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1. INTRODUCTION

An arithmetic function f is said to be multiplicative if
fmfn) = f(mn) whenever (m, n) = 1. (1.1)

It is a consequence of (1.1) that f is known if f(p?) is known for every prime
p and r > 1.

Definition: A pair {f, g} of multiplicative functions is called a "friendly-
pair" of the type o (a = 2) if, for n = 1,

fn*) =gm, gn) =) (1.2)
and !
fgn) = 1. (1.3)

Question: Do friendly-pairs of multiplicative functions exist?

We answer this question in the affirmative.

2. A FRIENDLY-PAIR

We exhibit a friendly-pair of multiplicative functions by actual construc-
tion. As f, g are multiplicative, it is enough if we work with prime-powers.

Let p be a prime and r 2 1.

We define f and g by the expressions:

Fon = exp(ZEY 56 » = & (mod (@ + 1) 2.1
9@ = exp(ZE{) 1 v = &k (mod (@ + 1) 2-2)

We immediately deduce that

fe™) = eXP(éﬂik?) = eXp(;—sz—zf) =g@r).

Similarly, we obtain

g(er™) = f®n).

Therefore, we get

f(n* =gmn) and gn*) = fH).
Also, f(**") = g@**') = 1. Thus, from (2.1) and (2.2), we obtain
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femgp® =1, r 2 1.
Or, f(n) and g(n) are such that f(n)gn) = 1.

Example: For o = 2, we note that f, g would form a friendly-pair satisfying

Ffn*) =gm), gin®) = f(n), and f(n)g(n) = 1, n > 1.
In this case, f and g are given by:
exp(2m2/3) 4if r = 1 (mod 3)
fr) = {exp(4ﬂi/3) if » = 2 (mod 3) (2.3)
1 if » = 0 (mod )
exp(-2m2/3) if » = 1 (mod 3)
g(?) =<exp(-4mZ/3) if » = 2 (mod 3) (2.4)
1 if » = 0 (mod 3)

Before concluding, we remark that there exist pairs {f, g} which satisfy
(1.2) but not (1.3). This point is elucidated for the case a = 2.

Let u(n) be the MGbius function. We define f(n) and g(n) as follows:

fx) = X wd, (2.5)

n=de®

where the summation is over the divisors d of n for which the complementary
divisor n/d is a perfect cube.

gn) = 2 wd,

n=d*t?

where the summation is over the square divisors d? of n for which the comple-
mentary divisor n/d? is a perfect cube.

We observe that f and g are multiplicative. Further,
-1 4if » =1 (mod 3)
fr) = 0 if » = 2 (mod 3) (2.7)
1 if » = 0 (mod 3)
0 if » = 1 (mod 3)
g(?r) =q-1 4if r = 2 (mod 3) (2.8)
1 if » = 0 (mod 3)

It is easy to check that f(nz) = g(n) and g(nz) = f(n) for n =2 1. However,

_§1 1if n is a perfect cube,
Fmgm) = {0 otherwise.

This pair {f, g} is not a friendly-pair.
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