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1. INTRODUCTION

Let (x,), nm =1, 2, ... be a sequence of real numbers contained in [0, 1).
Let A([0, x); N) be the number of x,, 1 < #n < N, that lie in the subinterval

[0, ) of the unitinterval. The number

1 1/p
@ _ Ao, s m  |F >
Dy = (J; —— -k de s eees (1)

where 1<p<o, is called the Lp—discrepancy of the given sequence ([2],p. 97).

As is well known, the notion of discrepancy is at the center of most theo-
ries in the area of -uniform distribution (and other types of distributions as
well) and quantitative aspects of certain limit passages are expressed by esti-
mates of the discrepancy.

The following relation was given by Koksma [1] and by Niederreiter [3]:

(an2 _ 1 1 - 2
@) ot ngl(xn 8p) % cens (2)
where 0 <z, <x, < - Sx, S 1and s, - (2n - 1)/20.

In the following, we show (2) (for the sake of completeness) and consider
the case p = 4. The proofs are given by elementary methods. Some sum formulas

are established and only integration results are used.

2. THE CASEp = 2

To prove (2), the following lemma is useful.

N
N
p—

NN N
Lemma 1: ¥ ¥ max(x,, x,) = E:l(Zn - Dx,, where 0 < x; Sx, < -+ <y
n

n=1 m=1

NN v N bl
Proof: 3 3 max(z,, x,) = 3. ( Y max(z,, xm)) = Y (m- Dz,
n=1 m=1 n=1\m=1 n=1

since for any »n there are n values of m satisfying m < »n taking care of the 2n

pairs (x,, T1)s «oes (XTys ) (T4, Z,)s 005 (x5 ). But (x,, x,) is counted
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twice, so for any »n there are 2n - 1 values of z,.

0(x, = t)
Let c¢(t, x,) = , 0< ¢t < 1. Then
1(x, < %)

1/ 0 5 1N n
.[ ( Y e(t, xn)> dt =| ¥ X e, x,)c(t, x,)dt
0 \n=1 0on=1m=1

= ﬁ% 2: C(t, max(x,, x,))dt.

n=1lm=1
Now we show (2). We have:

@p )2 I
I

2

dt

N
Ec(ta n) - Nt

1

Jil 2 N 1
< Zc(t, xn)) dt - 2n Oth(t, x,)dt +z\72f0t2 dt
n=1

N N 1
2D Tn?

n=1 m=1J0

1 n
c(t, max(x,, xm))dt-zyj.t Y. e(t, x,)dt +
0 n=1

=

£ % (- maxs m) - W L A0 - s + 1ot
n=1 m=1

u u L 1,2
- max (&, , &,) - - x =
£ 3 wax@ o) - (1 - £ a2) 4 4
1

n=1 m=1 n=
1., N LU
=30 - Y (2n - Dz, + VY x5 (by Lemma 1).
n=1 n=1
Hence,
w2 _ 1, 1 &/ _2n-1 _1_lN 22 -
@O =g+ g (e - T m) =5ty L, - 28w
1,1 & » 1 &
_§+ﬁn§1(xn - 8,) —W—n};lsn
Since
il v 2 b 3
2 _ 2”-1> 1 2 _ =_1_<4L_E
P ,};( 2 G o Gn® =t 1) = (5 3)’
we have

and this proves (2).

Corollary 1: D%D > —J;:; Dy) =-—J;: iff x, =s, =1, 2, ..., N).
203 20W'3
Corollary 2: D{P < % if @, < Z”N‘ L owo=1, 2, , )
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1 ul 2n -
Proof: (D;z))2 =3 + 5 xn(\xn - g—n——l); hence,
n=1 /

]
1
3

2n - 1
N

N

(o) < % if =, (n=1,2, ..., ).

3. THE CASEp = 4

We shall use the following lemma.

Lemma 2: Let 0 S x; S, € +++» < gy < 1. Then,

o g 2 A 2
Y Tomaxt(x,, 2, xy) = Y, (3 - 3+ Daxl.
nel me1l g=1 n=1

no§ § ¥
Proof: 3 3. 3. max®(x,, x,, x,) =2, 2. (2m - Dmax’(x,. x,)
n=1lm=1 {=1 n=1m=1
¥ ¥ ¥
=23 Ymmex®(x,, m) - % % max®(x,, x,).
n=1m=1 n=1 m=1
i N N
Now, 5 Yomax’(x,, x,) = 2, (2n - Dz (by Lemma 1).
n=1 m=1 n=1
¥y W ¥
meaxz(ncngxm) =3 [2{1+2+ -+ (n - 1)}4—71]:cf1
n=1 m=1 n=1

N
= % > n(3n - Laxl.
n=1

Hence, we have

¥ § K v
S5 Zmaxz(acw Ly Xy) = 3 (3n? - 3+ Dax’.

n=1 m=1 =1 n=1
Corollary of Lemma 2:

¥ il ) 5
S max (%, , Ty, ©) = 2, (M° - n + Dx,.
n=1 m=1 2=1 n=1

Lemma 3: Let 0 <x, < x, € °*+ < xy < 1. Then,

noo§ X v , .
% omax(®m,, T, L. X)) = 2, (bnt - 6nT + bdn - Da,.

&

n=1lm=1 =1 u=1l n=l

™M=

Proof: First we consider

il w x { o
Z E m? max(gcn s .xm) = z Z‘A m< max(x, . ,xm)) .
n=1L m=1 =

Keeping n fixed, we have to take the pairs (Ty, T,)s .05 (Tys 37,1)1 (s x1)5
ooy (x,s x, ;) into consideration; the maximums of the first set must be mul-
tiplied by »n?, those of the right set by 1%, 22, ..., (n - 1)?, respectively.

