 y)-reflected lattice paths are: 

In the present note we propose to prove the following. 

Theorem: The number of partitions of 2m2 into at most 2m parts each < 2m and 
the parts which are strictly less than 2m can be paired such that the sum of 

/2m\ each pair is 2m equals I ). 

2, PROOF OF THE THEOREM 

We describe a partition of 2m2 as a multiset 

y = \i(m) : = [al9 ..., as ] 

of s(e {1, 2, ».., 2mz}) positive integers a- (i = 1, 2, . . . , s) such that 

£ ai = 2m2 (conventionally, a± ^ a2 > *BO ^ as) 
i = 1 
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In this notation let §>{m) denote the set of all partitions y = [a19 a29 .-.J as] 
of 2m2 such that s < 2m 9 2m > a± ^ a2 ^ ••* ^ #s ; and, all of the <Zj for which 
aj < 2m can be paired such that the sum of each pair equals 2m. Further, let 
3(772) denote the set of all 2m(x, z/)-reflected lattice paths. To establish a 
one-to-one correspondence from §>(m) onto 3(7??), we represent any y = [a±9 a2, 
..., as] e §>(m) by its Ferrers graph in the coordinate plane as follows: 

We fit the leftmost node of the ith row of nodes (counted by a^) over the 
point (0, 2777 - i + 1) as shown in Graph A (in the graph, m = 3 and y = [6, 5, 
3, 3, 1]). 
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Graph A 

We now place crosses at one unit of length below every free horizontal node 
and at one unit of length to the right of every free vertical node. Through 
these crosses, we then complete the lattice path from (0, 0) to (27??, 2???), as 
shown in Graph B. 
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Graph B 

We observe that each partition y corresponds uniquely to a 2m(x9 y)-re-
flected lattice path. It may be noted here that the corresponding path will 
not be 2m(x9 2/)-ref lected If 

s = 2TT? = ax. (1) 

For, in this case, (2777, 2??? - 1) belongs to the path, but (0, 1) = (2??? - 2TT?, 
2?T? - (277? - 1)) does not. Therefore, in order to prove that the correspondence 
is one-to-one and onto, we first rule out the possibility (1) under the condi-
tions of the theorem. There are only three possible cases: (i) a1 > a2. In 
this case, if (1) is true, then there are 2m - I parts, viz. a2, ...5 as , that 
are strictly less than 2TT?. Being odd in number, these parts cannot be paired; 
hence, (1) is false. (ii) a1 = a2 = • • • = ar> where r (> 1) is odd. In this 
case, if (1) is true, then the number of parts that are < 2??? is 2m-r. Again, 
since 2m-r is odd, the parts that are < 277? cannot be paired; hence, (1) is not 
possible. (iii) a± = a2 =••• = ar9 where r {> 2) is even. As in the previous 
case, if (1) is true, then the number of parts that are < 2TT? is 2m-v. But in 
this case, 2m-v is even. So the parts that are < 2??? can be paired. However, 
since the sum of each pair is 277?, the number being partitioned is: 
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2m • r + (2m - r) 2m 2m2 + mv > 2m2 . 

This is a contradiction since we are considering the partitions of 2m2. Thus, 
(1) does not hold true. 

We also note that each 2m(x, z/)-reflected lattice path uniquely splits km1 

into two identical partitions of 2m2, say, \(m) and y(m). (See Graph C, where 
m = 3 and A(3) = [6, 59 39 3, 1]). 
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Graph C 

Now i f di ( i = 1, 2 , . . . , s) e A, and a^ < 2m, t h e r e must e x i s t 2?j ( j = 1, 
2 , . . . 5 s) e y , where bj < 2m, such t h a t a^ + Z?j = 2m. But s i n c e X and y a r e 
identical, Z?-j for some fc e {1, 2, . .., s}. Thus9 av + a*, = 2m. This is 
how the restriction "all of the CLJ for which a-j < 2m can be paired such that 
the sum of each pair equals 2mu enters into the argument. After establishing 
a one-to-one correspondence from § (m) onto 3(m), we use the fact that each 
2m(xs y)-reflected lattice path determines and is determined uniquely by its 
first half9 i.e., the nondecreasing path between (0, 0) to (m, m ) . Hence, the 
number of 2m(x9 y)-reflected lattice paths or the number of relevant partitions 

equals the number of paths between (09 0) to (m, m) 9 i.e.9 / J. This com-
pletes the proof of the theorem. 

As an example9 let us consider the case in which m = 3. We get the follow-
ing relevant partitions: 

36, 43^2, 423222, 4323, 53419 5422219 5432219 523212
9 524212

9 5313
9 

63*, 64Z2Z
9 643z29 653219 65zl2, 6Z3 )2429 62519 63

9 65421. 

We remark here that in all there are 58 partitions of 18 into at most 6 
parts and each part < 6 (see [2], p. 243, coefficient of q18 in the expansion 

of [g2]Y But 38 partitions, such as 65439 5339 5433
9 4332

9 6223
9 53219 etc., 

do not satisfy the condition "the parts which are < 6 can be paired such that 
the sum of each pair is 6." 
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