Hence,
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% ( % m? max (x,, xm)> = 'LH: {%(m - Dn@2n - 1) + ns}xn
n=1\m=1 1

So we have

n=1 m=1 %=1 u=1
il b

=3 Y (3m? - 3m + Dmax(x,, x,) (by the Corollary of Lemma 2)
n=1 m=1

Noow
3 L m? max(x,, x,) - BE Zm max (X,, %,) + E Z max (&, , &,)

n=1 m=1 n=1 m=1 n=1 m=1

N
=

n

N
n (3n- Dz, + 3, (2n- )z,
n=1

N =

-3% {%n (n - 1)1 - 1) +n3}xn -
n=1

1

v
z_:l (4n® - 6n® + 4n - Dz, .

Lemma 4: 1% + 23 + --- 4+ p3 =%ZV2(ZV + 1)?

1

1" 4+ 2% + oo 4+ =§61v(zv + 1)(2V + 1)(3N? + 3V - 1).

Theorem: Let 0 < x, < x, < *-» <z, < 1. Then,
il
(e _ 1 y 1 2 m -1
D0y = ﬁn};l{(xn - s, + W(x” - 8,) } 801\7“’ where s, =~ —.
Proof: First, we have

N 1 1 N
—4zv3n2_;1 c(t, x,)t> dt = -4i® }:lc(t, x,)t? dt
- 0 0 n=

1]

-41\732 t3 dt = —N32(1 - %))

N
-Vt + WY X

n=1

Second, we have

]

N 1 1
61v22Nj > | tie(t, max(z,, x,))dt 1\72): 23 }

n=1m=1Jo n=1 m=1 max(z,, x,)

2 u L _ 1
- n? % Y (3 - Smax(,, 2,0)°)

nlm]_

ezv2<ﬁ -1 S (max(@,, ) )

3 371 1m=1
bij N
=2 - 202 Y Y max®(z,, x,).
n=1 m=1
Hence,

1 L
@Dy = J'O { Y o(ts @) - Nt} dt

n=1

(continued)
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1 N I 1 N 3 1 N
= f ( Y et xn)> dt - 41vf t(E c(t, xn)> dt - 48| £33 c(t, x,)dt
0 0 0 n=1

nel n=1

212 il 2 414
+6zvj;t<zc(t,xn)> dt+1\7ft dt
0

n=1
N N

=2 X Z Z c(t, max (L, Ly, LTgs u)dt—41v3}: c(t xn)td dt

n=1 m=1 =1 u=1

+ 61\722 2 c(t, max (z,, x,))t’dt
n=1 m=1

N N N 1 1
'y X X | te(t, max(x,, xn, x,))dt+=N"

n=1lm=14%4=1J0 5
_o1 o Y I y 2o &
= =W =W+ Py 20 - 2Py Y max®(x,, x,)
5 n=1 n=1 m=1
N N N
-2t 4 2 Y Y Y max®(x,, Xy, Ty)
n=lm=12=1
N N N N
+0Y -y Y Y Y max(r,, x,, *,, T,)
n=1 m=1 24=1 u=1
= It 4o 3 21\722
=3 an— Zmax (x5 x,)

n=1 n=1 m=1

NGO~ w
+20 Y X Y max®(xz,, T, Ly)

N
I
[
E
]
-
bS]
]
-

N N N
E Z Zmax(xn, .’L‘m, xg) xu)

N N
= Ly + W3y x - 207 Y (2n - Dzl
5 n=1 n=1

N N
+ 20 Y (3n% - 3m + D2 - 3 (n® - n? + 4n - Da,.
n=1 n=1

Hence,

1,1 y 20m - 1) 3, 23n% =3m+1)
(DI(VH))A‘ = ﬁ E= ( - ——“———N X, + 72 x5,
tn® - en% + 4n - 1

- JE Tn

2

bod Bl -0 o g - 0) - 3 £+ 2
5 + i ngl (xy, 8,) + 22 (x5 8,) Nngl Sn N2 )"
2
i s Uo(fom - 1\* (21 - 1)?
n n o\ _ - L éin = 1)
Now, Z<S”+2]V2>*nz=:1<< 2l ) + syt

N
- 3 (16n* - 321 + 32n% - 16n + 3)

16IVL+ n=1

1 N N N N N
= — (16Zn“ -32YynP+323yn?-163yn+ 33

16N n=1 n=1 n=1 n=1 n=1
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-1 (16 45 _ 1
16w (SN SN)'
Finally, .
@y L l”( N S 2>_l. l<l6l\7 _zv>
(DN ) 5 + sz;l(xn sn) *+ 2N2(xn Sn) 7 Ten® 5 5
=i é&((x - s + —l—(x - s )2) + 1
N e \¥n T on yz o T En 8ON™
Corollary 1: D§0 > ——l——; D;” -1 iff x, =5, (n 1, 2, . D).
2v /s 200 /5
Corollary 2: D;” < J;_if x, < gﬁif—l.
/5
. e _ 1 1 2n = 1\(. . _2n -1 2n® - 2m + 1
Proof: (0,")" =3 + N,Z;l{x”(x” a |Gy e R I
2n = 1 M2 - 2n+ 1 _ ( 2n - 1\2 | 4n® - 4n + 3
Now, X, I Xy, + N2 = \Tn 2N > + L2 > 0.
Hence, DSO < L
Vs
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